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Abstract. The roll of melting heat transfer on magnetohydrodynamic natural convection in a square
enclosure with heating of bottom wall is examined numerically in this article. The dimensionless governing
partial differential equations are transformed into vorticity and stream function formulation and then solved
using the finite difference method (FDM). The effects of thermal Rayleigh number (Ra), melting parameter
(M) and Hartmann number (Ha) are graphically illustrated. As melting parameter and Rayleigh number
increase, the rate of fluid flow and temperature gradients also increase. And in the presence of magnetic field,
the temperature gradient reduces and hence, the conduction mechanism is dominated for larger Ha. Greater
heat transfer rate is observed in the case of uniform heating compared with non-uniform case. The average
Nusselt number reduces with increasing magnetic parameter in the both cases of heating of bottom wall.
Keywords: Natural convection, Square enclosure, Finite difference method, Incompressible flow, Melting heat transfer.

1. Introduction
Natural thermal convection driven is an interesting area of research in recent times owing to its wide range of
applications in geophysics [1], inner core [2] and in nonlinear physics [3]. Generally, natural convection occurs in the
fluid layer due to the horizontal temperature gradient or vertical temperature gradient when the lower wall is heated and
the upper wall is cooled. The second case is termed as the Rayleigh-Benard convection (RBC). The RBC study was
proposed around 1900 through Benard’s experiment [4]. RBC is used to study the convection flow problems due to its
simplicity and well-defined control parameters [5]. The practical applications of RBC flows include mantle convection
[6], melting [7], solar energy field [8], solidification [9 – 12] electrochemical systems [13, 14], etc. Yoshida and Hamano
[6] introduced the mantle convection. The thermal boundary condition of Rayleigh-Bénard convection includes an
isothermal bottom heating the fluid in the presence of an isothermal cold top wall and adiabatic vertical walls.
Magnetohydrodynamic (MHD) convection flows have several applications in the process of crystal growth, material
manufacturing technology, solar technologies and so on. Many researchers have examined the MHD convection flows
using various numerical methods as well as analytical techniques such as finite difference method [15, 16], finite element
method [17, 18] and analytical method [19, 20]. MHD convection in a trapezoidal enclosure with different inclination
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angle was reported by Rahman et al. [21]. Shehadeh and Duwairi [22] reported the role of inclination angle of an
enclosure on MHD convective flow in a porous medium. Finite element based numerical analysis of unsteady MHD
convection heat and mass transfer in a semi-circular enclosure with different inclination angle and was examined by
Rahman et al. [23]. The magnetic field effect on natural convective flow in a square cavity with melting behavior was
considered by Doostani et al. [24]. Entropy generation in MHD double diffusion natural convection using LatticeBoltzmann technique was presented by Sathiyamoorthi et al. [25]. An increase in entropy generation was observed due to
the change in Raleigh number and a reverse trend was observed due to the change in Hartmann number.
The convection flow problems within enclosures are classified into two categories: enclosures subjected to differential
lateral heating and enclosures heated from bottom and cooled from the top. The role of non-uniform heat zone of the
bottom wall on natural convection in the enclosure was reported by Saravanan and Sivaraj [26]. The effect of surface
radiation and non-uniformly heated plate on natural convection fluid flow was illustrated by Saravanan and Sivaraj [27].
Borhan et al. [28] studied numerically the magnetohydrodynamic double-diffusive mixed convection under the influence
of uniform and non-uniform heated bottom wall of the trapezoidal enclosure. Omid [29] examined the combined effect
of joule heating and Lorentz forces on MHD natural convection of lid-driven cavity. They investigated the convective
flow and heat transfer characteristics within a driven cavity filled with nanofluid under the sinusoidal heated side walls
of the enclosure. Sheikholeslami et al. [30] conducted the numerical analysis of MHD convection in the cavity in the
presence of sinusoidal temperature distribution wall using finite volume element. Cheong et al. [31] carried out a
numerical study on the influence of sinusoidal thermal boundary condition along an inclined rectangular cavity with
various aspect ratios. Salam [32] reported the heatline and entropy analysis on MHD double-diffusive convection in a
corrugated porous cavity under the sinusoidal temperature boundary conditions with different inclination angle.
In the past few decades, phase change materials (PCM) have pulled into ever-increasing extent considerations since
they have high thermal storage density while requiring less mass and volumes of material [33]. PCMs have wide
applications in buildings for space heating / cooling [34], solar energy storage [35] thermal performance improvement of
building envelope [36] and many more. For solid-liquid PCM is classified into two categories. If the PCM coverts solid
into liquid, it is termed as melting process. While if the liquid turns into solid then it is termed as solidifying process. Xu
et al. [37] performed LBM simulation of double-diffusive natural convection in a porous enclosure with isothermal cold
walls except for inner obstacle while the circular obstacle surface is maintained hot temperature. They inspected the
effects of Darcy number, Lewis number and buoyancy ratio on the double-diffusion convection. The PCM melting heat
transfer in a cavity under the internal fins using LBM has been proposed by Ren et al. [38]. They implemented the GPU
accelerated numerical study through lattice Boltzmann method for investigating the conjugate heat transfer. They also
investigated the melting process in PCMs for various parametric conditions. And a similar investigation of comparative
PCM melting process in a heat pipe carried out by Ren et al. [39]. They concluded that the optimum metal foam porosity
and heat pipe radius for energy storage efficiency exists. Jiang and Qu [40] reported a comprehensive study on phase
change material and heat pipe composite. Zhu et al. [41] studied the transient performance of the phase change material
base heat sink filled with copper foam experimentally. They observed that the PCM based heat sink inhibits the
temperature during the heating process. Ren [42] investigated the melting rate of nanoparticles without affecting the
thermal energy storage capacity of the system using LBM.
This article intends to present the influence of melting heat transfer on natural convection of electrically conducting
fluid. FDM is selected to find the outputs. The role of Melting parameter, Hartmann and Rayleigh numbers are
presented graphically. Additionally, a comparison between the present and existing results is performed to ensure the
authentication of the obtained results.

