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Abstract
Nanofluids are complex colloidal suspensions comprising nanoparticles (metallic or carbon
based or both) suspended in a base fluid (e.g. water). The resulting suspension provides
demonstrably greater thermal performance than base fluids on their own without the
agglomeration or sedimentation effects associated with larger (micron-sized) particles. The
substantial elevation in thermal conductivity achieved with nanoparticles has made nanofluids
very attractive for numerous energy applications including solar collectors. Solar energy is a
clean, renewable source available and is essential for all life to exist on earth. Current
technology which harvests solar energy with heat transfer fluids (HTFs) e.g., Direct Absorber
Solar Collectors (DASCs), Flat Plat Solar Collector (FPCs), Parabolic Trough Solar Collector
(PTSCs) etc, still requires continuous improvement in achieving higher efficiencies and greater
sustainability. Nanotechnology has emerged as a significant area in recent years and features
the use of sophisticated “green” nanomaterials embedded in conventional engineering
materials. In this PhD a range of different DASC geometries are explored (annular, trapezoidal,
prismatic, quadrilateral, biomimetic channel etc) with a variety of real nanofluids (water-based
with metallic nanoparticles such as silver, copper, gold, zinc, titanium etc or carbon based e.g.
diamond, graphite etc). Viscous incompressible laminar flows using Newtonian fluid models
(Navier-Stokes equations) with thermal convection and radiative heat transfer are considered
both with and without thermal buoyancy. Several thermal radiative flux models are deployed
to mimic solar radiation effects such as the Rosseland model, P1 Traugott model,
Chandrasekhar discrete ordinates model (DOM). ANSYS FLUENT and MAPLE symbolic
software are used as the numerical tools to solve the relevant boundary value problems.
Generally, the Tiwari-Das nanoscale model is used although the Buongiorno two-component
nanofluid model (with thermophoresis and Brownian motion) has also been deployed.
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Extensive visualizations of streamline and isotherms are computed. Validation with alternative
numerical methods and experimental studies is also included. Comprehensive appraisal of the
relative performance of different nanofluids is evaluated. Generally, non-magnetic
nanoparticles are studied although for the biomimetic channel (solar pump) case magnetic
nanoparticles are addressed. The simulations show the significant improvement in thermal
conductivities (and thermal efficiency) achieved with different types of geometry and
nanoparticle type. Aspect ratio and inclination effects are also considered for some DASC
cases. Extensive physical interpretation of thermofluid characteristics is provided. Where
possible key dimensionless scaling parameters (Rayleigh number, Nusselt number, Prandtl
number, Rosseland number etc) are utilized. The analyses reported herein constitute significant
novel developments in solar collector nanofluid dynamics and many chapters have been
published in leading international journals and conferences. The results have furnished good
guidance for solar designers to assist in the selection of different geometries, nanoparticle types
and volume fraction (percentage doping) for larger scale deployment in the future.
Furthermore, some pathways for extending the current simulations to e.g. non-Newtonian
nanofluid physics, turbulence etc are also outlined.
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Chapter 1

Introduction

1.1 Motivation
Solar energy is a clean, renewable source available anywhere in the world and is essential for
all life to exist on earth. In addition to providing earthly sustenance, solar energy is an effective
means of providing green, sustainable energy to technological societies via electrical power.
However current technology which harvests solar energy with heat transfer fluids (HTFs) e.g.,
Direct Absorber Solar Collectors (DASCs), Flat Plat Solar Collector (FPCs), Parabolic Trough
Solar Collector (PTSCs) etc, still requires continuous improvement in achieving higher
efficiencies and greater sustainability. Nanotechnology has emerged as a significant area in
recent years and features the use of sophisticated “green” nanomaterials embedded in
conventional engineering materials. One sub-set of nanomaterials is nanofluids which are
colloidal suspensions of base fluids doped with metallic nanoparticles (silver, copper, gold,
zinc, titanium etc) to improve the overall thermal conductivity of the working fluid and, hence
enhance significantly thermal efficiency of the solar collector.

1.2 Aims
The main aim of this research is to investigate the impact of different types of nanoparticles
(metallic) combined with water base fluid with a view to improving thermal efficiency in solar
collectors.
Therefore, this PhD explores the application of nanofluids in different solar collector
geometries to improve heat transfer rates and therefore efficiency. This is achieved by
1

improving existing mathematical and computational models to refine substantially current
understanding of many key fluid dynamic phenomena inherent to the successful design and
performance of such systems i.e. natural convection, forced convection, mixed convection,
coupled radiative heat transfer models (i.e., Rosseland, P1, S2S and Chandrasekhar discrete
ordinates model-DOM), different combinations of metallic nanoparticles (e.g. copper, zinc,
diamond, alumina, titania etc), advanced nanoscale volume fraction models in ANSYS
FLUENT, dimensionless scaling parameters (Rayleigh number, Nusselt number, Prandtl
number etc). Geometric considerations explored include solar collector inclination, prismatic,
trapezium, annular, tubular, quadrilateral and other configurations. ANSYS FLUENT finite
volume simulations are conducted and all analyses are benchmarked with either published
experimental data or alternative numerical studies from the literature.
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1.3 Objectives
1. To produce more accurate and refined simulations of 2D/3D solar collector systems
(DASC, FSC, PTSC) with nanofluids to achieve enhanced thermal efficiency.
2. To validate where possible the simulations with previous experiment studies.
3. To study natural convection, forced convection, mixed convection and coupled
conduction-convection-radiation in solar collector systems.
4. To extend the current state of knowledge of solar collector heat transfer to new
geometries (square, rectangle, trapezoid, cube, cuboid, cylindrical and annulus) for
water-based nanofluids doped with metallic nanoparticles.
5. To apply the Tiwari-Das nanoscale volume fraction model in ANSYS FLUENT CFD
software and to simulate the steady-state laminar enclosure flows whilst incorporating
aspects of objectives i) and iii) above.
6. To utilize different radiative heat transfer models (Rosseland, P Trauggot differential,
Chandrasekhar discrete ordinates model DOM, Solar daylight tracking model, all in
ANSYS FLUENT)
7. To carefully study experiments from the literature for solar collectors with different
nanoparticles (e.g., Titanium oxide, Copper oxide, Aluminium and Silver) for
benchmarking ANSYS simulations.
8. To compare different metallic (non-magnetic and magnetic) and carbon nanoparticle
performance in a variety of thermal solar collector geometrical designs.
9. To produce high-quality journal papers, conference presentations and book chapters.
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1.4 Literature review
1.4-1 Solar Energy and Solar collectors
Motivated by cleaner and more sustainable energy resources in the 21st century, engineers have
intensified efforts in studying and developing more efficient renewable energy designs. While
many different options exist, solar energy remains the most promising owing to the vast
quantities of heat received daily in many parts of the world. The current energy utilization
globally is a fraction of the total solar radiation reaching the earth as noted by (Kalogirou,
2013). Solar collector design continues to undergo refinements and is being implemented on
large scales in many continents. Solar thermal collectors are one of the popular types of solar
collector technology that are mostly used in residential and industrial applications such as
domestic water heating, heating of swimming pools, space heating. It is can also be considered
legendary based on the type of heat transfer fluids (HTF), e.g., water, non-freezing liquid, air,
or heat transfer fluid (Nagarajan, et al., 2014). To receiver a higher solar energy, the HTF
should have a high heat transfer rate which can be done in many ways. One approach is to
enhance the fluid thermophysical properties and this can be done by using nanofluid as a
working fluid instant of normal working fluid. As nanofluids increase the heat transfer rate of
the base fluids (Xuan & Roetzel, 2000). Addition of small amount of high thermal conductivity
solid nanoparticles in base fluid increases the thermal conductivity, thus increasing the heat
transfer rate.

1.4-2 Nanofluids
Nanofluids were introduced by (Choi & Eastman, 1995) as a mechanism for enhancing thermal
properties of engineering fluids such as water, air, and oil. A nanofluid comprises a colloidal
mixture of a small quantity of conducting nanoparticles suspended in a base fluid, such as
4

water. Nanofluids have been shown to exhibit high, non-linear, and anomalous thermal
conductivity, compared to the base fluid and to achieve significant elevations in heat transfer
rates in either free (natural) or forced convection. Nanofluid dynamics involve four scales: the
molecular scale, the microscale, the macroscale and the mega-scale and an interaction is known
to take place between these scales. Diverse types of nanofluids can be synthesized by
combining different nanoparticles (e.g., metallic oxides, silicon carbides, carbon nanotubes)
with different base fluids. An elaborate description of the numerous manufacturing methods
developed for robust and stable nanofluid suspensions has been provided in (Das, et al., 2007).
Engineers have explored many applications of nanofluids which have aimed at manipulating
the structure and distribution of nanoparticles to modify macroscopic properties of the
nanofluid such as its thermal conductivity. Recent examples of the implementation of
nanofluids in energy and other applications include automobile radiator systems (Oliveira &
Bandarra Filho, 2014) (Silver nanoparticles dispersed in distilled water), drilling muds (Bég,
et al., 2018) (titanium oxide and aluminium oxides in bentonite base fluid), IC cycle marine
gas turbine intercoolers (copper and alumina nano-particles in air) (Zhao, et al., 2015),
separation and purification of biological molecules and cells (Salata, 2004) (gold nanoparticles), pharmaco-dynamics (Ali, et al., 2015) (silver and gold nano-particles) and PEM fuel
cells (RafiqulIslam, et al., 2016). Another key area of interest for nanofluids is solar
engineering. Recently green Titanium oxide nanoparticles have been considered for
deployment in parabolic trough solar collectors (Okonkwo, et al., 2018) and magnetic iron
oxide nanoparticles have been studied for solar pumping systems (Prakash, et al., 2019).
Among the many systems available for modern solar energy, direct absorption solar collectors
(DASCs), compared to conventional collectors, have been found to be simpler and often more
efficient since owing to the absence of an absorber plate, thermal resistance is reduced to the
5

path of energy absorption. Direct absorption solar collectors, although employed for many
decades in for example water heating however have traditionally yielded low thermal efﬁciency
due to the limited absorption properties of the working ﬂuid (air or water). However, with
recent developments in nanofluid technologies, doping of conventional solar collector fluids
with metallic nanoparticles has shown that significant improvements in working liquid
thermophysical properties (e.g. thermal conductivity) and radiative absorption properties are
achievable in direct absorption solar collectors (Moghadam, et al., 2017) (Bait & Si-Ameur,
2018) (Otanicar, et al., 2010). (Karami, et al., 2018) observed substantial thermal enhancement
with silver-water nanofluids in field tests of direct solar absorbers. (Tyagi, et al., 2009) studied
the performance of water-aluminium nanofluid in a DASC observing that the presence of
nanoparticles increases the absorption of incident radiation by more than nine times over that
of pure water and nanofluids achieve at least a ten percent better efficiency than conventional
water-based flat-plate collectors. (Gorji & Ranjbar, 2017) described experiments on a
nanofluid-based direct absorption solar collector (DASC) using graphite, magnetite and silver
nanoparticles dispersed in de-ionized water. They observed that magnetite dispersions attained
the highest thermal and exergy efficiencies; followed by graphite and silver nanofluids,
respectively. (Godson, et al., 2010) reviewed characteristics of nanofluids relevant to solar and
other renewable energy systems including increase in surface volume ratio, Brownian motion,
thermophoresis, thermal conductivity enhancement and also surveyed in some detail, a variety
of computational and experimental investigations on forced and free convective heat transfer.
(Bozorgan & Shafahi, 2015) reviewed number of studies on design of direct absorber solar
thermal systems using nanofluids for working at optimum conditions.
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1.5 CFD Models developed
In the next sections we will consider literature pertinent to all the special models developed in
Chapter 3-7. These feature different dimensionality of the models e. g. 2.D, 3-D, axisymmetric
(quasi-3-D), various nanoparticles (metallic and/or carbon-based), geometries, types of
convection mode, radiative heat transfer models, mesh designs and orientations of the solar
collector. First, we address the 2-D models and then the more complex 3-D models. This
pathway proved to be very successful in the work conducted since 2-D models established the
confidence to simulate more realistic scenarios. Each of the 5 models (ANSYS FLUENT
simulations) produced has its own chapter and includes experimental verification and also
mesh independence testing and benchmarking with other numerical codes (e. g. finite element
method) depending on the literature of relevance. Furthermore, each of these 5 chapters were
further organized and edited into comprehensive journal papers or book chapters, of which all
have now been published. Additionally, several conference papers were also produced using
supplementary results generated in these chapters. All publications produced are listed at the
end of this chapter, and also include supplementary works conducted in parallel in nanofluid
solar systems engineering.

1.5-1 Two-dimensional models of nanofluid DASCs
During Year 1 and part of Year 2 of this PhD program, two comprehensive models of 2dimensional solar enclosure transport phenomena were produced.
1.5-1.1 Two-dimensional solar enclosure with radiative heat transfer, aspect ratio and
volume fraction effects
An important application of nanofluids in energy engineering is the area of direct absorber solar
collectors (DASCs) (Duffie, et al., 2017). These feature a working fluid which traps solar
7

radiation in an enclosure and circulates the heat for subsequent use in a variety of technologies
including electricity generation, domestic heating etc. To better predict the performance of such
solar absorbers, mathematical and numerical simulation of enclosure convection flows has
become an indispensable tool. Many excellent studies have appeared in the past three decades
considering a diverse range of solar collector designs and working fluids. Such investigations
generally feature Navier-Stokes viscous flow models with an energy equation including
thermal buoyancy (and other) effects. Where a fundamental configuration of relevance to
DASC is the rectangular enclosure. (Kosti, et al., 2013) employed a finite element method to
simulate buoyancy-driven laminar incompressible flow in a two-dimensional titled rectangular
enclosure for the case of copper–water nanofluid with constant heat flux at the left vertical wall
and convective boundary condition on the other three walls. They observed that with greater
Rayleigh number and inclination angle there is a sizeable elevation in average Nusselt number
and that has Nusselt number is highest with low aspect ratio. (Öğüt, 2009) used the polynomial
differential quadrature (PDQ) method to analyse the free convection heat transfer of waterbased nanofluids in an inclined square enclosure where the left vertical side is heated with
constant heat flux (with a heat source at the centre), the right side is cooled, and adiabatic
conditions are enforced on the other sides. They considered five metallic nanoparticles, copper,
silver, copper oxide, aluminium oxide, and Titanium oxide. They showed that average heat
transfer decreases is depressed with greater heat source length and lower inclination angles but
enhanced with both particle volume fraction and Rayleigh number increase. (Arani, et al.,
2017) used the finite volume method with a SIMPLER algorithm to simulate the coupled heat
and mass transfer in mixed convection of temperature-dependent alumina-water nanofluid in a
lid-driven square enclosure. They computed solutions for the case where the temperature and
concentration of the left wall are higher than those of the right wall, while the two other walls
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are adiabatic and impermeable. They considered the influence of Richardson number,
buoyancy ratio, nanoparticle volume fractions (up to 4%) and observed that with an increment
in nanoparticle volume fraction (at high Richardson numbers) there is a depression in average
Nusselt number, whereas the opposite effect is induced at low Richardson numbers. They also
found that for buoyancy-assisted flow, higher average Nusselt or Sherwood numbers are
achieved and that heat lines are closer for nanofluid than pure water base fluid indicating
superior convective heat transfer by nanofluids. (Yu, et al., 2018) employed the Buongiorno
nanoscale model and a wavelet homotropy analysis code to analyse the laminar mixed
convection flow in an inclined lid-driven nanofluid enclosure flow featuring internal heat
generation with sinusoidally heated sidewalls of the enclosure are sinusoidally heated and
upper and lower insulated walls. They noted significant modification in heat transfer
characteristics and flow behaviour with Grashof number, Brownian motion, thermophoresis,
enclosure the inclination and amplitude ratios of temperature and concentration. (Ahmed &
Eslamian, 2015) deployed a two-phase lattice Boltzmann computational solver and the
Buongiorno nanoscale model to study the laminar natural convection in differentially heated
inclined and bottom-heated square enclosure, observing that thermophoresis exerts a major
influence on heat transfer augmentation and that heat transfer rate is minimized with bottom
heating whereas it is maximized by a unique inclination angle which influences the Rayleigh
number. The Tiwari-Das model is an alternative nanoscale formulation to the Buongiorno
model (Tiwari & Das, 2007). It does not feature a separate nano-particle species conservation
equation but instead modifies the key properties of the doped nanofluid (thermal conductivity,
density and viscosity) and allows different types of nano-particle material to be modelled via
more realistic empirical correlations which are formulated in terms of the nano-particle
concentration (volume fraction). In this regard it is a much more useful approach for real solar
9

energy direct absorber systems. (Sheremet, et al., 2015) used a second-order accurate finite
difference method to investigate computationally the free convection in a square enclosure
containing a nanofluid-saturated porous medium for the case of copper and aluminium
nanoparticles
The above studies were confined to thermal convection heat transfer and did not consider
radiative heat transfer. In the design of real solar collectors however thermal radiation is a
critical consideration. Radiative properties and models must be employed to capture the
contribution of solar radiative flux. (Sharaf, et al., 2018) have shown that water-based
nanofluids achieve stronger radiation absorption than alternative nanofluids in solar collectors.
They have also shown that above a critical nanoparticle volume fraction value, the solar
collector performance is no longer significantly influenced. Even with powerful numerical
methods (such as those available in ANSYS FLUENT finite volume software), it remains very
challenging to simulate the solve the general integro-differential radiative transfer equation
(RTE) and this is further complicated when coupled to natural convection. Algebraic flux
model approximations are therefore popular in computational studies of combined radiation
and convection flows. These include the Rosseland diffusion flux model, P1 flux model,
Schuster-Schwartzchild two-flux model and Hamaker six-flux model. For example, in solar
collector nanofluid coating simulations, (Mehmood, et al., 2018) recently employed the
Rosseland flux model and observed a dramatic increase in heat transfer characteristics in
nanofluids when radiation is included. Alternative approaches for modelling radiative effects
include Rayleigh scattering. Recently (Sharaf, et al., 2018) studied coupled radiative transfer
and convection in a nanofluid-based, direct absorption solar collector (DASC) using a Rayleigh
scattering approximation for the optical properties of the nanofluid. They showed that DASC
performance is significantly influenced by spectral distribution of the extinction coefficient of
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the nanoparticles and that. the use of a blackbody incident spectrum over-predicts the thermal
enhancement performance overestimations for certain types of nanoparticle suspensions (e.g.,
silver) more than others (e.g., graphite). They also observed that much higher nanoparticle
volume fraction results in less substantial increases in the efficiency of the collector with
incident radiation. (Lee, et al., 2012) used a Monte Carlo algorithm and finite element analysis
to computationally investigate the performance of a direct solar thermal collector using
localized surface plasmon of metallic nanoparticles suspended in water. They studied the case
of a direct solar thermal collector with four types of gold nano-shell particles blended in the
aquatic solution and observed that blended plasmonic nanofluids can significantly enhance the
solar collector efficiency by 70% with an extremely low particle concentration (0.05% particle
volume fraction) by dramatically increasing radiative absorption.
Aspect ratio effects in nanofluid solar collectors have been considered by several researchers
in recent years and these may involve either the enclosure geometry or the nanoparticles
themselves or both. (Bouhalleb & Abbassi, 2014) simulated natural convection in inclined
cavity filled with CuO-water nanofluid heated from one side and cooled from the ceiling using
a finite volume method based on the SIMPLER algorithm. They observed that the impact of
Rayleigh number on heat transfer is reduced for a shallow enclosure (aspect ratio less than
unity) whereas the influence of aspect ratio is stronger when the enclosure is tall (aspect ratio
greater than unity) and the Rayleigh number is high. They also found that as Rayleigh number
is elevated, a significant compression of isotherms arises towards the hot wall and the cold
upper boundary with the majority of the enclosure being occupied by warmer fluid, leading to
an expansion of the single circulation cells, flow distortion and the emergence of boundary
layers. (Trodi & Benhamza, 2017) also used a finite volume method to compute heat and flow
characteristics in differentially heated square enclosures filled with Al2O3–water nanofluid also
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considering the influence of shapes and aspect ratios of nanoparticles, Rayleigh number and
volume fraction. They demonstrated that increasing both nanofluid volume fraction and
Rayleigh number boosts the heat transfer rate and that oblate and prolate spheroid shaped
nanoparticles achieve the best overall heat transfer. (Wong, et al., 2007) used COMSOL finite
element software to investigate the effects of mass fraction concentration of nanoparticles (10
and 25%), enclosure aspect ratio and inclination on natural convection in water-based alumina
nanofluid in rectangular enclosures. They also utilized a non-invasive method (ultrasound
thermometry) to measure the temperature distribution. They found that multi-cellular enclosure
regime is modified to a boundary layer regime at a Rayleigh number of about 10million for an
aspect ratio of 2.625 and at 200million when the aspect ratio is 1.0, for different concentrations
of nanofluid. They also noted that instability in the core region is computed and observed at a
Rayleigh number of about 12 million and aspect ratio equal to 2.625. (Qi, et al., 2017) used a
two-phase lattice Boltzmann model to simulate the natural convection heat transfer in
horizontal rectangle enclosures containing Ag-Ga nanofluid (at different nanoparticle volume
fractions of 1%, 3%, 5%) and different Rayleigh numbers (100 and 100,000). They also studied
Nusselt number ratio enhancements for two geometries of the enclosures (aspect ratios are 2
and 4) noting that the flatter horizontal rectangular enclosure (aspect ratio of 4) has a higher
Nusselt number. They also showed that Nusselt number increases with the decreasing
nanoparticle radius and that Brownian force and drag force are influenced by enclosure aspect
ratio.
From the literature quoted, the critical requirements and necessity for simulating accurately
and carefully natural convection in a nanofluid direct absorber (DASC) has been emphasized.
A computational fluid dynamic simulations of steady state nanofluid natural convection in a
two-dimensional enclosure is conducted as a first stage of the research is presented in chapter
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3. Incompressible, laminar, Newtonian viscous flow is considered with radiative heat transfer.
Validation with earlier simulations by (Abu-Nada & Oztop, 2009) is also included for the
copper-water nanofluid and vertical enclosure (non-inclined) case. Isotherm and streamline
distributions are presented for the influence of different solar radiative flux models, Rayleigh
number, types of metallic nanoparticle (silver, titanium oxide and copper), aspect ratio (ratio
of base to height of the solar collector geometry) and nano-particle volume fractions.
Interesting thermal and hydrodynamic features are computed with extensive physical
interpretation.
1.5-1.2 Finite volume numerical analysis of diamond and zinc nanoparticles
performance in a water-based trapezium direct absorber solar collector with
buoyancy effects
From the first quadrilateral (square) model described before, which addressed 2D natural
convection in DASC, a further geometry and different nanoparticle combination was explored.
The objective was to further establish the modifications in heat transfer rates (and thermal
efficiency) of the solar collector with a novel geometry and different types of nanoparticles in
aqueous base fluid. An alternative geometry which has been increasingly deployed in
commercial solar systems is the trapezium. This has been found to achieve easier
implementation in orientation towards the sun and large-scale manufacturing (Kumar, 2004).
Engineers have therefore explored the implementation of a variety of nanofluids in both 2dimensional trapezium and 3-dimensional trapezoidal enclosures in recent years. (Job, et al.,
2017) employed a mixed finite element method with polynomial pressure projection
stabilization to compute the transient magnetic free convection flows of alumina (Al2O3)-water
and single-walled carbon nanotube (SWCNT)-water nanofluids within a symmetrical wavy
trapezoidal enclosure. They considered the case wherein the wavy lower boundary is
instantaneously elevated raised to a constant hot temperature with the upper boundary sustained
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as thermally insulated. (Akbarzadeh & Fardi, 2018) utilized the finite volume method and the
Patankar SIMPLER algorithm to investigate the free convection of nanofluids with variable
properties inside two- and three-dimensional channels with trapezoidal cross sections. They
observed that with stronger thermal buoyancy (i.e., higher Rayleigh number) heat transfer rates
are enhanced in both geometries. They further showed that Nusselt number is reduced with an
increase in the nanoparticle volume fraction from zero to 2% whereas it is subsequently
elevated for nanoparticle volume fraction greater than 2% in the two-dimensional case. They
also showed that greater inclination of the channel trapezoidal cross section walls boosts the
heat transfer rate.
Whereas most studies of solar nanofluids have considered metallic nanoparticles (copper,
aluminium etc) or carbon nanotubes (CNTs) suspended in water base fluid, relatively few have
addressed diamond-water nanofluids. Diamond, a natural allotrope of carbon has impressive
thermal, mechanical, and electrical properties (Mashali, et al., 2019). Nano-diamond-nanofluid
systems have therefore also attracted interest very recently owing to their potential in achieving
a stable and consistent increase in thermal conductivity (Tyler, et al., 2006). (Sani, et al., 2018)
presented experimental results light-intensity dependent optical properties of graphite/nanodiamond suspensions in ethylene glycol for direct absorption solar collectors and solar vapor
generation. (Branson, et al., 2013) used de-aggregation of oxidized ultra-dispersed diamond
(UDD) in dimethylsulfoxide to study the thermal performance of nano-diamond (ND)–
poly(glycidol) polymer brush: ethylene glycol (EG) nanofluids, observing that a 12% thermal
conductivity enhancement is achieved with a 0.9 volume fraction. Many other laboratory-based
studies on viscosity and thermal property modification achieved with diamond nanofluids have
been reported including (Mashali, et al., 2020), (Kumar, et al., 2019), (Chin, et al., 2018) and
(Syam Sundar, et al., 2016). Quite recently several computational analyses of diamond
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nanofluids have also appeared in the scientific literature. (Izadi, et al., 2018) presented finite
element solutions for natural convection of different nanofluids (water-copper, water-diamond
and water–silicon dioxide nanofluids) inside a porous medium annular cylindrical enclosure
using the Buongiorno model was utilized to track the nanoparticles concentration. They
observed that water-diamond achieves the highest heat transfer rates whereas water–silicon
dioxide produces the lowest. (Jang & Choi, 2006) investigated theoretically the cooling
performance of a microchannel heat sink with 6 nm copper-in-water and 2 nm diamond-inwater nanofluids.
Another promising metallic material which can be deployed in nanofluids is zinc which has
excellent anti-corrosion properties and is only a moderately reactive metal making it useful for
solar collector nanofluids. It is also the fourth most abundant metal employed in industry after
iron, aluminium, and copper. It has been studied both in its pure form and oxide form for
nanofluid deployment in solar energy systems. Important studies in this regard include (Wang,
et al., 2018) (zinc oxide oil based nanofluids for DASCs), (Radkar, et al., 2019) (ZnO water
nanofluid in helical copper tube heat exchangers in which 18.6% elevation in Nusselt numbers
was achieved for 0.25 vol% of ZnO nanoparticles), (Ali, et al., 2015) (zinc oxide water
nanofluid automobile radiators), (Zhang, et al., 2007) (Zhang, et al., 2008) (anti-bacterial and
sterilization medical applications), (Khatak, et al., 2015) (electronic cooling), (Lee, et al., 2012)
(thermal enhancement) and (Yu, et al., 2009) (viscosity measurements of zinc water/ethylene
glycol nanofluids).
A computational fluid dynamics analysis of steady state incompressible thermal convection in
a two-dimensional trapezium solar collector geometry is conducted to evaluate the relative
performance of both carbon-based (i.e., diamond) and metal-based (i.e., zinc) nanoparticles
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which is elaborated at length in chapter 4. The Tiwari-Das formulation is implemented to
compute viscosity, thermal conductivity and heat capacity properties for diamond-water and
zinc-water nanofluids at different volume fractions. The finite volume code (ANSYS FLUENT
ver. 19.1) (ANSYS, Inc, 2018) is deployed. Laminar Newtonian flow is examined. The
SIMPLE solver is utilized, and residual iterations utilized for convergence monitoring. Mesh
independence is included. Verification with the penalty finite element computations of
(Natarajan, et al., 2008) for the case of a Newtonian viscous fluid (zero volume fraction) is also
conducted and excellent correlation achieved. Isotherm, streamline and local Nusselt number
plots are presented for different volume fractions, sloping wall inclinations (both negative and
positive slopes are considered) and Rayleigh numbers.

1.5-2 Three-dimensional models of nanofluid DASCs
During Year 2 and part of Year 3 of this PhD program, three further comprehensive models of
3-dimensional solar enclosure transport phenomena were produced. These built successfully
on the earlier 2-D simulations, which were reported in the Interim Report (November 2018, Dr
Martin Burby was the Internal Assessor) and also partially in the internal Evaluation
(November 2019, Dr. G.P. Enyi and Dr A. J. Abbas were the Internal Assessors). The
justification for these simulations was based on extensive literature reviews to identify aspects
that had never been examined before and which were particularly beneficial and feasible in real
life solar engineering implementation, globally. The foundational literature for each of these
three 3-dimensional models is now given in the next three sub-sections.
1.5-2.1 Three-dimensional tilted prismatic solar enclosure with aspect ratio and volume
fraction effects
Natural convection in three dimensional enclosures is also a major area of interest in solar
engineering, in the design of actual field direct absorber solar collectors (DASCs). It has been
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studied extensively both from a theoretical and computational perspective and experimentally
with a focus on visualization. Many studies including (Hiller, et al., 1992) have identified the
complex spiral vortex structures generated in three-dimensional flows under buoyancy effects.
While experimental studies have been important, since the advent of more powerful computer
resources and commercial field solvers, numerical simulation has increasingly become a major
area of activity since it provides a relatively inexpensive and less time-consuming methodology
for predicting such flows. Numerical simulation also provides a good compliment to
experimental investigations since the data from the latter can be used as important benchmark
cases for validation of computational codes. Many different computational methodologies are
available now in this regard including molecular dynamics, Lattice Boltzmann methods, finite
element techniques and finite difference or finite volume solvers (Ferziger, 2001). (Mallinson
& De Vahl Davis, 1997) were among the first researchers to investigate 3-dimensional natural
convection in a box-like enclosure. They employed a finite element method and identified that
at intermediate Rayleigh numbers a strong convective motion is mobilized due to the inertial
interaction of the rotating flow with the stationary walls together with a contribution arising
from buoyancy forces generated by longitudinal temperature gradients. They also showed that
with stronger thermal buoyancy (higher Rayleigh numbers), there is an emergence of multiple
longitudinal flows develop which are controlled by aspect ratios, Prandtl number and Rayleigh
number. (Fusegi, et al., 1991) used a three-dimensional finite-difference method to analyse
natural convection flows of air flow in a differentially heated cubical box with isothermal
vertical sidewalls at different temperatures and the remaining vertical walls (end walls) being
thermally insulated. They considered both adiabatic and perfectly conducting wall boundary
conditions and observed enhanced heat transfer in the latter case. (Sharma, et al., 2013)
employed the PHOENICS solver to investigate the three-dimensional thermosyphon flow in
17

an unglazed solar flat plate collector and computed mass flow rates in the collector loop for a
range of solar heat flux inputs. (Li, et al., 2016) applied a multiple-relaxation-time model
(MRT) and lattice Boltzmann method (LBM) solver to analyse the three-dimensional cubic
natural convection for a solar cell at various Rayleigh numbers. They considered a variety of
thermal boundary conditions including adiabatic and linear temperature variations. (Campos,
et al., 2019) conducted photothermal conversion experiments on water-based nanofluids doped
with spherical gold, silver, and copper nanoparticles, non-spherical silver nanoparticles,
layered graphene oxides and hybrid graphene oxide/silver hybrid structures, for direct
absorption solar collectors under 1000 Watts of solar radiation flux. They observed that gold
and copper nanofluids achieved the best thermal efficiencies. (Mallah, et al., 2018) investigated
the deployment of silver plasmonic nanofluids (which feature localized surface plasmon
resonance phenomenon to enhance the extinction efficiency of the plasmonic nanoparticle
several times at the resonance wavelength) in direct absorber solar collectors. They showed
that silver nanoparticles exhibit a high intensity of the localized surface plasmon, which may
be precisely adjusted via shape, size and aspect ratio of nanoparticles to perform within the
broadband 350–1200 nm. They further showed via computational simulation that nanofluids
composed of blended Ag nano-morphologies achieve a significant improvement in absorbance
over the entire solar spectrum and elevate efficiency of the direct solar collector to in excess of
85% even at low volume fractions. Further investigations of nanofluid-based solar collectors
have been communicated by (Farhana, et al., 2019) (who have reviewed multiple metallic
hybrid types), (Jin, et al., 2019) who have identified exceptional photothermal conversion
efficiencies of gold and silver nano-particles, (Gimeno-Furio, et al., 2019) who have explored
oil-based carbon “black” nanofluids in various solar receiver geometries including prisms,
annular and parabolic troughs, (Shah & Ali, 2019) (copper oxide nanofluids), (Dehaj &
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Mohiabadi, 2019) (magnesium oxide nanofluids for heat pipe solar systems) and (Bellos, et al.,
2018) (alumina and titania-water nanofluids for solar concentrators). (Khanafer & Vafai, 2018)
presented a succinct review of many aspects of solar nanofluid technology including solar stills,
photovoltaic/thermal systems, doping methods, cost-benefit analysis and sustainability.
(Zayed, et al., 2019) addressed flat plate solar collector nanofluid performance considering a
variety of metal, metal oxides, semiconductor crystalized oxides, and carbon based nanofluids
as the absorbing media and noting that copper oxide achieves the best efficiency whereas
carbon based nanofluids achieved both superior energy and exergy efficiencies. (Mehmood, et
al., 2019) investigated the manufacturing flows of solar copper oxide-doped nano-polymer
coatings for photo-voltaic applications, noting their superiority in durability, anticorrosion and
thermal efficiency. (Dugaria, et al., 2018) studied computationally the thermal performance of
aqueous nanofluids containing suspensions of single wall carbon nano-horns (SWCNHs) as
volumetric absorbing media in a concentrating direct absorption parabolic trough solar
collector. They presented extensive solutions of the coupled energy balance and radiative heat
transfer equations for a participating medium and elaborated in detail the variation in heat
transfer rates, thermal absorption, and penetration distance of the concentrated solar radiation
inside the nanofluid volume. Other interesting studies of nanofluid solar absorbers have been
communicated by (Zhang, et al., 2018) (for solar-powered distillation systems), (Zeiny, et al.,
2018) (for large scale solar evaporation projects), (Bait & Si–Ameur, 2018) for combined
thermal and mass diffusion in metallic nanofluid solar still designs and (Mehrali, et al., 2018)
for graphene/silver plasmonic nanofluid solar thermal conversion.
The above studies did not consider the tilt of the solar collector enclosure. To optimize the
capture of solar energy by collectors, they are frequently orientated at a specific angle i.e., tilted
upwards. To produce more realistic predictions of heat transfer rates, mathematical models
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need to incorporate inclination of the direct absorber collector. Several researchers have
explored the influence of inclination on thermo-fluid characteristics in solar absorbers,
although not for gold nanofluids. (Esfandiary, et al., 2016) used the two-phase mixture
Buongiorno nanoscale model and a finite volume method to analyse the influence of inclination
angle on natural convective heat transfer and fluid flow in an enclosure filled with Al2O3–
water nanofluid. They considered inclination angles from zero to 60 degrees and Rayleigh
numbers up to 10 million with a maximum volume fraction of 3%. They noted that maximum
Nusselt number is attained with a 30 degrees tilt angle. (Motlagh & Soltanipour, 2017) studied
computationally the natural convection of alumina–water nanofluid inside a tilted square
enclosure with non-homogenous two-phase Buongiorno's model and the Patankar SIMPLE
algorithm. They identified that at high Rayleigh numbers the average Nusselt number at the
walls is elevated initially but thereafter suppressed with inclination angle whereas heat transfer
enhancement percent continuously increases with increasing inclination angle. They also
computed that at any title angle and at low Rayleigh numbers, the particle distribution is nonuniform whereas a more homogenous distribution is achieved at high Rayleigh numbers (strong
thermal buoyancy). (Ghachem, et al., 2015) used a control volume algorithm and a vorticityvector potential formulation to simulate the combined natural convection and radiation in an
inclined solar thermal collector containing a gray medium.
Finite volume computational fluid dynamic simulations of steady-state nanofluid natural
convection in a three-dimensional enclosure (as a model of a flat plate collector) containing
gold-water nanofluid is therefore conducted and discussed in chapter 5. Incompressible,
laminar, Newtonian viscous flow is considered with natural convection. The ANSYS FLUENT
finite volume code (version 19.1) (Baek, et al., 2014) is employed. The Tiwari-Das volume
fraction nanofluid model is used and spherical, homogenously distributed gold nanoparticles
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are considered. The superior optical and thermo-physical properties of gold nanoparticles
(relative to other metallic nanomaterials) have been shown to achieve superior thermal
conductivity, suspension stability and long-term performance in the field which are all key
factors required to enhance solar energy absorption and conversion. In this regard, the
deployment of gold nanoparticles in 3-D numerical simulations in a tilted prismatic enclosure
constitutes a new direction in solar absorber research and the novelty of the present work.
Extensive visualizations of streamline and isotherm distributions for a range of gold
nanoparticle volume fraction, geometrical aspect ratio, Rayleigh number and enclosure tile
angle are provided. Heat flux and Nusselt number profiles are also computed. Validation with
earlier simulations is also included (Wang, et al., 2018). Intricate vortex and thermal field
structures are identified. The significant benefit of tilting enclosures and scaling gravity (and
therefore buoyancy) effects is shown. The computations and interpretation furnish useful and
novel insight into more realistic performance of direct absorber nanofluid solar collector
designs and provide critical guidance on achieving optimal specifications for aspect ratio,
nanoparticle volume fraction and orientation.
1.5-2.2 Computational fluid dynamics simulation of a nanofluid-based annular solar
collector with different metallic nanoparticles.
There are several published articles related to investigation of convective heat transfer of
nanofluids, although the vast majority are based on experimental works. (Fotukian & Nasr,
2010) experimentally investigated turbulent heat transfer and pressure drop of Al2O3 - water
nanofluid in a circular tube. The results showed that as increasing volume fraction of
nanoparticle from 0.03% to 0.135%, there is not much effect on enhancement of the heat
transfer. Additionally, the pressure drop was higher than a base fluid. (Kayhani, et al., 2012)
conducted a similar experiment, investigated turbulent convective heat transfer of Al2O3/water
(40nm size) nanofluid inside uniformly heated horizontal tube. At nanoparticle volume fraction
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of 2.0%, Nusselt number increased by 22% at Reynolds number of 13500. (Zeinali, et al., 2007)
experimentally investigated laminar convective heat transfer of Al2O3 nanofluid through a
circular tube with constant wall temperature. The results show that heat transfer coefficient of
nanofluids increases with nanofluid volume fraction as well as the Peclet number. (Ho, et al.,
2010) experimentally investigated the forced convective cooling performance of a copper
Microchannel heat sink with Al2O3/water nanofluid as the coolant, Reynolds number ranging
226 to 1676. Results showed that the nanofluid-cooled heat sink have significantly higher
average heat transfer coefficient and thereby lower thermal resistance, friction factor was found
slightly increased. (Azari, et al., 2013) investigated laminar convective heat transfer of three
different types water-based nanofluids which are Al2O3, TiO2 and SiO2 though a circular tube.
Al2O3 and TiO2 water based nanofluids increased heat transfer coefficient substantially, an
average of 16% and 8.2% increase in heat transfer coefficient were observed with the average
of 28% and 15% penalty in pressure drop for Al2O3 and TiO2 nanofluids. While the SiO2
nanofluids showed the opposite behaviour. (Azari, et al., 2014) presented both experimental
and Computational Fluid Dynamics (CFD) investigations of the laminar convective heat
transfer coefficient of Al2O3/water nanofluids in a circular tube under uniform and constant
heat flux on the wall. Their results showed that the thermal performance of nanofluids is higher
than that of the base fluid and the heat transfer enhancement increases with the particle volume
concentration and Reynolds number. Additionally, the simulation results demonstrated that the
two-phase model prediction and experimental data match significantly and that the model can
be employed with confidence for the prediction of any type of nanofluid. (Hatwar & Kriplani,
2016) studied heat transfer characteristics of water based nanofluid of Al2O3 and CuO flowing
through a uniform heat flux horizontal circular tube at Reynolds number range of 2800 to 5000
via experimental. The heat transfer coefficient of CuO/water nanofluid is higher than that of
22