Fig. 1. Physical geometry and the boundary conditions
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2. Problem Statement
The physical schematic diagram of the present problem with boundary conditions is depicted in Fig. 1. The bottom
wall of the enclosure is uniformly heated and the top surface is considered as the melting surface. And both the vertical
walls are thermally insulated. The enclosure is filled with water.

3. Governing Equations
A 2-D unsteady incompressible laminar magnetohydrodynamic convection flow is considered within a square
enclosure of length L. The governing partial differential equations are:
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To eliminate the pressure source terms, vorticity and stream functions are defined as follows:
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The dimensionless quantities are as follows:
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The transformed governing partial differential equations in the form of vorticity – stream function are as follows:
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The boundary conditions and melting surface condition in the form of vorticity and stream function are adopted from
[45].
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where M is the melting parameter. The Local and average Nusselt numbers over the hot wall are given as follows:
θ
 Nu
y
(15)

L

Avg. Nu   Nu dx
0

Table 1. Comparison of Avg. Nu for the present FDM results versus Sathiyamoorthy and Chamkha [43] various Ha values.

Gr = 2 x 104
Gr = 2 x 105

Ha
0
10
100
0
10
100

Present work
2.5352
2.2283
1.0062
5.0428
4.8929
1.4267

Ref. [37]
2.5439
2.2385
1.0066
5.0245
4.9131
1.4292

4. Numerical Solution and Validation
The dimensionless governing partial differential equations with relevant thermal, stream function and vorticity
boundary conditions are solved using the fine grid finite difference method with the central differences scheme of second
order [46]. The diffusive term in the governing equations is approximated using central differences scheme. A second
order central difference scheme is applied to the convective term. And Gauss seidal five-point iterative method of central
difference scheme is applied to solve the stream function and an explicit time integration is implemented on the
momentum and energy equation. The correctness of fine grid finite difference code for natural convection in a
trapezoidal cavity is demonstrated in Fig. 2. ([44]) and the natural convective heat transfer of nanofluid in a square
enclosure is demonstrated in Fig. 3 ([45]). The validation study is conducted with the MHD natural convection of water
within a square enclosure. Table 1 presents the average Nusselt number of the present study compared with the results of
Sathiyamoorthy and Chamkha [43] and results are found to be in good agreement. The grid sensitivity test for rigorous
grid sizes is presented in Table 2. From Table 2 it can be observed that the average Nusselt number does not yield any
substantial change for the grid size above 81 x 81. A mesh size 81 x 81 is chosen in the present analysis.
Table 2. Grid sensitivity analysis (Ra = 104, Pr = 6.8, Ha = 20)
Grid Size
41 x 41
51 x 51
61 x 61
71 x 71
81 x 81
91 x 91
101 x 101