Al2O3 nanofluid for the same concentration and same Reynolds number. Results indicated that
heat transfer coefficient of CuO/water nanofluid is higher than Al2O3 nanofluid for the same
concentration and same Reynolds number. At volume fraction of 0.1%, the percentage increase
in heat transfer coefficient was 40% for CuO and 22.2% for Al2O3 as compared to water. The
pressure drops via using nanofluids was unnoticeable. There are several published articles
related to the investigation of nanofluids on thermal efficiency enhancement of parabolic
trough solar collector (PTC) most of them are based on experimental and computational fluid
analysis. (Subramani, et al., 2017) reported from the experiment that the thermal efficiency of
PTC could be enhanced by 8.54% if the maximum volume fraction of 0.5% vol% of
Al2O3/water was used. Similar experiment was conducted by (Siva Reddy, et al., 2015) , where
they examined the effect of Al2O3/water nanofluid up to 0.06 vol.% on the thermal efficiency
of PTC and resulted in maximum efficiency enhancement due to the nanofluid application of
28.95%. (Chaudhari, et al., 2015) experimentally investigated on the effect of 1% volumetric
concentration of Al2O3/water nanofluid in the thermal characteristic enhancement of PTC
which reported a maximum increase in Nusselt number of 32%. (Bretado de los Rios, et al.,
2018) reported from his experiment that using 3% volumetric concentration of Al2O3 in PTC
can enhance the thermal efficiency by approximately 28% compared to water as a base flow at
incident angles varying from 20–30. (Menbari, et al., 2016) experimentally and numerically
studied the effect of CuO/water nanofluid on thermal efficiency and temperature distribution
in direct absorption parabolic trough collectors for a different range of volume fractions. The
thermal efficiency of the collector increases by 18% to 52%, when using 0.002–0.008 vol. %
CuO nanoparticles, compared to the base fluid case. (Subramani, et al., 2018) examined the
effect of TiO2/water nanofluid at different volume fractions of 0.05%–0.5% on PTC thermal
performance. They reported that at 4 kg/min mass flow rate both convection heat transfer and
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thermal efficiency of PTC could be enhanced by 22.76% and 8.66%. employed finite difference
method to calculate the efficiency of parabolic shaped solar collector with used water basedAl2O3 nanofluid (0.05% vol. conc.). The solar collector performance is improved by 6.7% in
comparison to conventional working fluid. (Khullar & Tyagi, 2010) evaluated the possible
application of different types of nanofluids in parabolic concentrating solar collector using
experiments and CFD analysis. The nanofluids considered SiO2-H2O (DI) and CuO-H2O (DI)
of 0.01% volume concentration are used where the flow rates of the fluids are 40 LPH and 80
LPH. Results indicated that at the flow rate of 80 LPH with 0.01 volume concentration, SiO2H2O(DI) and CuO-H2O(DI) have improved solar collector efficiency around 7.15% and 8.42%,
respectively. However, at flow rate of 40 LPH shows slightly lower improvement in efficiency
of collector of about 6.68% and 7.64% for SiO2-H2O (DI) nanofluid and CuO-H2O (DI)
respectively. (Kundan Guide Lal, 2014)studied the effect of Al2O3 and CuO water based
nanofluids on PTC thermal performance and found that CuO/water nanofluid gave the highest
thermal enhancement followed by Al2O3 and water. Via using 0.05 vol.% of CuO gave the
maximum overall thermal efficiency of 15.25% which lead to approximately 44% increase in
efficiency compared to pure water. (Sekhar, et al., 2017) investigated the effect of CeO2
(Cerium oxide), Al2O3, and TiO2 with water based nanofluid performance used in PTC and
found that CeO2/water nanofluid had highest thermal efficiency enhancement by 27% at 3
percent vol.%. (Marefati, et al., 2018) experimentally investigated the effect of Al2O3, CuO,
and SiC mixed with water at 1–5 vol. % on the thermal and optical performance of the PTC at
four different locations in Iran (Tehran, Yazd, Shiraz and Tabriz). Shiraz was found to have
the highest thermal efficiency result to install the PTC. They also mentioned that the application
of CuO/water nanofluid enhances the convection heat transfer by approximately 33%
compared with water itself. Hence, as expected, CuO/water nanofluid is the best option for
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thermal efficiency enhancement. (Khullar, et al., 2013)studied aluminium based nanofluid with
Therminal VP-1 base fluid in concentrating parabolic solar collector (CPSC) via theoretical &
experimental calculations. When compared to conventional concentric parabolic solar
collectors, an increase in 5 to10% of thermal efficiency was observed. (Rehan, et al., 2018)
examined the effect of Al2O3 and Fe2O3 water-based nanoparticle with weight fraction between
0.2%-0.3% on thermal efficiency of the PTC in winter. At the flow rate of 2L/m and 0.3 wt.
%, Al2O3/water and Fe2O3/water nanofluids enhance the thermal efficiency by 13% and 11%,
respectively. (Alsaady, et al., 2018) conducted an experimental study on Ferrofluids (magnetic
nanofluid) with 0.05% volume fraction with and without magnetic field presence. They found
that if a magnetic field is applied, the thermal efficiency can be enhanced up to 25% compared
to conventional PTC. (Paul & Morshed, 2013) carried out experimental analysis of
Nanoparticle Enhanced Ionic Liquids (NEILS) in solar collectors and fond that thermal
conductivity was enhanced around 5% depending on the base fluid and ionic concentration.
The heat capacity of nanofluid using Al2O3 nano particles was enhanced by 23% and 26% for
nanofluids using silica nano particles and similarly 20% enhancement in convective heat
transfer capacity was also observed.
From literature reviews and simulations conducted in chapter 3, 4 and 5 it is shown that
nanofluids work well for DASCS. To produce a geometrically simpler but still 3-D model of a
solar collector, the tubular geometry or annulus is ideal. It is manufactured often in practical
systems e.g. Schott glass, Germany. It also provides a simpler simulation than fully 3-D models
since only two coordinates are essentially required (axisymmetric - radial and longitudinal
coordinates). Annular solar collectors comprising an inner tube containing pure water and an
annular region containing metal-water nanofluid is therefore very advantageous for certain
solar designs and is therefore simulated in Chapter 6 with ANSYS FLUENT. Three different
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metallic nanoparticles (copper oxide, aluminium oxide and titanium oxide nanoparticles) are
examined. Via the Tiwari-Das model the thermal conductivity, specific heat capacity and
viscosity for each metal-water nanofluid suspension is calculated as a function of solid nanoparticle volume fraction. Radiative heat transfer is also incorporated using the ANSYS solar
flux and Rosseland radiative models.
1.5-2.3 Numerical simulation of forced convection-radiation transfer in a flat plate
prismatic 3-D solar collector with inlet/outlet conditions.
The energy associated with solar light consists of about 40% visible, 8% ultraviolet (UV), and
52% infrared radiation (Sokolik, 2008). (Matino & Maccari, 2015) showed that optical
properties enable useful thermal energy to be extracted in the available infrared region. Solar
collectors may also utilize the energy in the visible region in this way and engineers can tune
fluids to absorb the energy in the infrared as well as the visible region. As a result, most of the
solar spectrum can be utilized and solar absorption efficiency will also increase. In recent years
solar engineers have explored many technologies to achieve a sustained improvement in
thermal performance of solar collectors. These have included improved coatings and also
working fluids in combinations with different geometries. An important development in this
regard has been nanofluids. These have been described in detail in previous chapters and
constitute colloidal suspensions of metallic or carbon-based nanoparticles in conventional
working (base) fluids. The resulting mixture demonstrates enhanced thermal conductivity and
modified viscosity properties. Radiative properties of nanofluids are particularly critical in
solar collector direct absorber collectors. Absorption characteristics of nanofluids are one of
the main parameters used to estimate their energy-capturing ability. In general, the absorption
coefficient increases with an increase in the volume fraction. The absorption of metal-based
nanofluids has been investigated extensively in recent years by varying the path depth, type of
base fluid, particle size, and volume fraction. These studies have shown that the absorption
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coefficient of metal-based nanofluids is found to be linearly proportional to the volume
fraction. (Saidur, et al., 2012) studied the effect of metal aluminium-water based nanofluid in
direct absorber solar collectors (DASCs) via the investigation of the extinction coefficient of
the fluid with various nanoparticle sizes and volume fractions. They found that the extinction
coefficient is linearly proportional to volume fraction. The improvement is promising within
1.0% volume fraction and the nanofluid is almost opaque to light waves. (Said, et al., 2014)
studied the optical properties of metal oxide Al2O3 and TiO2 distilled water-based nanofluids
with different volume concentrations experimentally. They considered two volume
concentrations of 0.1% to 0.3% v/v for the optical properties and found that the extinction
coefficient and refractive index of TiO2 nanofluids are higher than Al2O3 nanofluids in the
visible region of light for all concentrations. However, aluminium oxide achieved greater
stability, although its optical enhancement was lower than that of titanium, whereas titanium
was less stable. (Otanicar, et al., 2010) conducted an experimental and numerical study of
nanofluid-based direct absorption solar collectors, where the nanoparticles considered were
non-metallic (carbon nanotubes, graphite) and metallic (silver). These nanofluids demonstrated
an initial rapid increase in efficiency with volume fraction, followed by a levelling in efficiency
as volume fraction continued to increase. The efficiency improvement was elevated by 5% in
solar thermal collectors by utilizing nanofluids as the absorption medium. (Bardsgard, et al.,
2020) simulated a rectangular DASC with incident light on the top surface using an EulerianEulerian two-phase model and validated against the experiment of (Otanicar, et al., 2010) and
reported that the optimum volume fraction of particles for enhancing efficiency was obtained
for 0.3 wt.%, and a decrease in efficiency was observed for 0.5 wt.%. The optimum
configuration of the considered collector attained a highest total efficiency of 87%. (Taylor, et
al., 2011) compared model predictions to spectroscopic measurements of extinction
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coefficients of nanofluids with particle diameters less than 100 nm over wavelengths that are
feasible for solar energy (0.25 to 2.5 μm). Their study revealed that the approximation works
well with water-based nanofluids containing graphite nanoparticles, but less well with metallic
nanoparticles and/or oil-based fluids. For the materials used, over 95% of incoming sunlight
can be absorbed (in a nanofluid thickness ≥10 cm) with extremely low nanoparticle volume
fractions - less than 1 × 10-5, or 10 parts per million. Thus, nanofluids could be used to absorb
sunlight with a negligible increase in viscosity and/or density. The literature generally shows
that nanofluids with high absorption coefficients can improve the efficiency of the DASC,
however many researchers have focused solely on radiation but have not included the effects
of convection. This study will investigate the efficiency of direct absorption solar collectors
with three different water based nanofluids, which are metallic (copper, copper oxide, silver),
non-metallic (graphite) and various mass flow rates (0.005, 0.01 and 0.015 kg/s).
Critical to more accurate appraisal of the DASC nanofluid performance is the interaction of
thermal radiation with thermal convection which can be achieved via computational fluid
dynamics field codes e. g. ANSYS FLUENT. Later in this PhD thesis I will explore various
algebraic flux radiative models. These include Rosseland’s diffusion flux approximation
(Kuharat, et al., 2019) (Chapter 3), the Traugott P1 differential flux approximation (chapter 4
and 5) (Kuharat, et al., 2020) and many other methodologies e.g. Monte Carlo method
(Lataillade, et al., 2002) all of which approximate the solution of the formidable radiative
transfer equation (RTE), as explained in Chapter 2. Extensive details of all these and other
models are given in the monumental treatise by the Indian American astrophysicist,
Chandrasekhar (Chandrasekhar, 1960) and the more recent monograph by Modest (Modest
1993). A more comprehensive model which works more accurately in high participative media
and presents a good directional accuracy for radiative heat flux is the Chandrasekhar discrete
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ordinates model (DOM). Extensive mathematical details have been given on DOM in Chapter
2. This model has received some attention in modern coupled convective-radiative CFD
studies. (Gómez, et al., 2012) studied a solar radiation porous medium fluid absorber with CFD
and dispersed particle techniques and benchmarked their computations with experimental data.
They deployed the DOM approach for radiation and modified the original model for multiphase
media where the temperatures and radiative properties of the different phases could be correctly
predicted and found good agreement with experimental results.

(Moreno, et al., 2019)

developed an adaptive quadrature, to improve the Discrete Ordinate Method (DOM) in parallel
and cone-shaped radiation sources suing the. OpenFOAM finite element code. They refined
the conventional DOM model which is restricted to isotropic emission, diffuse phenomena,
and non-scattering media, to consider volumetric and superficial absorption, isotropic and
anisotropic scattering (with user-defined phase functions), diffuse and specular reflection,
diffuse and parallel transmission, and three types of superficial emission sources, i.e., isotropic,
cone-shaped, and parallel. They also generalized the DOM algorithm to cater for the grey mode
or with wavelength bands, demonstrating that adaptive quadrature improves the view angle and
light direction of emission source computational accuracy relative to conventional DOM
simulations and enhances accuracy of the simulation of non-isotropic sources in for example
solar collector systems. (Laria, et al., 2011) investigated the combined radiative and natural
convection heat transfer in a square cavity under normal room conditions for a participating
medium using the finite volume method and the discrete ordinates method (DOM) for radiative
transfer in absorbing-emitting media. They considered Rayleigh numbers from 100 to 1 million
and optical thickness in a broad range from 0 to 100 and found that the DOM radiative model
predicts a sweep behavior on the isotherms, streamlines and velocity distributions of the cavity
along the optical thickness and a reverse behavior on maximum stream function and convective
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Nusselt number at different Rayleigh numbers. (Rightley, 1989) studied the multi-dimensional
radiative transfer in a free-falling particle cloud direct absorption solar central receiver using
the discrete ordinates approximation to simulate the spectral equation of transfer (EOT) as a
partial differential equation. They showed that the discrete ordinates model provides good
estimates of the radiant intensity, the heat flux and the temperature distributions for ordinate
sets above S -4 (12-flux approximation) for both black and gray cases. They also measured
extinction coefficient, curtain porosities, transmitted fluxes and the exit temperatures and using
a Fredholm integral boundary condition, observed that DOM achieves quite accurate flux
distributions with a significant improvement from the 12- to the 24-flux model and provides
an improved approach for modelling full scale solar receivers. Other interesting studies
featuring the DOM radiative approach have been communicated by (Fiveland, 1982) on
axisymmetric solar enclosure radiation, (Fiveland, 1984) on rectangular solar enclosure
radiative transport, (Myneni et al. 1988) on DOM scattering source effects and Risner et al.
(1985) on solar ray tracking.
As noted earlier, flat plate solar collectors are very popular in modern solar engineering. Many
interesting CFD studies of such systems have been conducted in recent years both for
conventional and also nanofluids and with/without radiative heat transfer effects. Mohammed
et al. (2008) investigated the water-based flat plate solar energy collector with water flow is
simulated and analyzed using CFD-ACE software. They included solar irradiation and mixed
convection and radiation heat transfer between tube surface, glass cover, side walls, and
insulating base of the collector also examining the mixed convective heat transfer in the
circulating water inside the tube and conduction between the base and tube material. They
found good correlation of the CFD simulations for outlet temperature with experimental results
for both circulating and stationary water cases (Farhana, et al., 2018) simulated the turbulent
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convection flow of both nanofluids and hybrid nanofluids flowing through inside header and
riser tube of flat plate solar collector, for (Al2O3, TiO2, ZnO)-water unitary nanofluids and
hybrid (Al2O3+TiO2, TiO2+ZnO, ZnO + Al2O3) hybrid nanofluids based on a single-phase
viscous formulation. They studied the effects of different combinations of header tubes and
riser tubes and computed a aximum dynamic pressure increased for both nanofluid and hybrid
nanofluid of about 48% and 16% respectively. (Vetter, et al., 2018) used the STAR CCM+
computational fluid dynamics to compute the convective flow in a transparent flat plate solar
collector with gross area of 2.1 m² with the absorber coated in aluminum sheet with copper
pipes and a harp flow pattern with eight riser pipes. (Gertzos & Caouris, 2007) simulated the
3-D thermofluid dynamics in a flat plate integrated recirculating collector storage device, with
ANSYS FLUENT software, comparing their computations with a Plexiglas transparent solar
device using a laser doppler velocity (LDV) system, observing that the outlet temperature of
the service water is significantly higher. (Vasudeva Karanth & Corneli, 2017) investigated
numerically the flow in solar water heaters constructed with absorber tubes of different sizes
and shapes. They showed that a circular cross section tube of the collector has a flattened out
contact surface with that of the absorber plate providing significantly better thermal
performance in terms of Nusselt number. Indeed, ANSYS FLUENT (finite volume method
for pressure-velocity coupling) has emerged as a very popular computational approach for
modern solar collector coupled nanofluid heat transfer and fluid flow analysis. (Shahi, et al.,
2011) used the ANSYS FLUENT SIMPLE algorithm to compute the, entropy generation due
to natural convection of a copper-water nanofluid in an enclosure with a protruded heat source.
They investigated the impact of Rayleigh number, nanoparticle solid concentration and heat
source location on entropy generation, noting that the maximum Nusselt number and minimum
entropy generation correspond to the case of heat source located at the base horizontal wall.
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(Mahmoodi & Sebdani, 2012) used ANSYS FLUENT to study free convection heat transfer of
Cu–water nanofluid inside a square cavity with adiabatic square bodies positioned at the center,
noting that for all Rayleigh numbers with the exception of 10,000, the average Nusselt number
is elevated with a boost in nanoparticle volume fraction of the nanoparticles. They also showed
that at low Rayleigh numbers (103 and 104) (i. e. weak thermal buoyancy scenarios), Nusselt
numbers are suppressed with larger adiabatic square body increases whereas the opposite effect
is induced at high Rayleigh numbers. Further studies include (Chatterjee, et al., 2014) who
considered mixed convective transport of Cu-H2O nanofluid in a differentially heated and liddriven square enclosure containing a spinning inner circular cylinder with top and bottom walls
maintained as isothermal at different temperatures with adiabatic sidewalls. They showed that
the Nusselt number at the walls is strongly influenced by Richardson mixed convection number
(buoyancy parameter), rotational speed of the cylinder and nanoparticle volume fraction.
In the simulations in this PhD both metallic (non-magnetic and magnetic) and non-metallic
(carbon-based) nanoparticles are studied in water-based nanofluids. In this PhD the main focus
will be on metallic nanoparticles owing to the obvious high thermal conductivities. However I
will also study diamond nanoparticles in the trapezium solar collector simulation and compare
with zinc nanoparticles. Many different forms of carbon-based nanoparticle are available
including carbon nanotubes (CNTs), graphene sheets, graphite nanoparticles etc.
Unfortunately, CNTs have an inherent hydrophobic nature of carbon nanotubes which makes
them problematic for solar collectors, although in recent years engineers have developed new
dispersion procedures (treating carbon nanotubes with base media) to prepare nanofluids.
Water-based alkaline functionalized carbon nanotubes as absorber fluids can now therefore
perform more efficiently as sunlight harvesting devices. Of course, again optical properties of
carbon-based water nanofluids are critical and detailed knowledge of spectral absorbance
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analysis is beneficial in simulations. Carbon nanomaterials can also achieve impressive thermal
conductivity improvements of up to 30% with relatively small volume fractions, as observed
by Karamia et al (2014). These are comparable to metallic nanoparticles e. g. gold, silver, iron,
copper etc, which perform equally well for solar radiation absorption due to the plasmon
resonance absorption band in the visible and near IR spectrum that can be tuned modifying the
NP shape, as noted by (Rativa & Gómez-Malagón, 2015).They also showed that for a
nanofluid-based direct absorption collector with 1 cm thickness, and a nanofluid of gold
nanoparticles with a low volume fraction, small dimensions (2.5 nm) and a high aspect ratio
(AR = 4), an optimal solar weighted absorption coefficient is achievable which is much closer
to the ideal solar radiation absorber condition. Further interesting studies of carbon-based
nanofluids have been reported by (Otanicar, et al., 2010), (Ni, et al., 2015), (Liu, et al., 2015),
(Taylor, et al., 2011), (Pop, et al., 2012), (Bhalla & Tyagi, 2017) who deployed cobalt oxide
nanoparticles and (Liu, et al., 2018) who explored graphene/ionic nanofluids. Quite recently,
(Tafarroj, et al., 2019) investigated nanosilica and multi-wall carbon nanotube (MWCNT) with
two different volume fractions in ethylene glycol (EG)-based nanofluids for a solar direct
absorption parabolic trough collector (DAPTC). They studied both experimentally and
numerically (with the ANSYS FLUENT software) the cases of volume fractions of the
nanoparticles in the base-fluid of 0.1–0.5% and 0.1–0.6% for nanosilica and MWCNT,
respectively. They observed that nanofluid including 0.6% MWCNT/EG achieves the best
outlet temperature of 346.1 K. (Lee & PilJang, 2013) determined experimentally the extinction
coefficients in radiative-convective flow of water-based multi-walled carbon nanotubes
(MWCNT) nanofluids in a direct-absorption solar collector (DASC). They synthesized waterbased MWCNT nanofluids with low volume fraction with the extinction coefficients are
initially measured using the Lambert–Beer law at a fixed wavelength (632.8 nm). The results
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indicated that incident solar energy may be totally absorbed in the penetration depth of 10 cm
using the nanofluids with extremely low volume fraction of 0.0005 Vol.%. They also compared
their results with the Maxwell-Garnett model for cylindrical nanoparticles and the Rayleigh
scattering approximation, confirming that both approaches achieve good accuracy in
theoretical simulations of radiative transfer in water-based MWCNT nanofluids.
In chapter 7 I will provide detailed ANSYS FLUENT simulations of copper, copper oxide/
silver/graphite water-based nanofluids in a flat plate solar collector geometry with inlet and
outlet features (for controlling flow rates). 3-dimensional steady state incompressible flow will
be assumed under forced convection conditions i. e. thermal buoyancy effect is neglected The
Tiwari-Das nanoscale model will be deployed in ANSYS FLUENT (version 19.2, 2020). To
cater for variable optical properties of nanofluids, a more advanced radiative approximation
model is deployed, namely the Chandrasekhar discrete ordinates method (DOM) which is
described at length in Chapter 2. Extensive visualization of different geometric and nanoscale
effects is included. The relative performance of the different metallic and non-metallic
nanoparticles on thermal efficiency e. g. local Nusselt number at the enclosure (collector)
boundaries is also described. Detailed streamline and isotherm characteristics are computed,
and it is identified that specific volume fractions of different metallic and non-metallic
nanoparticles under carefully selected flow rates produce optimum heat transfer performance.
1.5-2.4 Modelling a magnetic nanofluid-based hybrid magneto-biomimetic deformable
nano-collector with Buongiorno’s two-component nanoscale model
Modern trends in renewable and sustainable energy systems have witnessed a proliferation of
novel designs. Pre-eminent in such systems is the solar energy collector which exploits, the
key energy source available to the earth, namely the sun. Pioneering studies of radiative
transport in solar collectors and surface properties were led by Hottel at MIT from the 1930s
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to the 1960s and much of this work is summarized in an excellent monograph (Hottel &
Sarofim, 1967). Since 1970 a worldwide effort has been underway to increase the durability,
resilience and thermal efficiency of solar collector systems. Solar technology has subsequently
infiltrated a vast array of devices including solar ponds (Jubran, et al., 1997), solar absorption
chillers (Petela, et al., 2017), solar towers (Padki & Sherif, 1999), solar cooling systems
(Rashidi & Bég, 2012), CHP refrigeration solar hybrid plants (Rashidi & Bég, 2012), solarpetrochemical steam control plants (Zhang, et al., 2017), green buildings (photovoltaic facades)
(Sze, et al., 2011) and solar automobiles (De Schepper, et al., 2015). Another important
application of solar technology is the solar-powered pump (Tiwari & Kalamkar, 2018) which
has many uses including heating, waste transport, medical fermentation batch processing etc.
A significant development in solar technology has also been the advent of nanofluids.
Nanofluids were introduced by Choi (Choi & Eastman, 1995) and constitute a significant
advance in fluid dynamics technology and are synthesized by doping conventional base fluids
(e.g., water, mineral oil, air, etc.) with carefully designed nano-particles. The resulting
suspension achieves improved thermal conductivity and modified viscosity properties. The
surface area per unit volume of nanoparticles is much larger (millions of times) than that of
conventional microparticles. The number of surface atoms per unit of interior atoms of
nanoparticles is very large. These characteristics can be exploited in many complex systems
including medical engineering, energy engineering and materials processing. Nanofluids have
infiltrated into many areas of energy and also biomedical technology as they may be
manipulated to yield more biologically friendly, sustainable and durable products. (Khanafer
& Vafai, 2018) presented a lucid summary of solar nanofluid device applications, emphasizing
that efficiency of any solar thermal system is dictated by thermophysical properties (viscosity,
density, thermal conductivity and specific heat) of the operating fluid and the geometric
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characteristics. Critical features of nanofluids for improving solar collector and pump
efficiency are types of the nanoparticles (metallic based work best e.g., copper, silver,
titanium), nanoparticles volumetric concentration in the base fluid and the nanofluid viscosity
and conductivity. The inclusion of copper nanoparticles considerably elevates the heat gain
capacity of a solar pump. Carbon nanotube nanofluids not only improve the efficiency of solar
collectors but have the added advantage of decreasing CO2 emissions. It should also be noted
that there are a diverse range of mathematical models available for simulating nanofluid
transport phenomena which have also been addressed in (Khanafer & Vafai, 2018). These
include the Buongiorno two-component model (Buongiorno, 2006) which emphasizes
thermophoretic forces and Brownian motion dynamics as the key contributors to thermal
conductivity enhancement. The other popular model is Tiwari and Das model (Tiwari & Das,
2007) which simulates the nanoscale effect based on volume fraction (concentration) of the
nano-particles. This model prioritizes thermal conductivity and viscosity of the nanofluid by
appropriate functions formulated in terms of the nanoparticle volume fraction. However, it is
restricted only to a momentum and energy balance and does not feature a separate species
concentration balance equation for the nanoparticles. The Tiwari-Das model has the serious
drawback of confining the nanoparticle contribution to volume fraction rather than via a
separate species conservation equation. The Buongiorno model therefore while it ignores
volume fraction effects does compensate for this by a discrete equation for the nano-particle
concentration diffusion and is more comprehensive therefore for complex flow simulations
where Brownian motion can be modelled. Many recent studies have been communicated on
nanofluid solar pumps and collector systems including (Shamshirgaran, et al., 2018) (on energy
dynamics of copper nanofluid flat plate collectors), (Owolabi, et al., 2017) (on integrated silver
oxide doped nano-solar cells), (Cingarapu, et al., 2014) (on tin-based nanofluids for solar
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pumping designs), (Ravindran, 2017) (on nano-fuels for rocket propulsion and solar power),
(Abid, et al., 2016) (on salt-based ionic nanofluids for parabolic collectors) and (Alashkar &
Gadalla, 2018) (focused on gold and zinc oxide nanofluids for solar power pumps). All these
studies confirmed the considerable elevation in thermal efficiency and sustainability of solar
power designs attained with judicious deployment of metallic nanoparticles.
Another important renewable pump design is the magnetohydrodynamic (MHD) pump (Lim
& Choi, 2009) (Das, et al., 2013). These pumps employ the Lorentz magnetic body force effect,
based on the injection of an electric current into two electrodes located at sidewalls facing each
other in a microchannel. This charge injection produces a significant transversal ionic current
in the microchannel, which is simultaneously subjected to a magnetic field oriented at an angle
of 90° to the current direction and microchannel axis. Conventional MHD micropumps can
generate only small values for pump rate and achievable pressure and the performance is
strongly controlled by the ionic conductivity of the pumping fluid. In DC MHD pumps, in
particular, electrolytic bubble generation at the injection electrodes can is a key problem (Ho,
2007) (Leboucher, et al., 1995) (Wang, et al., 2004). However, recent studies with magnetized
nanofluids have largely mitigated these and other issues and have simultaneously achieved the
marked enhancement in pump efficiency and longevity. Important efforts in this regard include
the work of (Shahidian, et al., 2009) which explored the impact of different electrical
conductivities of nano-particle doped ionic fluids on overall efficiency. Further studies
emphasizing the promise of nanofluid-based MHD pumps includes (Qian & Bau, 2009),
(Shahidian, et al., 2009) and (Joo & Lee, 2018). Another exciting development in renewable
energy has been the amalgamation of solar pump technology with magnetohydrodynamics
(MHD). Recent Work at RPI [30], has established that due to higher temperature generated,
solar MHD pumps attain a demonstrably greater efficiency than standard solar thermal pump
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technologies which only operate at a much lower temperature. This new branch of renewables
is termed concentrating solar MHD Power Utility and is currently being commercialized in the
USA. It combines the benefits of high energy radiative power sources (solar) with excellent
flow control abilities of magnetohydrodynamic pumps. Other excellent investigations of this
technology include (Satyamurthy, et al., 1999) (for liquid metal solar MHD pumps, based on
an extension of the Faraday law of induction to liquid metals), (Kaushik, et al., 1995) (on solarpowered liquid metal LMMHD power generation systems with smaller cost per unit of installed
power), (Romero & González-Aguilar, 2017) (on MHD concentrating solar thermal (CST)
central tower systems).
Although purely nanofluid media have been exploited to great effect in modern solar and solar
MHD pumps, it is also possible to enhance heat transfer characteristics via the incision of a
porous material in the pumping duct (channel). Solar porous absorbers have demonstrated
exceptional benefits in regulating flows in such pumps and concurrently elevating thermal
transfer efficiencies. (Wang, et al., 2017) showed the optimal performance was possible in solar
collectors containing a variable porosity medium. Other examples of porous media solar pump
systems include the solar pond studied by (Shi, et al., 2011) (where hydrodynamic stability is
controlled more effectively with permeability) and (Ren, et al., 2017) who observed that porous
media solar pumps and receivers with larger thickness produce better retention of solar thermal
energy. (Vasiliev, et al., 2001) have explored the advantages of porous media in solar–gas solid
sorption heat pumps. (Al-Nimr & Alkam, 1998) have analyzed the benefits of porous media
matrices in tubeless solar collectors and pumps.
A critical aspect of accurately simulating and designing solar pumps is the proper simulation
of thermal radiative heat transfer. Radiation is the dominant mode of heat transfer in sunlight
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and is the most complex mode of thermal transport. It involves many complex features
including spectral effects, optical thickness, reflection, absorption, transmission etc. To
simulate radiative heat transfer problems, very sophisticated numerical algorithms must be
employed to cater for a multitude of thermo-physical phenomena which is both timeconsuming and expensive. Many approaches have been developed to overcome this challenge
and popular models emerging in engineering sciences include the Milne-Eddington
approximation, Chandrasekhar discrete ordinates method, P1 differential approximation,
Schuster-Schwartzchild two-flux model and the Rosseland diffusion model. These methods
convert the integro-differential radiative equation into either partial differential equations or
algebraic flux equations which are much easier to implement. Many simulations have been
presented using these radiative models and are lucidly summarized in (Tien & Vafai, 1989).
Radiative (optical) properties of nanofluids are also crucial in their efficient implementation in
solar power technology. (Said, et al., 2013) described the application of a direct absorbing
nanofluid (suspension formed by mixing nanoparticles and a liquid) for harvesting solar
thermal energy, providing extensive details of radiative properties of nanofluids (optical
thickness, scattering coefficients etc). (Du & Tang, 2015) elaborated on the transmission and
scattering characteristics of nanofluids with agglomeration effects. (Bég, et al., 2016) utilized
both network electro-thermal and finite difference algorithms to simulate thermal convection
and radiation heat transfer in an annular porous medium solar energy absorber with a
Trauggot’s P1-radiative differential approximation.
Recent trends in engineering design have strongly gravitated towards bio-inspired designs.
Biological systems have perfected many intricate mechanisms which can be applied to upgrade
conventional engineering systems to a new level of performance and endurance. One of these
mechanisms is known as peristalsis and features in an impressive spectrum of natural
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phenomena. Peristalsis embodies continuous contraction and expansion of a flexible hollow,
tubular structure containing fluid. Peristaltic pumping uses this mechanism where direct
contact of any inside moving parts with the fluid is undesirable or inefficient. It is ideal for
transferring fluids from lower pressure to higher pressure regions. This mechanism is observed
in reptilian breathing (Du, et al., 2014), robotic endoscopy (Slawinski & Terry, 2014), intestinal
physiology (Pal & Brasseur, 2002), human speech (laryngeal phonation) (Zheng, et al., 2010),
and multidrug efflux pumps to export toxic substrates through their cell membranes (Schulz,
et al., 2010). Many excellent mathematical models for peristaltic pumping dynamics have been
developed. (Pal & Brasseur, 2002) who showed that in esophageal peristalsis, local pressure
and shear stress in the contraction zone are strongly diminished via local longitudinal
shortening (LLS)and that a peristaltic wave of local longitudinal muscle contraction
coordinated with the circular muscle contraction wave has served to concentrate circular
muscle fibers and reduces the magnitude of contractile force required to transport a parcel of
trapped fluid (bolus), collectively enhancing circular muscular efficiency. (Tsui, et al., 2014)
conducted numerical computations on peristaltic pumping in a finite length distensible channel
in which the unstructured computational grid moved according to the oscillation of the wall.
(Dobrolyubov & Douchy, 2002) developed a theory of peristaltic waves based on the travelling
deformation waves and wave mass transfer theory. (Kumar, et al., 2010) presented perturbation
solutions for peristaltic transport due to a sinusoidal wave travelling on the boundary of a
permeable tube filled with an incompressible fluid. (Moradi, et al., 2017) described a spectrally
accurate algorithm for peristaltic flows in annular geometries and deployed a numerical
discretization method based on Fourier and Chebyshev expansions in the streamwise and radial
directions, showing that modifications in the mean axial pressure gradient vary proportionally
to the second power of the wave amplitude for waves with small enough amplitudes. Further
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Newtonian viscous peristaltic pumping modelling studies include (Reddy, et al., 2005) and
(Mandviwalla & Archer, 2008). (Ramesh, 2016) considered magnetohydrodynamic thermosolutal peristaltic pumping of a Stokesian couple stress non-Newtonian fluid in a twodimensional inclined channel containing a permeable medium. (Tripathi & Bég, 2012)
presented closed-form solutions for time-dependent peristaltic magnetohydrodynamic heat
transfer through a finite length channel. Nanofluid peristaltic pumping has also been addressed
in recent years. (Bég & Tripathi, 2011) presented the first analytical study of thermo-solutal
nanofluid peristaltic dynamics in a channel, explicitly considering thermal and species Grashof
number buoyancy effects. Further investigations have considered non-Newtonian effects and
titanium nanoparticles (Bhatti, et al., 2016), shape geometric effects (Akbar, et al., 2016),
combined electrical and magnetic field effects (Tripathi, et al., 2017).
As noted earlier in solar magnetohydrodynamic pumps, radiative heat transfer is a key
consideration. The purpose of chapter 8 is to further modify this concept to include biomimetic
channel

wall

features,

specifically

deformability

of

the

walls.

Peristaltic

magnetohydrodynamic nanofluid solar pumps must, therefore, feature wall distensibility,
nanofluid behavior, magnetohydrodynamics and radiative heat transfer characteristics. Chapter
8 uses a Rosseland optically thick radiative flux model to simulate uni-directional thermal
radiation effects. This approach has been utilized in many analyses of peristaltic pumping
including (Bhatti, et al., 2016) for two-phase viscoelastic working fluids and (Hayat, et al.,
2017) for magnetic nanofluids. A variable-viscosity model is employed for the nanofluid.
Darcy’s law is employed to simulate porous medium drag effects. Heat source/sink and
buoyancy effects are included. The conservation equations for mass, momentum, energy and
nano-particle volume fraction (concentration) are transformed from a stationary to a moving
coordinate system with lubrication theory. The resulting non-dimensional two-point boundary
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value problem is solved with both a perturbation method and an efficient numerical quadrature
technique (Maple 17). The influence of relevant physical parameters on axial velocity,
temperature, nanoparticle volume fraction and stream function distributions are depicted and
discussed briefly. The simulations in Chapter 8 therefore provides an alternative approach to
nanofluid direct absorber solar collectors (DASCs) which have not been explored in other
chapters.
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Chapter 2 Theoretical and Numerical Methodology

Abstract
In this chapter we present all the fundamental theory and computational methods implemented
in this PhD in subsequent chapters. The PhD involves many aspects of multi-physics – different
geometrical configurations, viscous flow, nanoscale models (principally the Tiwari-Das model
for chapters 3-7 and the Buongiorno MIT Brownian motion-thermophoresis model for chapter
8) , multiple metallic (and carbon) nanoparticles, thermal convection heat transfer (both forced
and natural), thermal radiation heat transfer, solar daylight tracking, nanoparticle mass transfer,
deformable collector boundaries (peristaltic biomimetic design), magnetohydrodynamics,
magnetic nanoparticle physics and dimensional analysis. All these are succinctly elaborated.
Furthermore, two basic numerical techniques have been used for simulating a diverse range of
problems described in Chapters 3- 8; these are ANSYS FLUENT (finite volume method for
partial differential equation boundary value problems with mesh design for chapters 3-7) and
MAPLE shooting quadrature (stepping technique for ordinary differential equation boundary
value problems, chapter 8). Both are explained in detail. In all subsequent chapters, elements
of these topics are again incorporated where appropriate. A full reference list is given including
some of my publications based on this PhD.

2.1-1 Solar Collector Classification
Solar collectors are devices that can convert solar energy into electrical energy, thermal energy,
or other useful form of energy. Traditionally, solar collectors can be classified into two major
categories which are based upon the method of conversion: heat (solar thermal collectors) or
electricity (Photovoltaic PV solar collectors). A photovoltaic thermal hybrid solar collector
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(PVT) is a combination of photovoltaic and thermal solar systems and is considered to be less
popular and requires further research. Classification of various solar collectors is illustrated in
Figure 2-1.

Solar
photovoltaic (PV)
collectors

Solar thermal
collectors

Flat-Plate
collector

Evacuated tube
collecctor

concentrating
parabolic
collector

Silicon solar cells

III-IV group solar
cells

Solar PV/thermal
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Thine flims solar
cells

Liquid PV/T
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Single crystalline
silicon

Gallium Arsenide
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Linear fresnel
reflector

Polycrystalline
silicon

Indium
Phosphide
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Parabolic dish

Amorphous
silicon

PV/T

Central receiver

Figure 2-1Classification of various solar collectors

Solar thermal collectors are the focus of this study, where the collectors are a special kind of
heat exchangers that are able to convert solar radiation into thermal energy through a transport
medium or a heat transfer fluid (HTF). A system for converting solar energy into thermal
energy is generally provided with the following equipment, as shown in Figure 2-2 solar
collectors, heat storage devices, circulating pumps, heat transport and distribution network,
automation, control, and safety devices. The solar collector collects solar radiation energy and
transforms it into thermal energy and transports heat to the heat exchanger or solar storage tank
via the heat transfer fluid (HTF). While traditionally HTFs are water, antifreeze-water mix, oils
or air, this research uses aqueous-based nanofluid (water in combination with nanoparticle
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doping) as a new kind of HTF that can be used in thermal solar collectors. This system can be
supplied heat for a house heating system or commercially.

Figure 2-2 Solar energy conversion to thermal energy

Most thermal solar collectors in the current market are conventional surface absorption-based
solar collectors, which use a black surface or spectrally selective surface to absorb solar
irradiance and heat the heat transfer fluids (HTF) Figure 2-3 (a). The thermal resistance
between the absorber and the fluids and the low thermal conductivity of HTFs, however, limit
the heat transfer from the absorber surface to the HTF. However, the working fluid of a Direct
Absorber Solar Collectors (DASC) is used as the absorbing medium for solar radiation instead
of limiting the absorption to the absorber plate. By contrast, DASCs uniformly heat up the
nanofluids. Figure 2-3 (b) reduce the heat losses and thereby increase the collector thermal
efficiency. The modern theory of DASCs was first presented in the 1970s by (Minardi &
Chuang, 1975).
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Figure 2-3 a) Surface vs b) Direct surface absorption-based-

Flat-Plate Collectors (FPCs) are one of the well-known solar thermal collector types,
designed for operation in low to medium temperature ranges below 100 Celsius. The collectors
are used to direct and diffuse solar radiations and do not require tracking of the Sun, therefore
they require little maintenance in comparison to others. The main applications of these units
are in solar water heating, building heating, air conditioning and industrial process heating.

Figure 2-4 Flat plate solar collector

Concentrating Collectors (PTCs) are also a solar thermal collector, comprising with a
receiver, where the radiation is absorbed and converted to another form of energy, and a
concentrator, which is the optical system that directs beam radiation onto the receiver.
Concentrating collectors provide energy at temperatures higher than FPCs. They redirect solar
radiation passing through an aperture into an absorber and some devices usually require
tracking of the Sun. Examples are shown below:
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Figure 2-5 CPC (a) flat one-sided absorber, (b) flat bifacial absorbers, (c) wedge-shaped absorber, (d)
tubular absorber

Both collectors have the same heat transfer working principles i.e., natural and forced
convection heat transfer. However, the major differences in the two collectors are the operating
temperature and the geometry. Three different geometries are simulated in this regard- a 3-D
prismatic geometry with gold nanofluids in chapter 5; an annular (tubular concentric- SEE
BELOW) geometry in chapter 6, and a 3-D flat plate collector geometry in chapter 7. It is
also noteworthy that evacuated tube solar collectors are based on vaporisation to transfer heat,
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which is outside of the research in this PhD but may constitute an interesting pathway for postdoctoral work.

Figure 2-6 Tubular DASC system (Beg, et al., 2020)

Figure 2-7 Annular tilted composite DASC system (Kuharat, 2019)

Figure 2-8 Evacuated tube annular DASC system (Kuharat, 2019)
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Figure 2-9 Corrugated (wavy) DASC system (Kuharat, 2019)

Figure 2-10 Serpentine DASC system (Kuharat, 2019)

Since DASCs use a fluid medium to capture heat and contain solid components also, the thermo-physics
of such solar devices inevitably involves all three modes of heat transfer (conduction, convection and
radiation) although the individual contributions may vary with the particular design adopted, as
elaborated by Duffie and Beckman (Duffie & Beckman, 2013).

2.1-2 Nanofluids
Nanofluids constitute a solid-liquid (composite) mixture or suspension produced by dispersing
tiny metallic or non-metallic solid nano particles in base liquids. Nanofluids are a new class of
fluids engineered by dispersing nanometre sized materials (Nanoparticles, Nanofibers,
Nanotubes, Nanowires and Nanorods) in base fluids. The size of nanoparticles (usually less
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than 100nm) in liquids mixture gives them the ability to interact with liquids at a molecular
level and so conducts heat better than modern day heat transfer fluids that depend on nano
particles. Nanofluids can express enhanced heat transfer characteristics because of the
combination of convection & conduction and an additional energy transfer through the
particles’ dynamics and collisions (molecular simulation). Metallic nanofluids have been found
to possess enhanced thermophysical properties such as thermal conductivity, thermal
diffusivity, viscosity, and convective heat transfer coefficients compared to those of base fluids
like oil or water. Recently nanofluids have been utilized in peristaltic nano-pumps in medical
engineering, pharmaco-dynamic delivery systems, petroleum drilling operations and smart
coating systems for offshore applications. Some of these applications are shown in Figure 2-11.

Figure 2-11 Applications of nanofluids in engineering
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Figure 2-12 Nanoparticle types

Figure 2-13 Shapes of Nanoparticles
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Figure 2-14 Types of Nanoparticles

Figure 2-15 Organic Nanoparticles

Figure 2-16 SEM image of silver nanoparticles- studied in chapter 3
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Nanoparticles can be synthesized chemically or biologically. Metallic nanoparticles that have
immense applications in industries are of different types, namely, Gold, Silver, Alloy,
magnetic etc.

Figure 2-17 Nanoparticle synthesis methods- classification

Figure 2-18 - Nanoparticle synthesis methods- types

2.2 Analytical Approach
In this study, there are two approaches used - theoretical and computational fluid dynamics
(CFD) to investigate natural and forced convection internally within nanofluid-based solar
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collectors. Before any simulations can be conducted, the correct theoretical model must be
established. Data must be verified from experimental sources. Geometry must be carefully
considered with boundary conditions and many other aspects. Simulating nanofluid multiphysical convection in enclosures essentially amounts to the computational solution and
visualization of strongly coupled, nonlinear boundary value problems. Validation may be
achieved via comparison of a simpler version of the final simulation with earlier published
numerical studies using alternative algorithms or software or by benchmarking with
experiments conducted in other laboratories worldwide and disseminated in the scientific
literature. Although some work was conducted in designing a simple nanofluid-based solar
circuit in Year 3, this could not be completed due to corona virus pandemic which ruled out
access to the evolving rig design in Newton Building from March 2020 to present. Therefore,
the experience gained from this sub-section of my work was used to identify previous
experiments conducted by other research groups and to use this as a validation benchmark.
These are elaborated in the respective chapters.

2.2-1 Viscous flow
The fundamental equations for steady viscous, incompressible laminar flow are the threedimensional time-independent Navier-Stokes equations, which in a Cartesian coordinate
system (x, y, z) take the following form:
D’Alembert mass conservation (3-D continuity)
𝛛𝐮

𝛛𝐯

[ 𝛛𝐱 + 𝛛𝐲 +

𝛛𝐰
𝛛𝐳

]=𝟎

Equation 2-1

X-direction momentum conservation
𝛛𝐮

𝛛𝐮

𝛛𝐮

𝛛𝐩

𝛛𝟐 𝐮

𝛛𝟐 𝐮

𝛛𝟐 𝐮

𝛒 [𝐮 𝛛𝐱 + 𝐯 𝛛𝐲 + 𝐰 𝛛𝐳 ] = 𝛒𝐅𝐱 − 𝛛𝐱 + 𝛍 [𝛛𝐱𝟐 + 𝛛𝐲𝟐 + 𝛛𝐳𝟐 ]

Equation 2-2
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Y-direction momentum conservation
𝛛𝐯

𝛛𝐯

𝛛𝐯

𝛛𝐩

𝛛𝟐 𝐯

𝛛𝟐 𝐯

𝛛𝟐 𝐰

𝛛𝟐 𝐰

𝛛𝟐 𝐯

𝛒 [𝐮 𝛛𝐱 + 𝐯 𝛛𝐲 + 𝐰 𝛛𝐳] = 𝛒𝐅𝐲 − 𝛛𝐲 + 𝛍 [𝛛𝐱𝟐 + 𝛛𝐲𝟐 + 𝛛𝐳𝟐 ]

Equation 2-3

Z-direction momentum conservation
𝛛𝐰

𝛛𝐰

𝛛𝐰

𝛛𝐩

[𝐮 𝛛𝐱 + 𝐯 𝛛𝐲 + 𝐰 𝛛𝐳 ] = 𝛒𝐅𝐙 − 𝛛𝐳 + 𝛍 [ 𝛛𝐱𝟐 +

𝛛𝐲 𝟐

+

𝛛𝟐 𝐰
𝛛𝐳 𝟐

]

Equation 2-4

The appropriate energy (heat) conservation equation is:
𝛛𝐓

𝛛𝐓

𝛛𝐓

𝛛𝟐 𝐓

𝛛𝟐 𝐓

𝛛𝟐 𝐓

𝐮 𝛛𝐱 + 𝐯 𝛛𝐲 + 𝐰 𝛛𝐳 = 𝛂𝐦 ( 𝛛𝐱𝟐 + 𝛛𝐲𝟐 + 𝛛𝐳𝟐 ) + 𝐐𝐫𝐚𝐝

Equation 2-5

The transport equations (mass, momentum, and energy) with nanofluid properties are solved
subject to the boundary conditions in ANSYS FLUENT:
𝑘

Here 𝛼𝑚 = 𝜌𝐶 is the thermal diffusivity, which is a measure of thermal inertia and k = thermal
𝑝

conductivity (W/mK), ρ = density (kg/m3), Cp = specific heat capacity of the nanofluid
(J/Kg.K). When αm is high, the heat moves fast and the nanofluid conducts heat quickly (higher
thermal conductivity). T denotes temperature (K), Fbuoyancy is the buoyancy force (featured in
the x-momentum equation which couples this equation with the energy equation, and is equal
to -g [1-βT] where T is the temperature difference between the hot and cold walls i.e., (THTC) and Qrad is the radiative flux term.

2.2-2 Tiwari-Das volume fraction nanofluid model
To simulate nano-particle effects, the (Tiwari & Das, 2007) is employed which allows different
concentrations (volume fraction) and types of metallic nanoparticles to be simulated. In
ANSYS, this approach is implemented as a “one-phase flow” modification since the particles
are very small. A nanofluid is defined in the ANSYS FLUENT workbench as a new fluid with
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a new density, viscosity, thermal conductivity, and specific heat obtained as a function of a
base fluid and nano-particle type and concentration (volume fraction)
Tiwari-Das model is focused more on the type and properties of nanoparticles. Two significant
features of nanoparticles which they concentrate on are thermal conductivity and viscosity.
They make the assumption that the volume fraction is engineered to be between 3 to 5% which
enables mechanical behaviour like the base fluid. In the Tiwari-Das model, the nanoparticle
contribution is simulated through volume fraction (shown below) instead of in a separate
species conservation equation. This model has been used for analysing many metal-oxide
nanofluids like zinc oxide, copper oxide, titanium oxide and aluminium oxide.
The volume fraction can be estimated from:
𝛟=

𝐯𝐧𝐩

Equation 2-6

𝐯𝐟

Where ϕ=volume fraction, Vnp=nano particles volume and Vf =volume of fluid. The dynamic
viscosity can be estimated from:
𝛍𝐟

𝛍𝐧𝐟 = (𝟏−𝛟)𝟐.𝟓

Equation 2-7

Here μnf = dynamic viscosity of nanofluid (kg/m.s), μf = dynamic viscosity of base fluid
(kg/m.s). The effective density and heat capacity also can be estimated from:
𝛒𝐧𝐟 = (𝟏 − 𝛟)𝛒𝐟 + 𝛟𝛒𝐬
𝐂𝐩𝐧𝐟 =

(𝟏−𝛟)(𝛒𝐂𝐩)𝐟+𝛟(𝛒𝐂𝐩)
𝛒𝐧𝐟

Equation 2-8
Equation 2-9
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Here 𝜌𝑛𝑓=nanofluid density, 𝜌𝑓=base fluid density, 𝜌𝑠=nanoparticle density, 𝐶𝑝𝑛𝑓=nanofluid
specific heat capacity. The effective thermal conductivity of fluid can be determined by the
Maxwell-Garnet relation which is adopted in Tiwari and Das [24]:
𝐊𝐧𝐟
𝐤𝐟

=

𝐤𝐬+𝟐𝐤𝐟−𝟐𝛟(𝐤𝐟−𝐤𝐬)
𝐤𝐬+𝟐𝐤𝐟−𝛟(𝐤𝐟−𝐤𝐬)

Equation 2-10

Here knf =nanofluid thermal conductivity W/(m⋅K), kf= fluid thermal conductivity W/(m⋅K)
and kS = nanoparticle thermal conductivity W/(m⋅K). All calculated nanofluid properties (for
the three different metallic nanoparticles studied i.e., copper oxide, silver and titanium oxide)
are given in the Appendix.