Avg. Nu
1.0921
1.0888
1.0825
1.0753
1.0673
1.0662
1.0652

5. Results and Discussion
In the present article, the melting heat transfer on magnetohydrodynamic natural convection of water (Pr = 6.8) filled
in a square enclosure is presented in the presence of uniform and non-uniform heating of bottom wall. The results are
computed for various values of melting parameter (M = 0 to 0.8), Hartmann number (Ha = 0 to 30) and Rayleigh
number (Ra = 103 to 104).
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ψ

ψ

θ

θ

(a)

(b)

(c)
Fig. 2. Comparison results of streamlines and isotherms for Pr = 0.7 and Ra = 105, (a) FLUENT data (b) M.A. Sheremet [45] (c) Inhouse computational data

(a)

(b)
Fig. 3. Comparison of Streamlines and isotherms between (a) Sheikholeslami [45] and (b) In-house computational code of the
present study for Ra = 103,   0.04 and M = 0
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The effect of Hartmann number, Ha on streamlines with an increase in Ra in the presence of uniform heating is
presented in Fig. 4. In the absence of magnetic field the semi-circular stream lines spanned the enclosure starting from
top wall. Multiple circulation are formed within the enclosure with an increase in Ha with Ra = 103 and Ra = 104.
The temperature contours are depicted in Fig. 5. Regardless of Ha, smooth temperature contours occupied the whole
cavity. Moreover, the isotherm lines are parallel to horizontal wall for Ra = 103, in which case conduction mechanism
dominates. As the Ra increases, the distortion of temperature contours enhances close to the hot bottom wall in the
absence of magnetic field and the temperature contours get parallel in the presence of magnetic field.
Isotherms and streamlines for different Ra with an increase in Ha are illustrated in Fig. 6 in the presence of sinusoidal
temperature distribution at the bottom wall. For Ra = 103 and in the absence of Ha, the streamlines are in the form of
rotating cells as observed in Fig. 6a. However, in the presence of the magnetic field two convective cells are formed as
shown in Fig. 6a. For Ra = 104 and Ha = 0, the convective circulation is strengthened more and the enlarged major eddy
occupies 98% of the enclosure and a minor eddy is formed at the bottom corner of the left vertical wall as observed in
Fig. 6b. In addition, with an increase in Ha, the convective cell circulations become weaker.
Ha = 10

Ha = 30

y

Ha = 0

Fig. 4(a) Streamlines for different values of Hartmann numbers for M = 0.4, θ  1 and Ra = 103
Ha = 0

Ha = 10

Ha = 30
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Fig. 4(b) Streamlines for different values Hartmann numbers for M = 0.4, θ  1 and Ra = 104
Ha = 0
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Fig. 5(a) Isotherms for different values Hartmann numbers for M = 0.4, θ  1 and Ra = 103
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Ha = 10

Ha = 30

y

Ha = 0

y

Fig. 5(b) Isotherms for different values Hartmann numbers for M = 0.4, θ  1 and Ra = 104

Fig. 6(a) Streamlines for different values Hartmann numbers for M = 0.4, θ  sin(π X ) and Ra = 103
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Fig. 6(b) Streamlines for different values Hartmann numbers for M = 0.4, θ  sin(π X ) and Ra = 104
Ha = 0
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Fig. 7(a) Isotherms for different values Hartmann numbers for M = 0.4, θ  sin(π X ) and Ra = 103
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Ha = 30