2.2-3 Other Nanoscale Models for Nanofluids
Although I have deployed exclusively the Tiwari-Das model in most of the chapters in this
PhD, in the penultimate chapter (chapter 8) I explored a novel design with
magnetohydrodynamic solar collector hybrid peristaltic system and utilized the Buongiorno
model. Many other nanoscale models are available for simulating various thermophysical and
species diffusion aspects associated with nanofluids. These are briefly described below. Since
a number of studies in the literature quoted use these models, it is important to understand them
in order to establish useful comparisons with my own simulations and those in the literature.
Various formulations for simulating nanofluid transport have been developed, notably by
(Buongiorno, 2006) at MIT, (Koo, 2004) and (Li, et al., 2016) at North Carolina State
University, USA and (Tiwari & Das, 2007) at the Indian Institute of Technology. While all
these models provide robust approaches for simulating thermal conductivity enhancement of
nanofluids, they differ considerably. Buongiorno’s model includes a separate nanoparticle
species diffusion equation in addition to momentum and energy conservation equations; it
emphasizes the dominance of Brownian diffusion and thermophoresis body force as
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mechanisms contributing to thermal enhancement. The Koo and Li models are modifications
of the Tiwari-Das volume fraction model but only include momentum and energy conservation
equations. However, they permit the analysis of nanoparticle type or shape effects which is not
possible with the Buongiorno model. As such the Koo-Li and Tiwari-Das models are more
realistic for smart magnetic coating flows where different magnetic nanoparticle species can
be studied. Buongiorno’s model however can compute the distribution of nanoparticle species
diffusing in nanofluids and has been used in several coating simulations of magnetic nanopolymers by (Bég, et al., 2019) (using a Williamson viscoelastic model and considering wall
thermal slip) and (Shukla, et al., 2019) (who considered second law thermodynamic
optimization of magnetic nano-coatings).

2.2-4 Buongiorno nanoscale model
Developed at MIT in 2006, this is also a very popular model in nanofluid dynamics. The
nanoparticle suspension is assumed to be stable implying that there is no nanoparticle
agglomeration. A dilute suspension of nanoparticles is assumed and large concentration of
nanoparticles results in a large suspension viscosity. It is also assumed that the OberbeckBoussinesq approximation is valid. Biongiorno considered two-phase non-homogenous model
and identified seven slip mechanisms that can produce a relative velocity between the
nanoparticles and the base fluid: inertia, Brownian diffusion, thermophoresis, diffusiophoresis,
Magnus effect, fluid drainage, and gravity. Of all of these mechanisms, only Brownian
diffusion and thermophoresis were found to be important. Buongiorno’s analysis [4] consisted
of a two-component equilibrium model for mass, momentum, and heat transport in nanofluids;
and he found that a non-dimensional analysis of the equations implied that energy transfer by
nanoparticle dispersion is negligible, and cannot explain the abnormal heat transfer coefficient
increases. He further suggested that the boundary layer has different properties due to the effect
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of temperature and thermophoresis. The viscosity may be decreasing in the boundary layer,
which would lead to heat transfer enhancement. Under these assumptions, the generalized
vectorial form of the conservation equations may be written as:
Continuity (mass conservation) equation:
̅=𝟎
𝛁. 𝒗

Equation 2-11

Momentum equation:
𝝁

̅ = −𝛁𝒑 + [𝑪𝝆𝒑 + (𝟏 − 𝑪){𝝆𝒇 (𝟏 − 𝜷(𝑻 − 𝑻∞ ))} + 𝒏𝜸𝚫𝝆]𝒈
−𝑲𝒗
Equation 2-12
Energy equation:
̅. 𝑻 = 𝜶𝒎 𝛁 𝟐 𝑻 + 𝝉[𝑫𝒎 𝛁𝑪. 𝛁𝑻 + (𝑫𝑻 /𝑻∞ )𝛁𝑻. 𝛁𝑻
𝒗

Equation 2-13

Nanoparticle conservation equation:
̅ ⋅ 𝛁𝑪 = 𝑫𝑩 𝛁 𝟐 𝑪 + (𝑫𝑻 /𝑻∞ )𝛁 𝟐 𝑻
𝒗

Equation 2-14

With a suitable choice for the reference pressure, the linearized momentum equation can be
obtained by writing Eqn. (2) as follows:
𝝁

− 𝑲 𝐯 = −𝛁𝒑 + [(𝝆𝒑 − 𝝆𝒋∞ )(𝑪 − 𝑪∞ ) + (𝟏 − 𝑪∞ )𝝆/∞ 𝜷(𝑻 − 𝑻∞ ) + +𝒎𝚫𝝆]𝒈

Equation

2-15
Here 𝑣̅ = (𝑢, 𝑣) is the nanofluid velocity, 𝑣̅̃ is the average directional swimming velocity of a
microorganism, T is the temperature, C is the nanoparticle concentration, K is permeability of
the homogenous, isotropic, saturated porous medium, p is the pressure, g is the gravity vector,
𝛼𝑚 = 𝐾𝑚 /(𝜌𝑐)𝑓 is the effective thermal diffusivity of the nanofluid-saturated porous medium,
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𝜌𝑓 ,  and 𝛽 are the density, viscosity, and volumetric volume expansion coefficient of the
nanofluid, 𝜌𝑝 is the density of the particles. ∆𝜌 = 𝜌𝑚 ∞ − 𝜌𝑓 ∞ is the density difference between
the microorganism density (𝜌𝑚 ∞ ) and base fluid density (𝜌𝑓 ∞ ), DB is the Brownian diffusion
coefficient (Buongiorno nanoscale model), DT is the thermophoretic diffusion coefficient
(Buongiorno nanoscale model), ∇2 is the Laplacian operator and 𝜏 = (𝜌𝑐)𝑝 /(𝜌𝑐)𝑓 where
(𝜌𝑐)𝑝 is the effective heat capacity of the nanoparticle material and (𝜌𝑐)𝑓 is the heat capacity
of the nanofluid.
Dimensionless Parameters
When Buongiorno’s model is non-dimensionalized for solar collector flows, two parameters
arise of importance-the thermophoresis and Brownian motion parameters arise in both the heat
conservation (energy diffusion) and mass conservation (nano-particle species diffusion
equations). The elevation in thermal conductivity will also result in an increase in thermal
diffusivity. This effectively decelerates the axial flow. There are many mechanisms which link
the nanoparticle presence to thermal conduction and to fluid mechanical phenomena. These
include interfacial layers, Brownian motion, clustering of nanoparticles and the convectiontype effects at the nanoscale (nano-convection) which is associated with the nature of heat
transport. With regard to the last of these mechanisms, Brownian motion of nanoparticles can
produce thermal conduction elevation either indirectly via nano-convection of the fluid
surrounding individual nanoparticles or directly via movement of nanoparticles which convey
thermal energy (heat) i.e., particle to particle direct solid-solid transport of heat. Whichever
mechanism is in action, the global effect on flow is a deceleration i.e., slowing.
The thermophoretic effect is a species-dominated effect and is linked to nano-particle diffusion.
Buongiorno thermophoresis number takes the form:
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𝑵𝒕 =

(𝑻𝟏 −𝑻𝟎 )𝑫𝑻 (𝝆𝑪′ )

𝒑

𝒌𝒆𝒇 𝑻𝟎

Equation 2-16

physically thermophoresis takes place on a different timescale is essentially a diffusion limited
transport process. Thermophoretic mobility as dictated by the nano-species diffusivity requires
a very large thermal load to exert any major influence.
noticed that the temperature and concentration field are both substantially enhanced with
increment in Nt. The mobilization of nanoparticles towards a colder zone driven by a
temperature gradient force is called thermophoresis. The parameter Nt therefore plays a
significant role in modifying temperature and nanoparticle distribution. As the value of Nt
increases, the nanofluid temperature and concentration are seen to be elevated. i.e., thermal and
nanoparticle concentration (species) boundary layer thicknesses are increased. As Nt increases,
the heat transfer away from the wall is boosted and this aggravates nanoparticle deposition
away into the nanofluid region, increasing nanoparticle concentrations throughout the
boundary layer in proximity to the solar collector boundary.
Brownian motion parameter Nb

𝑵𝒃 =

(𝑪𝟏 −𝑪𝟎 )(𝝆𝑪′ ) 𝑫𝑩
𝒑
𝒌𝒆𝒇

Equation 2-17

Larger Nb values imply smaller nanoparticles. This encourages thermal diffusion via ballistic
collisions which energizes the regime and elevates temperatures. Conversely nanoparticle
concentration magnitudes are suppressed since nanoparticle diffusion rate is reduced with
stronger Brownian motion effect; the nanoparticle species boundary layer thickness is therefore
also depleted. Similarly, while heat diffusion however is encouraged with smaller nanoparticles
(higher Nb). These numbers are further discussed in chapter 8.
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Schmidt number
Sc = /D

Equation 2-18

This features in some models of Buongiorno nanofluid flows.
Generally, Schmidt number is inversely proportional to mass diffusivity. Larger values of Sc
correspond to weaker mass diffusivity which has the tendency to decrease the nanoparticle
concentration. For gaseous diffusion in polymers, Sc < 1 and the momentum diffusion rate is
exceeded by the species diffusion rate and higher concentration magnitudes are computed.
However, in the present scenario we consider metallic nanoparticles embedded in a rheological
coating for which Sc > 1; the momentum diffusion rate exceeds the species diffusion rate and
this will produce a depression in concentration values. For the case of Sc = 1 both momentum
and nano-particle species diffusion rates are equivalent as are the respective boundary layer
thicknesses. The diffusivity of nanoparticles i. e. molecular species in the coating is critical to
how effectively the nanoparticles become homogenously distributed throughout the coating
providing total and consistent protection to the cylinder. It is noteworthy that the species
diffusion is assumed to obey Fickian diffusion, although in the future non-Fickian diffusion,
which has also been reported, may be examined.

2.2-5 Magnetic nanoparticles
Magnetic nanofluids have emerged as a new sub-group of nanofluids in energy (and also
biomedical engineering) which exhibit both magnetic and thermal enhancement properties.
Interest in solar thermo-magnetic nanofluid devices has also grown significantly in the past
decade. Some extremely diverse applications of this technology include solar magnetonanofluid-heat pipes (MNHPs) (Chiang, et al., 2012), sedimentation control of Arc-Submerged
Nanoparticle Synthesis Systems (ASNSSs) with magnetic fields (Chang, et al., 2004), critical
heat flux elevation with magnetic nanofluids in phase change processes (Lee, et al., 2013),
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droplet vaporization time modification in novel rocket combustion systems via magnetized
nanofluids (Cristaldo, et al., 2011), thermal tribology (Vékás, 2004) and solar collector
magnetic nano-polymer working fluids (Prabu & Ajay, 2017) (Khalil & Vafai, 2018). In
parallel with substantial experimental work, a rich literature has also developed focused on
theoretical and computational simulations of magneto-nanofluid dynamic processes. (Rarani,
et al., 2012) used CFD simulations to evaluate the effect of electromagnetic fields on viscous
properties of iron oxide-ethylene glycol magnetized nanofluids. (Kandasamy, et al., 2011)
employed Lie group transformations and MAPLE software to study magnetic nanofluid
convection from an extending sheet with wall transpiration. (Hamad, 2011) used
hypergeometric functions to analyze magnetic field effects on free convection boundary layer
flow from a nanofluid stretching surface. (Rana, et al., 2013) used a variational finite element
code to model the transient magneto-convective nanofluid dynamics from a rotating extending
surface. They employed a Buongiorno model for the nanofluid and showed that primary
velocity is strongly retarded with increasing Hartmann number (magnetic parameter) and there
is also a reduction in secondary velocity magnitude. Furthermore, temperature and nanoparticle
concentrations were found to be accentuated with Hartmann number. Further studies of
magnetic nanofluid convective transport have examined mixed convection (Ferdows, et al.,
2012), non-isothermal wall conditions (Hamad, et al., 2011), partially heated micro-channels
(Aminossadati, et al., 2011), porous media (Eldabe, et al., 2013) and thermal radiative heat
transfer (Ferdows, et al., 2014).

2.2-6 Magnetohydrodynamics
A magnetic field is created by the electric current returning to the power supply through the
cathode, just like the magnetic field that is created when electrical current travels through a
wire. This self-induced magnetic field interacts with the electric current flowing from the anode
to the cathode (through the plasma) to produce an electromagnetic (Lorentz) force (cross
product of current density and magnetic field) that pushes the plasma out of the engine, creating
thrust. An external magnet coil may also be used to provide additional magnetic fields to help
stabilize and accelerate the plasma discharge. In MHD steady flow of a Newtonian, electrically
conducting, viscous fluid in the presence of an externally applied transverse uniform magnetic
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field, the governing equations are the continuity, Navier-Stokes (momentum conservation in
vector form), generalized Ohm’s law and energy conservation equations, and these may be
presented, in the presence of Ohmic (Joule) heating and viscous dissipation, in vectorial form,
as follows:
𝛁∙𝒖=𝟎

Equation 2-19

𝝆(𝒖 ⋅ 𝛁)𝒖 = −𝛁𝑷 + 𝝁𝛁 𝟐 𝒖 + 𝑱 × 𝑩

Equation 2-20

𝑱 = 𝝈[𝑬 + 𝒖 × 𝑩]

Equation 2-21

𝝆𝐜𝒑 (𝐮 ⋅ 𝛁)𝐓 = 𝐤𝛁 𝟐 𝐓 + 𝝁𝚽 +

𝐉𝟐
𝝈

Equation 2-22

where u is velocity vector,  is the density of the conducting fluid, 𝜇 is dynamic viscosity of
fluid, B is external uniform magnetic field, Be is constant magnetic flux density, Bo is constant
magnetic flux density, cp is specific heat at constant pressure, E is electrical field, J is current
density field, k is thermal conductivity, P is pressure,  is electrical conductivity of fluid, T is
temperature,  is viscous dissipation function. If the applied magnetic field is steady and
sufficiently weak to neglect the induced magnetic field i.e., a low magnetic Reynolds number
is assumed. The external uniform magnetic field B is applied transverse to the plane of the flow
and possesses a constant magnetic flux density B  . Furthermore all thermophysical and fluid
properties are assumed to be constant and electrical currents are neglected. The wall surface
e.g., solar collector boundary, is electrically non-conducting, so that current density vanishes
both at this surface and in the fluid regime. The penultimate and final terms on the right-hand
side of eqn. (30) designate the viscous heating and Joule heating contributions, respectively,
and have been shown to be significant in nanofluid solar collectors exploiting magnetic
nanoparticles.
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We further note that magnetic field effects are negated when M = 0 i.e., the flow is electrically
non-conducting. The imposition of magnetic field necessitates extra work expenditure by the
fluid which has to be dragged in the disk plane, against the Lorentzian retarding forces. This
supplementary work is dissipated in the form of Joule (Ohmic) heating which manifests with a
rise in temperature in the fluid, with increasing M values. The effect is prominent also since
the Joule heating term features quadratic functions

2.2-7 Natural Convection and Dimensionless Numbers
Fundamental heat transfer analysis commonly consists of natural convection within cavities
which are of great importance for specific technological applications like solar collectors.
Natural or free convection is observed as a result of the motion of the fluid due to density
changes arising from the heating process. The movement of the fluid in free convection,
whether it is a gas or a liquid, results from the buoyancy forces imposed on the fluid when its
density in the proximity of the heat-transfer surface is decreased as a result of the heating
process. Free-convective flows may be laminar and turbulent. A flow past a solid surface, the
temperature of which is higher (lower) than that of the surrounding flowing medium, is the
most widespread type of free convection. Figure 2-19 schematically illustrate characteristic
examples of free convection.
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Figure 2-19 Natural convection

The buoyancy-generated flows are considered complex due to the combination of transport
properties of flow and the thermal fields.
In natural convection related dimensionless numbers are:
Prandtl number: ratio of momentum diffusivity to thermal diffusivity:
𝐕

𝐏𝐫 = 𝛂 =

𝛍𝐂𝐩
𝐤

Equation 2-23

Prandtl number embodies the ratio of viscous diffusion to thermal diffusion in the boundary
layer regime and furthermore expresses the ratio of the product of specific heat capacity and
dynamic viscosity, to the fluid thermal conductivity. When Pr is high, viscous diffusion rate
exceeds thermal diffusion rate. An increase in Pr from 1 through 3, 5, 7 to 9 greatly decreases
temperatures. For Pr <1, thermal diffusivity exceeds momentum diffusivity i.e., heat will
diffuse faster than momentum. For Pr =1.0, both the viscous and energy diffusion rates will be
the same as will the thermal and velocity boundary layer thicknesses.
Grashof number: ratio of the buoyancy force to the viscous force acting on the fluid:
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𝐆𝐫 =

𝐆𝐫 =

𝐛𝐮𝐨𝐲𝐚𝐧𝐜𝐲 𝐟𝐨𝐫𝐜𝐞𝐬
𝐯𝐢𝐬𝐜𝐨𝐮𝐬𝐟𝐨𝐫𝐜𝐞𝐬

=

𝐠∆𝛒𝐕
𝛒𝐕 𝟐

=

𝐠𝛃∆𝐓𝐕
𝛒𝐕

𝐠𝛃(𝐓𝐬 −𝐓∞ )𝛅𝟑
𝐕𝟐

Equation 2-24

Equation 2-25

Local Rayleigh number: product of Prandtl and local Grashof numbers:
𝐠𝛃

𝐑𝐚𝐱 = 𝐕𝛂 (𝐓𝐬 − 𝐓∞ )𝐱 𝟑 = 𝐆𝐫𝐱 𝐏𝐫

Equation 2-26

g is acceleration due to Earth's gravity (m/s2)
β is the coefficient of thermal expansion (equal to approximately 1/T, for ideal gases)
Ts is the surface temperature (K)
T∞ is the bulk temperature (K)
L is the vertical length (m)
ν is the kinematic viscosity (m2/s).
There are multiple studies that explore a range of variables which influence the natural
convection inside enclosures filled with nanofluids. Shape of the enclosure plays a vital role in
convection, though the shape depends on practical application. Different types of enclosure
filled with nanofluid are studied in recent years. (Ghosh, et al., 2010)
Eckert number Ec
Temperatures are therefore elevated in the entire boundary layer regime. Let us briefly consider
viscous heating effects. As the value of Eckert number increases positively, this corresponds
to an increase in convection currents from the disk to the fluid which transfers greater thermal
energy to the boundary layer, manifesting in an increase in fluid temperatures. The opposite
case of increasingly negative Eckert numbers implies removal of heat from the boundary layer
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regime to the disk via convection currents. As a result, the disk temperature will be enhanced
and fluid temperatures will be depressed. The intermediate case of Ec = 0 implies an absence
of viscous dissipation where there is no conversion of kinetic energy to thermal energy and the
classic profile of monotonic decay is observed. For positive Ec there will therefore be an
increase in thermal boundary-layer thickness whereas with negative Ec the thermal boundary
layer thickness will be reduced.
Magnetohydrodynamic Hartmann number
Hartmann number (Ha) is the ratio of electromagnetic force to the viscous force named in
honour of the German engineer who performed key experiments in the 1930s. It is defined by:
Ha = BL (/)

Equation 2-27

B is the magnetic field (Tesla)
L is the characteristic length scale (m)
σ is the electrical conductivity (Siemens/m)
μ is the dynamic viscosity (kg/(ms))
This parameter features only in Chapter 8 where I have studied magnetohydrodynamic
nanofluid peristaltic solar collectors (Ghosh, et al., 2010), (Cramer & Pai, 1973).
Solutal Grashof number (Gm or Br)
𝑮𝒎 = −

𝝆𝟎 (𝝆𝒑 −𝝆𝟎 )𝒈𝑳𝟑 (𝑪𝟏 −𝑪𝟎 )
𝝁𝟐𝟎

Equation 2-28

It represents the relative magnitude of the species (nanoparticle) buoyancy force to the viscous
hydrodynamic force in the channel. When Br →0 species (solutal) buoyancy effects vanish
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2.2-8 Forced Convection and Dimensionless Numbers
Forced convection heat transfer involves fluid motion as well as heat conduction. The fluid
motion enhances heat transfer (the higher the velocity the higher the heat transfer rate). The
rate of convection heat transfer is expressed by Newton’s law of cooling:
𝐐∗conv = 𝐡𝐀(𝐓𝐬 − 𝐓∞ )

Equation 2-29

The convective heat transfer coefficient h strongly depends on the fluid properties and
roughness of the solid surface, and the type of the fluid flow (laminar or turbulent). In this
research is only focused on laminar flows.

Figure 2-20 Forced Convection

It is assumed that the velocity of the fluid is zero at the wall, this assumption is called no‐ slip
condition. As a result, the heat transfer from the solid surface to the fluid layer adjacent to the
surface is by pure conduction since the fluid is motionless. Thus,
𝛛𝐓

𝐪̇ 𝐜𝐨𝐧𝐯 = 𝐪̇ 𝐜𝐨𝐧𝐝 = −𝐤 𝐟𝐥𝐮𝐢𝐝 𝛛𝐲 |

Equation 2-30
𝐲=𝟎

Substitute Equation 2.2-15 into Equation 2.2-16 gives:
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−𝐤 𝐟𝐥𝐮𝐢𝐝

𝐡=

𝛛𝐓
|
𝛛𝐲 𝐲=𝟎

Equation 2-31

(𝐓𝐬 −𝐓∞ )

The convection heat transfer coefficient (h), in general, varies along the flow direction. The
mean or average convection heat transfer coefficient for a surface is determined by averaging
the local heat transfer coefficient over the entire surface.
In force convection related dimensionless numbers are:
Reynolds number: ratio of inertia forces to viscous forces in the fluid.
𝐑𝐞 =

inertia forces
viscous forces

=

𝛒𝐕𝛅
𝛍

=

𝐕𝛅
𝐯

Equation 2-32

The Reynolds number (Re) helps predict flow patterns in different fluid flow situations. At low
Reynolds numbers, flows tend to be dominated by laminar flow (fluid particles following
smooth paths in layers). While at high Reynolds numbers flows tend to be turbulent which is
not considered in this research.
Nusselt number: ratio of convection over conduction heat transfer.
𝐪∗

𝐍𝐮 = 𝐪cunv
=
∗
cond

𝑵𝐮 =

𝐡𝛅
𝐤

𝐪′′
𝐱 𝐂𝐅𝐃 (𝐋 𝐱 )
𝐤(𝐓𝐰 −𝐓𝐛 )

Equation 2-33

Equation 2-34

where δ is the characteristic length (m). Nusselt number represents the enhancement of heat
transfer through a fluid as a result of convection relative to conduction across the same fluid
layer.
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2.2-9 Magnetic Nanoparticles
Magnetic nanoparticles are a class of nanoparticle that can be manipulated using magnetic
fields. Such particles commonly consist of two components, a magnetic material, often iron,
nickel and cobalt, and a chemical component that has functionality. While nanoparticles are
smaller than 1 micrometer in diameter (typically 1–100 nanometers), the larger microbeads are
0.5–500 micrometer in diameter. Magnetic nanoparticle clusters that are composed of a number
of individual magnetic nanoparticles are known as magnetic nanobeads with a diameter of 50–
200 nanometers. Magnetic nanoparticle clusters are a basis for their further magnetic assembly
into magnetic nanochains. The addition of magnetic nanoparticles improves the thermal
conductivity of the MPCM and increases solar energy absorption, which accelerates the
capacity efficiency and expands the storage capacity (Balakinab, et al., 2019).
Types of magnetic nanoparticles
•

Oxides: ferrites. Ferrite nanoparticles or iron oxide nanoparticles (iron oxides in crystal
structure).

•

Ferrites with a shell. TEM image of a maghemite magnetic nanoparticle cluster with
silica shell.

•

Metallic. Metallic nanoparticles may be beneficial for some technical applications due
to their higher magnetic moment.

•

Metallic with a shell. The metallic core of magnetic nanoparticles may be passivated
by gentle oxidation, surfactants.
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2.2-10
Direct absorption solar collector with magnetic nanofluid: CFD
model and parametric analysis

Figure 2-21

Adding nanoparticles is a routine procedure which can easily be carried out in the course of the
various methods for manufacturing organic solar cells. It is important, however, not to add too
many nanoparticles to the solar cell, because the internal structure of organic solar cells is finely
adjusted to optimise the distance between the light-collecting, active materials, so that the pairs
of charge carriers can be separated as efficiently as possible. These structures lie in the range
of 10 to 100 nanometres.

2.2-11

Radiation Models

2.2-11.1 Sola Load Model (Solar Ray Tracing and DO (discrete ordinate) irradiation)
Thermal radiation is electromagnetic radiation generated by the thermal motion of charged
particles in matter. All matter with a temperature greater than absolute zero emits thermal
radiation. Particle motion results in charge-acceleration or dipole oscillation which produce
electromagnetic radiation. Sunlight is part of thermal radiation generated by the hot plasma of
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the Sun. The Earth also emits thermal radiation, but at a much lower intensity and different
spectral distribution (infrared rather than visible) because it is cooler. The Earth’s absorption
of solar radiation, followed by its outgoing thermal radiation, are the two most important
processes that determine the temperature and climate of the Earth in most climate models.
ANSYS FLUENT (2018) provides a solar load model that can be used to calculate the radiation
effects from the sun’s rays that ’enters the computational domain. The Solar load is available
in the 3D solver only and can be used to model both steady and unsteady flows. Two options
available for the model are Solar Ray Tracing and DO (Discrete Ordinate) radiation. Solar
Ray Tracing is used in this simulation due to its highly efficient method and practical means
of applying solar loads as heat sources in the energy equations. The solar load model’s ray
tracing’ algorithm can be used to predict the direct illumination energy source that results from
incident solar radiation. This approach utilizes a beam that is modelled using the sun position
vector and illumination parameters, applies it to any or all wall or inlet/outlet boundary zones
specified, performs a face-by-face shading analysis to determine well-defined shadows on all
boundary faces and interior walls and finally computes the heat flux on the boundary faces that
result from the incident radiation. The solar ray tracing model includes only boundary zones
that are adjacent to fluid zones in the ray tracing calculation. In other words, boundary zones
that are attached to solid zones are ignored. The resulting heat flux that is computed by the
solar ray tracing algorithm is coupled to the ANSYS FLUENT calculation via a source term in
the energy equation (Qrad). The heat sources are added directly to computational cells bordering
each face and are assigned to adjacent cells in the following order: shell conduction cells, solid
cells, and fluid cells. The solar ray tracing algorithm also accounts for internal scattered and
diffusive loading. The reflected component of direct solar irradiation is tracked. A fraction of
this radiative heat flux, called internally scattered energy is applied to all the surfaces
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participating in the solar load calculation, weighted by area. However, Solar Ray Tracing is not
a participating radiation model. The model does not deal with emission from surfaces, and the
reflecting component of the primary incident load is distributed uniformly across all surfaces
rather than being local to the surfaces reflected.
2.2-11.2 The radiative transfer equation (RTE)
The radiative transfer equation (RTE) for an absorbing, emitting, and scattering medium at
position 𝑟⃗ in the direction 𝑠⃗ takes the form (Modest, 1993):
𝐝𝐈(𝐫⃗,𝐬⃗)
𝐝𝐬

+ (𝐚 + 𝛔𝐬 )𝐈(𝐫⃗, 𝐬⃗) = 𝐚𝐧𝟐

𝛔𝐓 𝟒
𝛑

𝛔

𝟒𝛑

+ 𝟒𝛑𝐬 ∫𝟎

𝐈(𝐫⃗, 𝐬⃗ ′ )𝚽(𝐬⃗ ⋅ 𝐬⃗′ )𝐝𝛀′

Equation 2-35

where 𝑟⃗

=

position vector

𝑠⃗

=

direction vector

𝑠⃗ ′

=

scattering direction vector

s

=

path length (m)

𝑎

=

absorption coefficient (m-1)

𝑛

=

refractive index

𝜎𝑠

=

scattering coefficient (m-1)

𝜎

=

Stefan-Boltzmann constant (5.669 × 10−8 W/m2 − K 4 )

I

=

radiation intensity, which depends on position 𝑟⃗ and direction 𝑠⃗ (W/m2)

𝑇

=

local temperature (K)

Φ

=

phase function
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Ω′

=

solid angle (steradians)

(𝑎 + 𝜎𝑠 )𝑠 is the optical thickness or opacity of the medium. The refractive index n is important
when considering radiation in semi-transparent media. Figure 2-22 illustrates the process of
radiative heat transfer.

Figure 2-22 Radiative heat transfer process

2.2-11.3 Rosseland
Since surface emission is also an important factor in this study, the Rosseland radiation model
will be implemented in conjunction with Solar Ray Tracing. The Rosseland radiation model
assumes that the intensity is the black-body intensity at the fluid temperature. Since the
radiative heat flux has the same form as the Fourier conduction law, it is possible to write as
follows:
q = q c + q r = −(k + k r )∇T

Equation 2-36

k r = 16σΓn2 T 3

Equation 2-37

Here qc is thermal conduction flux, ∇𝑇 is temperature gradient, k is the thermal conductivity
(W/mK), 𝑛 is the refractive index and kr is the radiative conductivity (W/mK). The appropriate
substitution for radiative solar flux is made in the energy equation to compute the temperature
field. The Rosseland model has the advantage (compared with more complex alternative
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models (e.g., Chandrasekhar’s discrete ordinates, the Trauggott P1 differential or SchusterSchwartzchild two flux models as elucidated by (Modest, 1993) in that supplementary transport
equation for the incident radiation do not have to be solved and this greatly accelerates
computational speed and significantly less memory is required. However, the Rosseland model
can be used only for optically thick media. It is recommended for use when the optical thickness
exceeds 3. In ANSYS FLUENT the Rosseland model is only available for the pressure-based
solver, which is adopted in the present computations. Regarding the nanofluid modelling, the
Tiwari-Das model is employed, which allows different concentrations (volume fraction) and
types of metallic nanoparticles to be studied in ANSYS.
2.2-11.4 P1
The P-1 radiation model is the simplest case of the more general P-N model, which is based on
the expansion of the radiation intensity I into an orthogonal series of spherical harmonics (first
order approximation). The P-1 Model, following equation is obtained for the radiation flux 𝑞𝑟 :
𝟏

𝐪𝐫 = − 𝟑(𝐚+𝛔 )− 𝐂 𝛔 𝛁𝐆
𝐬

𝐬

Equation 2-38

where 𝑎 is the absorption coefficient, 𝜎𝑠 is the scattering coefficient, G is the incident radiation,
and C is the linear anisotropic phase function coefficient.
𝚪=

𝟏
𝟑(𝐚+𝛔𝐬 )− 𝐂 𝛔𝐬

Equation 2-39

Equation 5.3-2 simplifies to
𝐪𝐫 = −𝚪𝛁𝐆

Equation 2-40

The transport equation for G is
𝛁 ∙ (−𝚪𝛁𝐆) = −𝐚𝐆 + 𝟒𝐚𝐧𝟐 𝛔𝐓 𝟒 = 𝐒𝐆

Equation 2-41
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where n is the refractive index of the medium, 𝜎 is the Stefan-Boltzmann constant and G is a
user-defined radiation source. ANSYS FLUENT solves this equation to determine the local
radiation intensity when the P-1 model is active.
Combining Equations 2.2-26 and 2.2-27 yields the following equation:
−𝛁 ∙ 𝐪𝐫 = 𝐚𝐆 – 𝟒𝐚𝐧𝟐 𝛔𝐓 𝟒

Equation 2-42

The expression for −𝛻 ∙ 𝑞𝑟 can be directly substituted into the energy equation to account for
heat sources (or sinks) due to radiation.
The P-1 model has several advantages over the DTRM. For the P-1 model, the RTE (Equation
2.2-35) is a diffusion equation, which is easy to solve with little computational costs. The model
includes the effect of scattering and the P-1 model works reasonably well. In addition, the P-1
model can easily be applied to complicated geometries with curvilinear coordinates.
P-1 model assumes that all surfaces diffuse. This means that the reflection of incident radiation
at the surface is isotropic, with respect to the solid angle. The implementation assumes gray
radiation. There may be a loss of accuracy, depending on the complexity of the geometry, if
the optical thickness is small. P-1 model tends to over-predict radiative fluxes from localized
heat sources or sinks.
2.2-11.5 Chandrasekhar Discrete Ordinates Model (DO)
The DO model covers all range of optical thicknesses. The model also allows the solution of
radiation at semi-transparent walls (glass), which is the main component of DASCs.
Computational cost is moderate for typical angular discretizations and memory requirements
are modest. Thus, it is possible to include scattering, anisotropy, semi-transparent media, and
particulate effects.
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The DO model considers the radiative transfer equation (RTE) in the direction

as a field

equation. Thus, is written as
𝛁 ⋅ (𝐈(𝐫⃗, 𝐬⃗)𝐬⃗) + (𝐚 + 𝛔𝐬 )𝐈(𝐫⃗, 𝐬⃗) = 𝐚𝐧𝟐

𝛔𝐓 𝟒
𝛑

𝛔

𝟒𝛑

+ 𝟒𝛑𝐬 ∫𝟎

𝐈(𝐫⃗, 𝐬⃗′ )𝚽(𝐬⃗ ⋅ 𝐬⃗′ )𝐝𝛀′ Equation 2-43

Here 𝑇 is the wavelength, 𝑎 is the spectral absorption coefficient, and I is the black body
intensity given by the Planck function. The scattering coefficient, the scattering phase function,
and the refractive index 𝑛 are assumed independent of wavelength.
Boundary and Cell Zone Condition Treatment at Opaque Walls
The discrete ordinates radiation model allows the specification of opaque walls that are interior
to a domain or external to the domain e.g.., copper absorber plate of flat plate DASC in chapter
7. Opaque walls are treated as gray radiation is being computed. Figure 5.3.8 shows a schematic
of radiation on an opaque wall in ANSYS FLUENT.

Figure 2-23 Treatment for opaque walls
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The diagram in Figure 2-23 shows incident radiation 𝑞𝑖𝑛,𝑎 on side a of an opaque wall. Some
of the radiant energy is reflected diffusely and specularly, depending on the diffuse fraction fd
for side a of the wall that you specify as a boundary condition.
Some of the incident radiation is absorbed at the surface of the wall and some radiation is
emitted from the wall surface as shown in Figure 2.23. The amount of incident radiation
absorbed at the wall surface and the amount emitted back depends on the emissivity of that
surface and the diffuse fraction fd. 𝑞𝑖𝑛 is the amount of radiative energy incident on the opaque
wall, then the following general quantities are computed by ANSYS FLUENT for opaque
walls.
emission from the wall surface= 𝐧𝟐 𝛜𝐭𝐛 𝛔𝐓𝐰𝟒
diffusely reflected energy

= 𝐟𝐝 (𝟏 − 𝛜𝐰 )𝐪𝐢𝐧

Equation 2-44
Equation 2-45

specularly reflected energy= (𝟏 − 𝐟𝐝 )(𝟏 − 𝛜𝐰 )𝐪𝐢𝐧

Equation 2-46

absorption at the wall surface=𝛜𝐰 𝐪𝐢𝐧

Equation 2-47

where fd is the diffuse fraction, n is the refractive index of the adjacent medium, ϵ𝑤 is the wall
emissivity, 𝜎 is Boltzmann's Constant, and Tw is the wall temperature.
Semi-Transparent Exterior Walls
Figure 2-24 shows the general case of an irradiation beam 𝑞𝑖𝑛,𝑎 applied to an exterior semitransparent wall with zero thickness and a non-zero absorption coefficient for the material
property. An irradiation flux passes through the semi-transparent wall from outside the
computational domain (Figure 2-24) into the adjacent fluid or solid medium A. The transmitted
radiation can be refracted (bent) and dispersed specularly and diffusely, depending on the
refractive index and the diffuse fraction that you provide as a boundary condition input. Note
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that there is a reflected component of 𝑞𝑖𝑟𝑟𝑎𝑑 when the refractive index of the wall nb is not
equal to 1, as shown.

Figure 2-24 Treatment at semi-transparent walls

Incident radiation can also occur on external semi-transparent walls. The irradiation beam is
defined by the magnitude, beam direction, and beam width that you supply. The irradiation
magnitude is specified in terms of an incident radiant heat flux (W/m2). Beam width is specified
as the solid angle over which the irradiation is distributed (i.e., the beam 𝜃 and ∅ extents). The
default beam width in ANSYS FLUENT is 1e-6 degrees which is suitable for collimated beam
radiation. Beam direction is defined by the vector of the centroid of the solid angle. For external
solar load, Direct Irradiation Parallel to the Beam in the Wall boundary condition dialog box
is applied, then 𝑞𝑖𝑟𝑟𝑎𝑑 for irradiation (Figure 2-25) and ANSYS FLUENT computes and uses
the surface normal flux 𝑞𝑖𝑟𝑟𝑎𝑑,𝑛𝑜𝑟𝑚𝑎𝑙 in its radiation calculation.
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Figure 2-25 Beam Width and Direction for External Irradiation Beam

Limitations
In cases with significant emission or absorption of radiation in a participating solid material,
such as the absorption of long wavelength radiation in a glass solar wall, the use of semitransparent thin walls can result in the prediction of unphysical temperatures in the numerical
solution. In a 3-dimensional model this can be overcome by activating the shell conduction
option for the respective thin wall. Otherwise, where possible, it is advisable to represent the
solid wall thickness explicitly with one or more layers of cells across the wall thickness.
Radiation- dimensionless numbers- Rosseland Number Rn
𝑹𝒏 =

𝟏𝟔𝝈∗𝑻𝟑
𝟎

𝟑𝒌∗𝝁𝟎 𝑪𝒇 ′

,

Equation 2-48

This again features only in chapter 8 where a solar MHD peristaltic collector design is studied
theoretically and numerically with MAPLE software.
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Rosseland’s model assumes radiative equilibrium and that the nanofluid has gray properties
which are popular in solar pump designs. Furthermore, Rosseland’s model assumes that the
intensity is the black-body intensity at the nanofluid temperature and since it is generally
confined to incompressible flows it is particularly appropriate for low-speed transport
characteristic of porous media hydromagnetic pumping. The parameter Rn embodies the
relative contribution of conduction heat transfer to thermal radiation transfer. It is variously
known in thermal physics as the Stark number and Rosseland-Boltzmann number. Large Rn
values imply small radiation contribution and small Rn values correspond to high radiative
flux. As Rn →0, thermal radiation ﬂux contribution vanishes and the dominant mode of heat
transfer is thermal conduction. Hence with smaller Rn values, thermal radiation is stronger than
thermal conduction (the contribution is only equal for both modes of heat transfer when Rn =
1). Thermal radiation supplements the ﬂuid thermal conductivity via the energy equation and
serves to increase temperatures,

2.3 Numerical Aspects
As noted earlier, ANSYS FLUENT and MAPLE are the two numerical tools that have been
employed in this PhD.

2.3-1 ANSYS FLUENT
A summary of the fundamental methodology for building an ANSYS FLUENT solar DASC
simulation is given in Figure 2-26 below:
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Figure 2-26 CFD ANSYS FLUENT Methodology for solving nanofluid DASC enclosure boundary value
problem

This research started with a numerical investigation on natural convection in solar enclosures
(flat plate solar collector). The two-dimensional square, rectangular and trapezoidal models
were studied under the natural convection of constant heat flux with radiation effect, as
presented in Chapters 3 and 4 where various types of nanofluids were considered as working
fluids, e.g., copper-water, titanium dioxide-water, Aluminium oxide-water, Silver–water and
Diamond-water nanofluid, as listed in the Appendix. The three-dimensional box (prism)
enclosure models were investigated for the natural convection of a constant temperature in a
cube, where the radiation was neglected due to the complexity of the geometry and Gold-water
nanofluid was considered in Chapter 5. Three-dimensional annulus DASC model, mixed
convection was investigated using a solar flux model, which is available in ANSYS to replicate
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solar radiation from the sun coupled with the Rosseland radiation model in Chapter 6. The last
simulation is based on the investigation into the forced convection of a three-dimensional flat
plate DASC using solar ray tracing model, which is available in ANSYS to replicate solar
energy from the sun over a period of time. Discrete Ordinates (DO) radiation model was applied
in Chapter 7. All these chapters focused on non-deformable boundary Thermal Direct Absorber
Solar Collector and are investigated using computational fluid dynamics software (ANSYS
FLUENT). However, in chapter 8 I conducted a parallel investigation on a different deformable
peristaltic solar collector configuration in which I also explored magnetic nanoparticles,
described in due course. The research methodology validation steps for chapters 3-7 (ANSYS
FLUENT simulations) are shown in Figure 2-27.

Computational Fluid Dynamics (CFD)
ANSYS FLUENT Software

Natural Convection

Forced Convection
Laminar

Laminar

Flat Plate
DASC
3-D

Rectangle
Solar Enclosure
2-D

Trapezium
Solar Enclosure
2-D

Prismatic solar
enclosure
3-D

(Azari, et al.,
2014)

(Phelan, et al.,
2010)

(Abunada &
Oztop, 2009)

Natarajan, et
al., 2008)

(Wang, et al.,
2018)

validation

validation

validation

validation

validation

water basedCuO, Al2O3,
TiO2)

water basedgraphite

water based(Cu), (Ag),
(TiO2)

water based Diamond, Zinc
(Zn)

Water basedGold (Au)

Annular DASC
3-D

nanofluids

nanofluids

nanofluids

nanofluids

nanofluids

Figure 2-27 Validation Methodology Diagram
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All numerical simulations in chapters 3-7 are done with Computational Fluid Dynamic (CFD)
software, (ANSYS FLUENT) which is available at the University of Salford. The software
solves the Navier-Stokes equations, Energy (heat) equation, and Radiation heat transfer
models (Rosseland, P1 and DO). The Tiwari-Das volume fraction nanofluid model is
employed to simulate nano-particle effects. Computations are conducted with the pressurebased solvers and the use of the SIMPLE algorithm available in ANSYS FLUENT, as shown
in Figure 2-28 The SIMPLE algorithm can also be referred to the projection method where the
‘u,’ ’v,’ ‘w,’ and ‘p’ fields must be solved separately. In the projection method, the constraint
of mass conservation (continuity) of the velocity field is achieved by solving a pressure (or
pressure correction) equation. The pressure equation is derived from the continuity and the
momentum equations in such a way that the velocity field, corrected by the pressure, satisfies
the continuity. Since the governing equations are nonlinear and coupled to one another, the
solution process involves iterations wherein the entire set of governing equations is solved
repeatedly until the solution converges. Then all the flow field variables such as velocity
streamline function and temperature are automatically plotted and analysed graphically in the
post-processing stage.
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Figure 2-28 Methodology of Simple Method

2.3-1.1 Mass Conservation Equation
The unsteady equation for mass conservation or continuity is written as follows:
𝝏𝝆
𝝏𝒕

⃗⃗) = 𝑺𝒎
+ 𝛁 ∙ (𝝆𝒗

Equation 2-49

The equation above is the general form of the mass conservation equation which is valid for
both compressible and incompressible flows. The source Sm is the mass (kg) applied to the
continuous phase from the dispersed second phase and any user-defined sources. Here (𝑣⃗) is
the velocity vector in three dimensions,  is fluid density (kg/m3), t is time (s).
2.3-1.2 Momentum Conservation Equation
Conservation of momentum in an inertial (non-accelerating) reference frame takes the form.
𝝏
𝝏𝒕

̿ + 𝝆𝒈
(𝝆𝒗
⃗⃗) + 𝛁 ∙ (𝝆𝒗
⃗⃗𝒗
⃗⃗) = −𝛁𝒑 + 𝛁 ∙ (𝝉)
⃗⃗⃗ + ⃗𝑭⃗

Equation 2-50
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⃗⃗⃗ and ⃗𝑭⃗ are the gravitational
Where, p is the static pressure (Pa), 𝝉̿ is the stress tensor (N/m2), 𝝆𝒈
body force (N) and external body force (N) e.g., thermal buoyancy, respectively (e.g. arising
⃗⃗ also has other model-dependent source terms
from interaction with the dispersed phase). 𝑭
such as user-defined sources and porous-media. The 𝝉̿ term is given by:
𝟐

⃗⃗ + 𝛁𝒗
⃗⃗𝑻 ) − 𝛁 ∙ 𝒗
⃗⃗𝑰]
𝝉̿ = 𝝁 [(𝛁𝒗
𝟑

Equation 2-51

Here 𝝁 is the dynamic viscosity (kg/(ms)), I is the unit tensor and the last term shown is the
effect of volume dilation. No slip velocity conditions are applied at the rigid walls and a
moving boundary velocity at the top wall.
2.3-1.3 ANSYS FLUENT
The parameters analyzed are:
Pressure
Streamline velocity
Temperature
Isotherms
Vorticity (this is a gradient of certain velocity components)

Figure 2-29 ANSYS Fluent explained in further detail
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ANSYS Fluent utilises meshes comprised of either triangular or quadrilateral cells or a
combination of the two in 2D, whereas for 3D tetrahedral, hexahedral, polyhedral, pyramid,
wedge cells or a combination of these are used. The choice of which mesh type to use will
depend on the problem that needs solving. To decide on mesh type 3 main factors needs to be
considered they are: setup time, computational expense, and numerical diffusion.
Set up time
Ideally in a flow problem in engineering it comprises of complicated geometries, to solve this
quadrilateral or hexahedral elements for such problems is disadvantageous as it can be
extremely time consuming and, in some cases, can be impossible. Set up time for complicated
geometries is the critical reason that when using unstructured meshes to utilise either triangular
or tetrahedral cells. Other drawbacks which are associated with using quadrilateral or
hexahedral elements (also known as structured or block structured meshes) includes the
geometry may become oversimplified, mesh quality issues, and a less efficient mesh
distribution i.e., finite resolution in regions of less importance which can result in a high cell
count.
Computational expense
In the case of complicated geometries or the range of length scales of the flow is significant
then a triangular/tetrahedral mesh can be developed with little cells than the equivalent mesh
which consists of quadrilateral/hexahedral elements. This is due to a triangular/tetrahedral
mesh permits clustering of cells in chosen regions of the flow domain. Whereas structured
quadrilateral/hexahedral meshes usually force cells to be positioned in areas where they are not
required. A property of quadrilateral/hexahedral elements that may make this more cost
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effective in some scenarios includes that since they allow a much larger aspect ratio than
triangular/tetrahedral then this will invariably influence the skewness of the cell, this can be
undesired and can affect the accuracy and convergence. In the situation of a simple geometry
in where the flow fits well to the shape of the geometry, i.e., a long thin duct then uses a mesh
of relatively high aspect ratio quadrilateral/hexahedral cells. The mesh is likely to have less
cells than triangular/tetrahedral cells. Furthermore, by changing the domain of a tetrahedral
mesh into a polyhedral mesh will cause fewer cell count than the original mesh. Whereas the
result in a coarser mesh, convergence will usually be quicker, save time and computational
expense.
Numerical diffusion
Main source of error in multidimensional situations is numerical diffusion this is known as
“false diffusion”. This term is being expressed because the diffusion is not real but its effect on
a flow calculation is analogous to that of increasing the real diffusion coefficient. This is visible
when the actual diffusion is much small than expected when the situation is convectiondominated. Finite amount of numerical diffusion can be found in all practical numerical
methods for resolving fluid flow. This is due to as numerical diffusion evolves from errors
which are generated by representing the fluid flow equations in discrete form. To manage
numerical diffusion could be to refine the mesh and is minimised when the flow is aligned with
the mesh (Kuharat, 2017).