Nu

Fig. 7(b) Isotherms for different values Hartmann numbers for M = 0.4, θ  sin(π X ) and Ra = 104

(a)

(b)

Fig. 8. Profiles of local Nusselt number of (a) uniform heating of bottom wall and (b) non- uniform heating of bottom wall with
melting parameter for Ra = 104 and Ha = 0

However, major changes are observed in the isotherm patterns for increasing values of Ha for Ra = 104 as shown in Fig.
7b. For large values of Ha, there is a stratification phenomenon in the temperature field appearing at the top half of the
cavity and a similar mechanism is observed for Ra = 103 as well. Profiles of local Nusselt number along the bottom wall
for Ra = 104, Ha = 0 and different values of melting parameter in the presence of uniform and non-uniform heating of
horizontal bottom wall are presented in Fig. 8. In the absence of melting parameter (i.e., M = 0) with the presence of
uniform heating of bottom wall, the local Nusselt number is observed to be an increasing function of x-coordinate up to
X = 0.3 and thereafter a decreasing function is observed.

(a)

(b)

Fig. 9. Profiles of local Nusselt number of (a) uniformly heated bottom wall and (b) non- uniformly heated bottom wall with
Hartmann number Ra = 104 and M = 0.4
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However, in the presence of both melting parameter and uniform heating of bottom wall, the heat transfer rate increases
along the bottom wall and the maximum heat transfer rate is observed at middle of the bottom wall as shown in Fig. 8(a).
The local Nusselt number along the bottom wall for the case of non-uniform heating is shown in Fig. 8(b). The parabolic
distribution of the local Nusselt number is observed in the absence and presence of melting parameter. Maximum heat
transfer rate is noticed at X = 0.5 of the bottom wall and a slight increase in heat transfer rate is seen in the presence of
melting parameter (M).
The profiles for local Nusselt number along the bottom wall in the presence of uniform and non-uniform heating for Ra
= 104, M = 0.4 for different Ha values are depicted in Fig. 9. A reduction in the local Nusselt number is observed with an
increase in Ha values in both the cases of heating of bottom wall. However, for larger values of Ha (i.e., Ha = 20), the
local Nusselt number is constant along the bottom wall. This is due to fact that the convection dominates the conduction
mode. Fig. 10 illustrates the average Nusselt number for uniform and non-uniform heating of bottom wall. A greater
heat transfer rate is observed for uniform heating of bottom wall compared to non-uniform heating of bottom wall.

Fig. 10. Variation of average Nusselt number along bottom wall Ra = 104 and M = 0.4

6. Conclusions
In the present study, the fine grid based finite difference technique was used to examine the influence of melting
surface on magnetohydrodynamic convection of water filled square cavity. The detailed computational results for the
flow patterns, temperature distribution within the cavity and the local and average Nusselt numbers were presented
graphically under the influence of both uniform and non-uniform heating of the bottom wall for a wide range of
Hartmann number, Rayleigh number and melting parameter. With an increasing melting parameter and Rayleigh
number, the rate of fluid flow and temperature gradients were seen to increase. And in the presence of magnetic field,
the temperature gradient reduces and hence the conduction mechanism dominated for larger Ha. Greater heat transfer
rate was observed in the case of uniform heating compared with non-uniform case.
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Nomenclature
B0
cf

Magnetic field
Specific heat coefficient of the fluid

cs

Heat capacity of the solid surface

Ra
g
Ha
k

Rayleigh number
Gravitational acceleration
Hartmann number
Thermal conductivity

Nu
Pr
U,
V



α
β

Heat transfer coefficient (Local Nusselt number)
Prandtl number
Dimensionless velocity components in X and Y direction respectively
Greek Symbols
Dimensionless temperature
Thermal diffusivity
Coefficient of thermal expansion
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L
M
T
Tm
T0

Length of an enclosure
Melting parameter
Fluid temperature
Melting surface temperature
Solid surface temperature




Ω
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Electric conductivity of the fluid
Dynamic viscosity
Dimensionless vorticity
Non-dimensional stream function
Fluid density
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