2.3-2 Maple numerical quadrature
MAPLE is an excellent symbolic software with many libraries of built in ready-to-use
numerical solvers for ordinary and partial differential problems. One of the most powerful
methods available is Runge–Kutta–Merson numerical quadrature (“RK45 algorithm”)
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(maplesoft, 2019) which can solve numerous radiative-convection nonlinear flow problems. In
MAPLE this quadrature is used to yield temperature and stream function. The appropriate
velocity is then computed in a sub-iteration loop. This approach has been extensively
implemented recently in many heat transfer problems including peristaltic thermal convection
flows (Tripathi & Bég, 2012), thermo-solutal slip radiative convection flows (Bég, et al., 2014),
magnetic materials processing (Uddin, et al., 2014) (Bég, et al., 2015), nanofluid dynamics
with radiation heat transfer (Uddin, et al., 2015), non-Newtonian bioconvection (Bég, et al.,
2015) (Uddin, et al., 2016) (Latiff, et al., 2016), variable thermophysical property convection
(Bég, et al., 2016), rotating thermal convection (Bég, et al., 2016), hypoxia biofluid dynamics
(Srivastava, et al., 2016), porous media multi-physical convection (Uddin, et al., 2016) (Uddin,
et al., 2016), radiative-convective-conductive energy conversion (Uddin, et al., 2016),
enclosure bioprocessing flows (Bhargava, et al., 2017), bio-nano fuel cells (Uddin, et al., 2017)
(Bég, et al., 2017), electro-osmotic pumping (Tripathi, et al., 2017), melting convection
(Amirsom, et al., 2019) and anisotropic mass transfer coating flows (Bég, et al., 2019). The
robustness and stability of this numerical method is therefore well established- it is highly
adaptive since it adjusts the quantity and location of grid points during iteration and thereby
constrains the local error within acceptable specified bounds. Many different wall boundary
conditions which arise in DASC enclosure flows are easily accommodated. The stepping
formulae although designed for nonlinear problems, are even more efficient for any order of
linear differential equation and are summarized below (Bég, et al., 2019):

𝒌𝟎 = 𝒇(𝒙𝒊 , 𝒚𝒊 )
𝟏

Equation 2-52
𝟏

𝒌𝟏 = 𝒇 (𝒙𝒊 + 𝟒 𝒉, 𝒚𝒊 + 𝟒 𝒉𝒌𝟎 )

Equation 2-53
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𝟑

𝟑

𝟗

𝟏𝟐

𝟏𝟗𝟑𝟐

𝒌𝟐 = 𝒇 (𝒙𝒊 + 𝟖 𝒉𝟑 𝒚𝟏 + (𝟑𝟐 𝒌𝟎 + 𝟑𝟐 𝒌𝟏 ) 𝒉)

Equation 2-54

𝟕𝟐𝟎𝟎

𝟕𝟐𝟗𝟔

𝒌𝟑 = 𝒇 (𝒙𝒊 + 𝟏𝟑 𝒉, 𝒚𝒊 + (𝟐𝟏𝟗𝟕 𝒌𝟎 − 𝟐𝟏𝟗𝟕 𝒌𝟏 + 𝟐𝟏𝟗𝟕 𝒌𝟐 ) 𝒉)
𝟒𝟑𝟗

𝒌𝟒 = 𝒇 (𝒙𝒊 + 𝒉, 𝒚𝒊 + (𝟐𝟏𝟔 𝒌𝟎 − 𝟖𝒌𝟏 +
𝟏

𝟑𝟖𝟔𝟎

𝟖

𝟓𝟏𝟑

Equation 2-55

𝟖𝟒𝟓

𝒌𝟐 − 𝟒𝟏𝟎𝟒 𝒌𝟑 ) 𝒉)

𝟑𝟓𝟒𝟒

𝟏𝟖𝟓𝟗

Equation 2-56
𝟏𝟏

𝒌𝟑 = 𝒇 (𝒙𝒊 + 𝟐 𝒉, 𝒚𝒊 + (− 𝟐𝟕 𝒌𝟎 + 𝟐𝒌𝟏 − 𝟐𝟓𝟔𝟓 𝒌𝟐 + 𝟒𝟏𝟎𝟏 𝒌𝟑 − 𝟒𝟎 𝒌𝟒 ) 𝒉) Equation 2-57
𝟐𝟓

𝒚𝒊+𝟏 = 𝒚𝒊 + (

𝟐𝟏𝟔

𝒌𝟎 +

𝟏𝟔

𝟏𝟒𝟎𝟖
𝟐𝟓𝟔𝟓

𝒌𝟐 +

𝟔𝟔𝟓𝟔

𝟐𝟏𝟗𝟕
𝟒𝟏𝟎𝟏

𝟏

𝒌𝟑 − 𝒌𝟒 ) 𝒉

Equation 2-58

𝟓

𝟐𝟖𝟓𝟔𝟏

𝟗

𝟐

𝒛𝒊+𝟏 = 𝒛𝒊 + (𝟏𝟑𝟓 𝒌𝟎 + 𝟏𝟐𝟖𝟐𝟓 𝒌𝟐 + 𝟓𝟔𝟒𝟑𝟎 𝒌𝟑 − 𝟓𝟎 𝒌𝟒 + 𝟓𝟓 𝒌𝟓 ) 𝒉

Equation 2-59

Here 𝑦 denotes fourth order Runge-Kutta phase and 𝑧 is the fifth order Runge-Kutta phase. An
estimate of the error is achieved by subtracting the two values obtained. If the error exceeds a
specified threshold, the results can be re-calculated using a smaller step size. The approach to
estimating the new step size is shown below:

𝒉𝒏𝒆𝒘 = 𝒉𝒐𝒍𝒅 (𝟐|𝒛

𝜺𝒉𝒐𝒊𝒅
𝒊+𝟏 −𝒚𝒊+𝟏

𝟏/𝟒

)
|

Equation 2-60

This technique is particularly suitable for use with the Rosseland diffusion flux radiative model
(Bég, et al., 2014) (Uddin, et al., 2015). This method is used in chapter 8 to solve the
Buongorno nanoscale solar collector MHD equations.
SUMMARY
In this base chapter for the entire PhD, all the fundamental theory and computational methods
implemented in this PhD in subsequent chapters have been presented. All relevant aspects of
multi-physics have been covered – different geometrical solar collector configurations, viscous
flow, nanoscale models (principally the Tiwari-Das model for chapters 3-7 and the Buongiorno
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MIT Brownian motion-thermophoresis model for chapter 8) , multiple metallic (and carbon)
nanoparticles, thermal convection heat transfer (both forced and natural), thermal radiation heat
transfer, solar daylight tracking, nanoparticle mass transfer, deformable collector boundaries
(peristaltic biomimetic design), magnetohydrodynamics, magnetic nanoparticle physics and
dimensional analysis. All these are succinctly elaborated. Furthermore, two basic numerical
techniques have been reviewed: ANSYS FLUENT (finite volume method for partial
differential equation boundary value problems with mesh design for chapters 3-7) and
MAPLE shooting quadrature (stepping technique for ordinary differential equation boundary
value problems, chapter 8). In all subsequent chapters, elements of these topics are again
incorporated where appropriate.

92

Chapter 3 Natural Convection of Nanofluids Inside a Twodimensional Quadrilateral Solar Enclosure with Copper, Silver
and Titania Metallic nanoparticles and multiple radiative
transfer models

Abstract
Having established the theoretical and computational methodologies in Chapter 2, in this first
DASC simulation I will explore the use of three different metallic nanoparticles (silver, copper
and titanium oxide) in a simple 2-dimensional quadrilateral enclosure. Natural convection is
considered i. e. thermal buoyancy is the dominant effect and therefore Rayleigh number is the
critical control parameter. The Tiwari-Das nanoscale model is deployed in ANSYS FLUENT.
The simple Rosseland and P1 radiative flux approximations are implemented, as described in
Chapter 2. Extensive visualization of different geometric and nanoscale effects is included. The
relative performance of the different metallic nanoparticles and different radiative
approximations on thermal efficiency e. g. local Nusselt number to the enclosure (collector)
boundaries is also described. To establish confidence in using ANSYS FLUENT CFD for
nanofluid dynamics, the geometry considered is the simplest possible. In subsequent chapters
it is modified to more complex configurations e. g. Finite volume numerical analysis of
diamond and zinc nanoparticles performance in a water-based trapezium direct absorber solar
collector with buoyancy effects in chapter 4, 3-dimensional tilted prismatic solar enclosure
with aspect ratio and gold nanoparticles in chapter 5, forced convection in a nanofluid-based
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annular solar collector with different metallic nanoparticles (copper, titania, alumina) in chapter
6 etc.

a. Introduction and Mathematical Model
From the extensive literature review given in Chapter 1, the numerical analysis of natural
convection heat transfer and fluid flow in enclosures has extensively been developed using
different computational techniques as it is a fundamental compliment to experimental studies
of solar collectors. (Abu-Nada & Oztop, 2009) investigated the effects of inclination angle on
natural convection heat transfer and fluid flow in a two-dimensional enclosure filled with Cunanofluid. This excellent benchmark from the scientific literature was selected to use for the
case study and validation- the authors of this work solved the governing equations with a finite
volume technique, which is the same algorithm to that deployed in ANSYS FLUENT. They
studied however the case of zero inclination. The direct absorber solar collector geometry
considered is visualized in Figure 3.1 in an (x,y) coordinate system.
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Figure 3.1 Direct absorber solar nanofluid collector enclosure geometry

The fluid in the enclosure is a water-based nanofluid containing copper nanoparticles. It is
assumed that the base fluid (i.e., water) and the nanoparticles are in thermal equilibrium and
no slip occurs between them. The thermo-physical properties of the nanofluid are given in
Table 3.1. The left wall is maintained at a constant temperature (TH) higher than the right wall
(TC). The thermophysical properties of the nanofluid are assumed to be constant except for the
density variation, which is approximated by the Boussinesq model. The two-dimensional
model of heat and fluid flow in the enclosure is designed in ANSYS FLUENT. Laminar,
steady-state, incompressible flow is considered with forced convective heat transfer. The
nanofluid is filled inside the enclosure and the Tiwari-Das nano-particle volume fraction model
is deployed, which is described previously. The fundamental equations for steady viscous,
incompressible laminar flow are the two-dimensional time-independent Navier-Stokes
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equations, which in a Cartesian coordinate system are reduced from the general 3-D equations
given in section 2.2-1 of chapter 2. The appropriate equations are now:
D’Alembert mass conservation (2-D continuity)
𝜕𝑢

𝜕𝑣

[𝜕𝑥 + 𝜕𝑦] = 0

Equation 3-1

x-direction momentum conservation
𝜕2𝑢

𝜕2𝑢

𝜕2𝑣

𝜕2𝑣

𝑓 [𝑢 𝜕𝑥 + 𝑣 𝜕𝑦] = 𝑓 𝐹𝑥 − 𝜕𝑥 + 𝜇𝑓 [𝜕𝑥2 + 𝜕𝑦2] -g [1-βT]
𝜕𝑢

𝜕𝑢

𝜕𝑝

Equation 3-2

y-direction momentum conservation

𝑓 [𝑢 𝜕𝑥 + 𝑣 𝜕𝑦] = 𝑓 𝐹𝑦 − 𝜕𝑦 + 𝜇𝑓 [𝜕𝑥2 + 𝜕𝑦2]
𝜕𝑣

𝜕𝑣

𝜕𝑝

Equation 3-3

Energy conservation
𝜕𝑇

𝜕𝑇

𝜕2𝑇

𝜕2𝑇

𝑢 𝜕𝑥 + 𝑣 𝜕𝑦 = 𝛼𝑚 (𝜕𝑥 2 + 𝜕𝑦 2) + Qrad

Equation 3-4
𝑘

Here (u,v) are velocity components in the (x,y) directions, 𝛼𝑚 =  𝐶𝑓 is the thermal diffusivity,
𝑓 𝑝
which is a measure of thermal inertia and 𝑘𝑓 = fluid thermal conductivity (W/mK), 𝑓 = density
(kg/m3), Cp = specific heat capacity of the nanofluid (J/Kg.K). When αm is high, the heat moves
fast and the nanofluid conducts heat quickly (higher thermal conductivity). T denotes
temperature (K), -g [1-βT] is the thermal buoyancy force (featured in the x-momentum
equation which couples this equation with the energy equation, where T is the temperature
difference between the hot and cold walls (i.e. TH-TC) and Qrad is the radiative heat flux.
ANSYS FLUENT software provides a solar load model (for both steady and time-dependent
flows) which may be implemented to compute the radiation effects from the sun rays entering
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the computational domain; however, the solar load model is only available for 3-dimensional
modelling. In the present simulation, the Rosseland and P1 algebraic flux models are therefore
employed to simulate radiative heat transfer via the radiative flux term, Qrad. The principal
focus is to study the heat absorption capability of various types of nanofluids. The solar
radiative flux is therefore fixed in the y-direction (imposed on the hot left wall) with a specific
intensity of 877 W/m2. The solar calculator utility in ANSYS FLUENT (solar load model) is
de-selected. To simulate nano-particle effects, the Tiwari-Das model is employed which allows
different concentrations (volume fraction) and types of metallic nano-particles to be simulated.
In ANSYS, this approach is implemented as a “one-phase flow” modification since the
particles are very small. A nanofluid is defined in the ANSYS FLUENT workbench as a new
fluid with a new density, viscosity, thermal conductivity and specific heat obtained as a
function of a base fluid and nano-particle type and concentration (volume fraction. The volume
fraction can be estimated from:
ϕ=

vnp

Equation 3-5

vf

Where ϕ =volume fraction, Vnp = nano particles volume and Vf = volume of fluid. The dynamic
viscosity can be estimated from:
μf

μnf = (1−ϕ)2.5

Equation 3-6

Here μnf = dynamic viscosity of nanofluid (kg/m.s), μf = dynamic viscosity of base fluid. The
effective density and heat capacity also can be estimated from:
ρnf = (1 − ϕ)ρf + ϕρs
Cpnf =

Equation 3-7

(1−ϕ)(ρCp)f+ϕ(ρCp)
ρ𝑛𝑓

,

Equation 3-8
97

Here 𝜌𝑛𝑓 = nanofluid density, 𝜌𝑓 = base fluid density, 𝜌𝑠 = nanoparticle density, 𝐶𝑝𝑛𝑓 = nanofluid
specific heat. The effective thermal conductivity of fluid can be determined by the MaxwellGarnet relation which is adopted in Tiwari and Das:
Knf
kf

=

ks+2kf−2ϕ(kf−ks)

Equation 3-9

ks+2kf−ϕ(kf−ks)

Here knf =nanofluid thermal conductivity, kf= fluid thermal conductivity and kS = nanoparticle
thermal conductivity. All calculated nanofluid properties (for the three different metallic
nanoparticles studied i. e. copper, silver and titanium oxide) at the two volume fractions studied
are given in the Appendix. The key local dimensionless parameters which may be computed
in ANSYS FLUENT are local Rayleigh number (ratio of thermal buoyancy and viscous
hydrodynamic force) and the Nusselt number (heat transfer rate along the left wall). These may
be defined as:
𝑔𝛽

Rayleigh number: 𝑅𝑎𝑦 = 𝑉𝛼𝑚 (𝑇)𝑦 3
ℎ𝐿

Nusselt number: 𝑁𝑢 = 𝑘𝑛𝑓 =

′′
𝑞𝑤
𝐶𝐹𝐷 (𝐿)

𝑘𝑛𝑓(𝑇)

Equation 3-10

Equation 3-11

Here g denotes is gravity, β is coefficient of thermal expansion, m is thermal diffusivity, y is
coordinate, h is convective heat transfer coefficient, B is the width of the enclosure, L is height
′′
of the enclosure (aspect ratio AR = L/B), 𝑞𝑤
𝐶𝐹𝐷 is the heat flux rate computed in ANSYS

FLUENT. In addition to no-slip boundary conditions at the walls of the enclosure, the following
thermal boundary conditions are imposed:
Left wall: Constant temperature, T= 390 K
Right wall: Constant temperature, T= 290 K
Top and Bottom walls: Adiabatic
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Radiative heat transfer is also incorporated using the ANSYS P1 model and Rosseland radiative
models. The Rosseland radiation model assumes that the intensity is the black-body intensity
at the nanofluid temperature. The standard thermal conduction flux is augmented with the
radiative flux, Qrad. The Rosseland model is simpler but less realistic than the Trauggott P1
differential since the latter is not restricted to optically thick fluid media. However significantly
higher mesh density is required for the P1 model. Both models are available in ANSYS with
the pressure-based solver, which is therefore deployed in the present computations.

3.1 Grid Sensitivity Analysis
In a CFD solution, the sum is never identically zero, but (hopefully) decreases with progressive
iterations. A residual can be thought of as a measure of how much the solution to a given
transport equation deviates from. The average residual associated with each transport equation
is monitored, to help determine when the solution has converged. For this simulation,
thousands of iterations are required to converge on a final solution and the residuals may
decrease by several orders of magnitude. In addition to the convergence from ANSYS residual
print plot, as explained above, the grid sensitivity analysis was conducted by refining the mesh
of the model until the results were constant as shown in Figure 3.2.
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Grid Sensitivity Analysis
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Figure 3.2: Grid Sensitivity Analysis

3.2 Validation with Published Studies
To validate the results obtained from the ANSYS Model of the natural convection inside an
enclosure filled with copper-water nanofluid, with a Rayleigh number of 103, was compared
with a study conducted by (Abu-Nada & Oztop, 2009) as shown in Figure 3.3 and Figure 3.4.
Since the study used dimensionless units, to show stream function and temperature, it is
difficult to replicate the values of the result. Therefore, the result will be only compared with
the pattern of the stream function and temperature contour. The CFD simulation, using ANSYS
fluent, agrees with the results produced by (Abu-Nada & Oztop, 2009) since both of the stream
function and temperature contour patterns show very close similarity. Other test cases were
also conducted to further confirm confidence in the ANSYS FLUENT model. Once confidence
has been established in the simulations it is possible to progress with complexity in the
geometry.
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Figure 3.3 Finite Volume results for Streamline and Isotherm plots for copper-water nanofluid, with a
Rayleigh number of 103, volume fraction of 0.01 (Abu-nada & Oztop, 2009)

Figure 3.4 ANSYS FLUENT Streamline and Isotherm plots for copper-water nanofluid, with a Rayleigh
number of 103, volume fraction of 0.01

3.3 Results and Discussion
The ANSYS FLUENT results are depicted in Figure 3.5, Figure 3.6, and Figure 3.7 illustrate
the results obtained with different radiative flux models, for temperature contour (isotherm)
plots for Silver-water nanofluid with low volume fraction = 0.01 (1%), for a square enclosure
(AR = 1) with Rayleigh number, Ra = 104 and radiative absorption coefficient of 0.2.
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Figure 3.5 Isotherms for silver-water nanofluid, Ra = 104, Rosseland flux model with Ф = 0.01.

Figure 3.6 Isotherms for silver-water nanofluid, Ra = 104, no radiative flux with Ф = 0.01.
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Figure 3.7 Isotherms for silver-water nanofluid, Ra = 104, P1 radiative flux with Ф = 0.01.

Silver water nanofluid is studied since it has proved very promising for achieving high heat
transfer rates, and silver has the advantage of anti-microbial properties and requiring less
maintenance than other metallic nanoparticles (Nasrin, et al., 2004). (Roy, et al., 2015) have
also confirmed experimentally that silver-water nanofluids achieve improved heat transfer even
at relatively low volume fractions (less than 5 %) although they considered only flat plate solar
collectors. In the present study a solar flux is specified of 877W/m2 which is also consistent
with the solar radiation flux values examined by (Roy, et al., 2015) (among others) who
considered the range 800 W/m2 to 1000 W/m2. (Ozsoy & Corumlu, 2018) have also verified
the superior thermal efficiency and long-term stability of silver-water nanofluids in
thermosyphon heat pipes in evacuated tube solar collectors. They found that silver
nanoparticles enhance solar collector efficiency from 20.7% and 40% compared with the pure
water. In the simulations conducted therefore we first elaborate on silver-water nanofluid
performance and thereafter compare with an alternative metallic nanofluid, namely Titanium
oxide-water.
It is evident that the Rosseland flux model Figure 3.5 predicts a temperature ﬁeld significantly
diﬀerent from that obtained without radiation Figure 3.6. For the low optical thickness in this
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problem, the temperature ﬁeld predicted by the Rosseland model is not physically realistic. The
P-1 differential radiative model Figure 3.7 produces a more homogenous thermal effect
adjacent to the hot wall and enables radiative flux to penetrate more evenly through the
nanofluid enclosure, whereas the Rosseland model predicts a biased temperature enhancement
only in the top left corner. The isotherms are weakly distorted with the Rosseland model
whereas they are substantially morphed with the P1 flux model and heat permeates the
enclosure more strongly in the upper zone with cooler fluid in the lower zone. There however
remains a dominant thermal zone associated with radiative flux in the vicinity of the left
(heated) solar receiving wall. Furthermore, the hotter isotherms are more widely dispersed for
the P1 flux model case which clearly simulates the absorption of radiation more accurately than
the Rosseland flux model. With no radiation present no tangible thermal penetration is achieved
and there is no distortion in isotherms. Radiative flux therefore exerts a considerable role and
the simulations since it augments the thermal diffusivity of the working fluid. Apparently solar
collector models including this mode of heat transfer produce more realistic representations of
solar heat flux absorption.

Figure 3.8 Streamline distributions for silver-water nanofluid, Ra = 104, P1 flux model with Ф = 0.01.
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Figure 3.9 Streamline distributions for silver-water nanofluid, Ra = 104, Rosseland flux with Ф = 0.01.

Figure 3.8 and Figure 3.9 visualize the streamline (velocity contour) plots obtained again for
Silver-water nanofluid with low-volume fraction = 0.01 (1% doping), for a square enclosure
(AR = 1) with Rayleigh number, Ra = 104 and radiative absorption coefficient of 0.2. Although
a single cell is computed for both cases, significantly higher magnitudes are observed with the
P1 flux model (Figure 3.8) compared with the Rosseland model (Figure 3.9). An almost
stagnant zone arises at the centre of the enclosure where vorticity effects are minimized. The
streamlines are also in closer proximity especially in the periphery of the enclosure where
higher temperature is generated for the P1 model case (Figure 3.8). In the vicinity of the
enclosure walls, there is elevated mobility of silver nanoparticles and a reduction in viscosity.
Acceleration is therefore computed in this region and this concurs with the findings of Qi et al.
[34] although they considered Gallium as the base fluid. Since the velocity field is coupled to
the temperature field in natural convection, it is influenced by radiative transfer flux. The P1
model yields the correct velocity proﬁles since the radiation source in the energy equation,
which is proportional to the absorption coeﬃcient, is small. The Rosseland model uses an
eﬀective conductivity to account for radiation, and yields the wrong temperature ﬁeld, which
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in turn results in markedly lower accuracy in the computation of the velocity ﬁeld and
streamline distribution.

Figure 3.10 Isotherms for silver-water nanofluid, Ra = 105, P1 radiative flux with Ф = 0.04.

Figure 3.11 Isotherms for silver-water nanofluid, Ra = 105, no radiative flux with Ф = 0.04
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Figure 3.12 Streamline distributions for silver-water nanofluid, Ra = 105, P1 radiative flux with Ф = 0.04

Figure 3.13 Streamline distributions for silver-water nanofluid, Ra = 105, no radiative flux with Ф = 0.04.

Figure 3.10 and Figure 3.11 depict the isotherm plots for silver-water nanofluid with stronger
natural convection i.e., thermal buoyancy (Ra = 105) with a much higher nano-particle volume
fraction (Ф = 0.04) for the P1 flux case and no radiative heat transfer cases, respectively.
Compared with figs Figure 3.6 and Figure 3.7 (P1 flux case) a significant modification is only
observed with the P1 flux case (Figure 3.10). The hotter fluid zone is found to push further
from the hot wall and occupies a greater proportion of the enclosure. The colder zone which
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occupies the lower wall is largely eliminated and the lower right corner of the enclosure
features a much-contracted cold zone. The enhanced thermal buoyancy coupled with the four
hundred percent increase in silver nanoparticles occupying the cavity contribute strongly to
encouraging thermal diffusion and transporting heat more effectively throughout the enclosure.
Thermal conductivity of the nanofluid increases with increase in volume concentration. There
is also a reduction in thermal boundary layer thickness at the walls and colder nanofluid is
confined to the right wall with a narrower (constricted) zone in the lower half space of the
enclosure. Higher doping of silver nanoparticles successfully improves the circulation of heat
in the enclosure and is assisted by thermal buoyancy. There is a weak transition in the
isothermal profiles for the non-radiative case (Figure 3.11) compared with earlier case (Figure
3.6) - isotherms are skewed towards the right wall- however there is no tangible change in
temperatures with yellow-green zones persisting in the vicinity of the hot wall, and becoming
progressively cooler (green) towards the central area and eventually cooling further (dark green
zones) near the cold right wall. The absence of radiative heat transfer therefore has a critical
influence on the impact of higher thermal buoyancy (Rayleigh number) and increased silver
nano-particle doping. Inclusion of radiative heat transfer is essential since the entire energy in
the enclosure is received from the exterior by radiation, as noted by (Gómez, et al., 2013).
However, it is further of note that radiative heat transfer modelling could be improved
especially for directional accuracy and high participating media with alternate models such as
the Chandrasekhar discrete ordinates model, as elaborated by (Howell & Pinar Menguc, 2015).
Also, more advanced radiative models may provide deeper insight into thermophysical
behaviour of silver nano-particles, as described by (Maddah, et al., 2013). Figure 3.12 and
Figure 3.13illustrate the streamline plots again for silver-water nanofluid with stronger thermal
buoyancy (Ra = 105) with a higher nano-particle volume fraction (Ф = 0.04) for the P1 flux
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case and no radiative heat transfer cases, respectively. Compared with Figure 3.9 (Rosseland)
and Figure 3.8 (P1 flux case) a significant modification is only observed with the P1 flux case
(Figure 3.12). The central cell is warped into a peanut-shaped zone and there is a narrowing in
streamlines especially at the periphery of the enclosure. Significantly higher magnitudes are
computed compared with the lower Rayleigh number and lower volume fraction case shown
earlier (Figure 3.7). The central zone is expanded laterally but constricted vertically with
greater intensity around the periphery of the distorted inner cell. Flow acceleration is therefore
generated for the P1 flux model. Although no significant modification is observed in the
topology of the streamlines in the non-radiative case Figure 3.13 compared with Figure 3.6,
there is a notable increase in streamline magnitudes. Again, therefore the nanofluid circulation
is accelerated albeit with no distortion of the inner cell.

Figure 3.14 Isotherms for silver-water nanofluid, Ra = 106, P1 radiative flux with Ф = 0.04.

109

Figure 3.15 Isotherms for silver-water nanofluid, Ra = 106, no radiative flux with Ф = 0.04.

Figure 3.16 Streamline distributions for silver-water nanofluid, Ra = 106, P1 radiative flux with Ф = 0.04.

110

Figure 3.17 Streamline distributions for silver-water nanofluid, Ra = 106, no radiative flux with Ф = 0.04.

Figure 3.14, Figure 3.15, Figure 3.16 and Figure 3.17present the isotherm plots and streamline
plots for silver-water nanofluid with even stronger natural convection i.e. thermal buoyancy
(Ra = 106) again with high nano-particle volume fraction (Ф = 0.04) for the P1 flux case and
no radiative heat transfer cases, respectively. Comparing Figure 3.14 with Figure 3.10, there is
an even deeper penetration of hot nanofluid towards the cold (right) wall. Higher temperature
contours dominate the upper half space of the enclosure with the colder zone isolated in the
lower half space and this applies across the width of the enclosure. The maximum temperature
zone is extended in the upper left of the enclosure and orange zones protrude further into the
enclosure. Evidently higher Rayleigh number therefore mobilizes strong thermal convection
currents in the enclosure and allows enhanced transfer of thermal energy across the enclosure.
The cold blue narrow zone immediately adjacent to the right cold wall is also narrowed
noticeably and warmer nanofluid (green contours) penetrates deeper approaching more closely
to the cold wall. Figure 3.15 shows that the isotherms are further distorted with higher Rayleigh
number although yellow and green (warm) zones remain without the hotter zones extending
from the left wall. The absence of radiation therefore again leads to inadequate capturing of the
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modified thermal distribution. Figure 3.16 illustrates that yet greater distortion of the cellular
structure in the enclosure is induced with greater Rayleigh number. The central zone is further
modified into an asymmetric topology and extends further towards the left and right walls.
Much higher velocities are computed in Figure 3.12 compared with Figure 3.13since the
buoyancy effect is ten times stronger (Ra is 105 in Figure 3.12). The peanut shaped central cell
in Figure 3.13 is distinctly morphed in Figure 3.12. Streamlines are constricted again near all
the edges of the enclosure indicating intensification in the flow. The trend is that the flow is
tending towards a bifurcating cellular structure where multiple zones are synthesized in the
central area of the enclosure. Instability can be induced thereafter, and attention is therefore
limited in the simulations to Ra = 106 as the maximum Rayleigh number studied. Figure 3.17
shows that the streamline distributions are skewed slightly towards the upper right of the
enclosure with Ra = 106 compared with Figure 3.13 (Ra = 105). The central zone is also
somewhat expanded compared with higher Rayleigh number i.e., stronger natural convection.
However, there is a distinct deceleration in the flow i.e., streamline magnitudes are reduced
with greater Rayleigh number for the non-radiative case.
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Figure 3.18 Nusselt numbers along hot wall for silver-water nanofluid, P1 flux with Ф = 0.04 for different
Rayleigh numbers

Figure 3.18 depicts the influence of Rayleigh number on Nusselt number along the heated (left)
wall for silver water nanofluid at 4% volume fraction, once again for a square enclosure (aspect
ratio, AR = 1). These profiles correspond only to the P1 radiative flux model. An increase in
Rayleigh number clearly elevates strongly the local Nusselt number magnitudes. There is also
a considerable elevation in Nusselt number as we progress from the base of the enclosure (y =
0) to the top of the enclosure (y =1). Minimal Nusselt number is consistently computed at the
base of the left wall and maximum Nusselt number at the top of the wall, irrespective of the
Rayleigh number. Increasing thermal buoyancy therefore exerts a significant influence on wall
heat transfer characteristics at the solar flux loaded boundary (hot left wall).
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Figure 3.19 Nusselt numbers for different nanofluids, P1 flux with Ф = 0.04, Ra = 10 4.

Nusselt Number Ra 100000
50

45

Nu

40
Ag
35

TiO2

30

25
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Location in y axis (m)

Figure 3.20 Nusselt numbers for different nanofluids, P1 flux with Ф = 0.04, Ra = 105

114

Nusselt Number Ra 1000000
60

55

Nu

50
Ag
45

TiO2

40

35
0

0.2

0.4

0.6

0.8

1

Location in y axis (m)

Figure 3.21 Nusselt numbers for different nanofluids, P1 flux with Ф = 0.04, Ra = 106.

Figure 3.19, Figure 3.20 and Figure 3.21 illustrate the relative performance, in terms of Nusselt
number achieved with silver-water nanofluid and Titanium oxide-water nanofluid, again with
the P1 flux radiative model and 4% volume fraction. Titanium oxide has a significantly lower
thermal conductivity than silver and the latter is also more stable (longer shelf life) when
suspended in base water (Gómez, et al., 2013). Silver has superior optical (reflective) properties
whereas titanium has anti-corrosion properties. However, Titanium is less than half the density
of silver and therefore less liable to settle towards the base of the solar collector over longer
periods of use. All metallic nanoparticles tend to agglomerate or aggregate due to the van der
Waals forces, which can bind several particles together into a lump of particles. As a result of
gravitational effects, these denser metallic nanoparticles will conglomerate at the base of the
container (solar collector). The overall nanofluid thermal conductivity will therefore be
modified since better performance requires uniform distribution of nanoparticles throughout
the base fluid. While silver water nanofluid will have a significantly greater overall thermal
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conductivity than titanium oxide water nanofluid, the latter will still have a much greater
thermal conductivity compared to water. (Fedele, et al., 2012) and (Saleh, et al., 2014) have
further elaborated that the interfacial layer of water molecules engulfing the metallic
nanoparticles enhances thermal conductivity since the water molecules surrounding the
nanoparticles exhibit greater order and uniform distribution compared with pure water
molecules further from the nano-particles. Very close magnitudes are computed for the Nusselt
numbers with both silver and titanium oxide nanofluids at any given Rayleigh number,
although the magnitudes are marginally higher for titanium oxide. Initially all profiles descend
from the hot wall and thereafter rise steadily with distance along the wall culminating in the
maximum Nusselt number near the top of the left hot wall. With increasing Rayleigh number
from 104 (Figure 3.19) to 105 (Figure 3.20) to 106 (Figure 3.21) there is a progressive increase
in Nusselt number indicating greater heat transfer to the enclosure nanofluid. Other
mechanisms may also contribute in addition to thermal buoyancy, such as thermophoresis and
Brownian motion. However, these cannot be simulated with the Tiwari-Das nanofluid model
and require alternative nanoscale mathematical models (Vasu, et al., 2019) and (Prakash, et al.,
2019) which are not available in ANSYS FLUENT software.
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Figure 3.22 Isotherms for Titanium oxide-water nanofluid, P1 flux with Ф = 0.04, Ra = 10 5 and
absorption coefficient of 0.2 for aspect ratio AR = 4.

Figure 3.23 Streamlines for Titanium oxide-water nanofluid, P1 flux with Ф = 0.04, Ra = 105 and
absorption coefficient of 0.2 for aspect ratio AR = 4.
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Figure 3.24 Isotherms for Titanium oxide-water nanofluid, P1 flux with Ф = 0.04, Ra = 10 5 and
absorption coefficient of 0.2 for aspect ratio AR = 2

Figure 3.25 Streamlines for Titanium oxide-water nanofluid, P1 flux with Ф = 0.04, Ra = 10 5 and
absorption coefficient of 0.2 for aspect ratio AR = 2.
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Figure 3.26 Isotherms for Titanium oxide-water nanofluid, P1 flux with Ф = 0.04, Ra = 10 5 and
absorption coefficient of 0.2 for aspect ratio AR = 4/3.

Figure 3.27 Streamlines for Titanium oxide-water nanofluid, P1 flux with Ф = 0.04, Ra = 105 and
absorption coefficient of 0.2 for aspect ratio AR = 4/3.
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Figure 3.28 Isotherms for Titanium oxide-water nanofluid, P1 flux with Ф = 0.04, Ra = 105 and
absorption coefficient of 0.2 for aspect ratio AR = 1 (square cavity).

Figure 3.29 Streamlines for Titanium oxide-water nanofluid, P1 flux with Ф = 0.04, Ra = 10 5 and
absorption coefficient of 0.2 for aspect ratio AR = 1 (square cavity).
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Figure 3.30 Isotherms for Titanium oxide-water nanofluid, P1 flux with Ф = 0.04, Ra = 10 5 and
absorption coefficient of 0.2 for aspect ratio AR = 0.5 (shallow cavity).

Figure 3.31 Streamlines for Titanium oxide-water nanofluid, P1 flux with Ф = 0.04, Ra = 10 5 and
absorption coefficient of 0.2 for aspect ratio AR = 0.5 (shallow cavity).

From Figure 3.22-Figure 3.31illustrate the impact of aspect ratio on isotherms and streamline
plots. In these figures we consider Titanium oxide-water nanofluid with the P1 radiative flux
model, volume fraction of Ф = 0.04, and Ra = 105. The solar heat flux is maintained at the
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same value on the left hot wall. Five different aspect ratios (AR) are considered: 4 (very tall
enclosure), 2 (tall enclosure), 4/3 (an enclosure which is slightly taller than wide), 1 (square),
to 0.5 (shallow enclosure). Comparing isotherms first we consider the variation in Figure 3.22
(AR = 4), Figure 3.24 (AR = 2), Figure 3.26 (AR = 4/3), Figure 3.28 (AR = 1) and finally
Figure 3.30 (AR = 0.5). Significant alteration in the temperature contours is instigated with a
progressively decreasing aspect ratio. With decreasing aspect ratio (AR = ratio of height of
enclosure to width of enclosure) hotter nanofluid begins to penetrate deeper into the upper half
space. The cold zone (blue contours) adjacent to the right wall becomes increasingly localized
in the lower half space of the enclosure. This process is accentuated as we reduce the AR from
4.3 to 1 and then eventually dominates with a shallow enclosure yellow and green contours
occupying most of the enclosure space indicating enhanced thermal diffusion and more
homogenous heat distribution throughout the collector geometry. Lower aspect ratio therefore
encourages the synthesis of dual thermal zones at the upper and lower zones of the enclosure.
Overall, the isotherms are compressed towards the hot wall and the cold ceiling and most of
the enclosure is occupied by warmer fluid at higher aspect ratios. Due to this effect, the single
cell is expanded in both vertical and horizontal directions at higher aspect ratio with lesser
distortion in the flow. This expansion results in boundary layer formation and is opposed at
lower aspect ratios. The colder zone morphs from a blunt topology into a sharper bullet-shaped
profile with smaller aspect ratio. Similar observations have been reported by (Sheikhzadeh &
Nikfar, 2013). Comparing streamline plots (based on stream function) we study the variation
in Figure 3.23 (AR = 4), Figure 3.25 (AR = 2), Figure 3.27 (AR = 4/3), Figure 3.29 (AR = 1)
and finally Figure 3.31 (AR = 0.5). Significant alteration in the temperature contours is
instigated with a progressively decreasing aspect ratio. For aspect ratio greater than unity
(Figures 18, 20 and 22) there is a distinct singular cell structure to the enclosure circulation.
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The structure is elongated in the vertical direction in Figure 3.22 and Figure 3.24 but disperses
more laterally in Figure 3.26. A significant deceleration in the flow accompanies a decrease in
aspect ratio from 4 to 2 i.e., lower magnitudes of stream function are computed. However, this
trend is reversed with subsequent decrease in aspect ratio to 4/3 for which acceleration is
computed and this pattern continues with even further decrease in aspect ratio to unity and
finally to 0.5 (Figure 3.30). The singular cell structure is retained however only down to an
aspect ratio of 4/3 and there is an increasing skewness in distributions towards the upper right
corner of the cavity. At AR = 1 (Figure 3.28) a dual structure begins to emerge in the centre of
the enclosure. At higher aspect ratio, the streamline distributions are more symmetrical whereas
for AR =1 and more so for AR = 0.5 (Figure 3.30) a dis-symmetry is observed, and a skewness
emerges in the circulation which is biased towards the opposite wall i.e., the left hot wall of the
solar enclosure. Vortex structure is therefore clearly influenced by aspect ratio. The central cell
zone becomes increasingly elongated and distorted for AR = 0.5.
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Figure 3.32 Nusselt numbers along hot wall for Titanium oxide-water nanofluid, P1 flux with Ф = 0.04,
Ra = 105 with different enclosure aspect ratios (AR)

123

Figure 3.32 shows the Nusselt number distribution along the left hot wall for Titanium oxidewater nanofluid with the P1 radiative flux model, volume fraction of Ф = 0.04, and Ra = 105.
Nusselt number at the left hot wall is maximized at low aspect ratio (AR =0.5) and minimized
at high aspect ratio (AR = 4) indicating that shorter and wider solar enclosures achieve
significantly better heat transfer rates than taller and narrower enclosures. At highest aspect
ratio (AR = 4) Nusselt number remains invariant from the base of the hot wall for most of the
length and is only increased marginally in the vicinity of the uppermost region along the wall.
However, for lower aspect ratios Nusselt number generally grows consistently with progression
along the heated wall from the base to the upper end. Generally, titanium oxide-water nanofluid
produces quite good thermal enhancement compared with pure water.

3.4 Conclusions
Computational simulations of steadystate nanofluid natural convection with thermal radiation
in a two-dimensional solar collector enclosure have been presented. ANSYS FLUENT finite
volume code (version 19.1) has been deployed. The Tiwari-Das volume fraction nanofluid
model is used and three different nanoparticles are studied (Copper (Cu), Silver (Ag) and
Titanium Oxide (TiO2)) with water as the base fluid. The Trauggot P1 flux and Rosseland
diffusion models have been utilized to analyse radiative heat transfer which is imposed as solar
thermal radiative flux at the hot left wall of the enclosure. Mesh-independence tests have been
included. ANSYS isotherm and streamline computations have been validated with published
studies from the literature for the copper-water nanofluid case. Extensive results have been
presented for temperature contours, streamlines and Nusselt number distribution along the
heated wall for both silver-water and titanium oxide-water nanofluids. The present
investigation has shown that:
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i)P1 model more accurately predicts the actual influence of solar radiative flux on thermal fluid
behaviour compared with Rosseland radiative model and accurately reproduces the penetration
of heat deeper into the enclosure.
ii)With increasing Rayleigh number (natural convection i.e. buoyancy effect), significant
modification in the thermal flow characteristics is induced with emergence of a dual structure
to the circulation. Temperatures are generally enhanced with greater Rayleigh number for the
both the silver-water nanofluid case and titanium oxide water nanofluid case, although greater
temperatures are computed in the former and slightly higher Nusselt numbers in the latter.
iii)With decreasing aspect ratio (wider base relative to height of the solar collector geometry)
higher temperatures are generated in the enclosure and hotter titanium oxide water nanofluid
reaches deeper into the enclosure space. At lower aspect ratio (less than or equal to unity) dual
thermal zones are generated in the upper and lower zones of the enclosure.
iv) A substantial deceleration in the titanium oxide water nanofluid flow is induced initially
with a decrease in aspect ratio from 4 to 2; however, this pattern is reversed with subsequent
decrease in aspect ratio (aspect ratio of 4/3, 1 and 0.5) and flow is accelerated. The singular
symmetric cell structure observed at higher aspect ratio is modified into a non-symmetric
laterally elongated structure at low aspect ratios.
v) With increasing nano-particle volume fraction of silver nanoparticles, heat circulation in the
enclosure is encouraged, thermal conductivity is enhanced, and this is also assisted at greater
Rayleigh numbers.
vi) Higher Rayleigh number and nano-particle fraction also causes the central cell to be warped
in the streamline distribution and accelerates the flow in the enclosure.
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CFD has been shown to be a useful tool in studying metallic nanofluid-solar collector
performance. The present simulations provide a solid benchmark for the subsequent chapters
and established great confidence in ANSYS FLUENT. In chapter 4 I shall describe a trapezium
geometrical solar enclosure with zinc and diamond (carbon-based) nanoparticles. The model
in chapter 4 is the last of the 2-D simulations- all subsequent chapters address fully 3-D models.

PUBLICATION NOTE
A version of this chapter was published in S. Kuharat, O. Anwar Bég, Ali Kadir and B. Vasu,
Computation of metallic nanofluid natural convection in a two-dimensional solar enclosure
with radiative heat transfer, aspect ratio and volume fraction effects, Arabian J. Science and
Engineering (2020). (19 pages). doi.org/10.1007/s13369-020-04678-1 [Impact factor 1.8]. A
shorter version was presented at the International Conference on Innovative Applied Energy
(IAPE’19), Oxford, United Kingdom, 14-15 March (2019).
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Chapter 4 Diamond and Zinc Nanoparticles Performance in A
Water-Based Trapezium Direct Absorber Solar Collector

Abstract
Following from chapter 3 which investigated heat transfer behaviour in a simple 2-dimensional
quadrilateral enclosure with Copper, Silver and Titania Metallic nanoparticles in base water
fluid, this chapter will investigate the slightly more complex geometry of a trapezium where a
change in inside walls angles influences the heat and flow circulation. These include both
carbon-based (e.g. silicates, diamond, carbon nanotubes) and metallic nanoparticles (gold,
silver, copper, tin, zinc etc). By combining these nanoparticles with water base fluids, to create
nanofluids, improved performance can be achieved in direct absorber solar collector (DASC)
systems. In the current work, motivated by these developments, a finite volume code (ANSYS
FLUENT ver. 19.1) is employed to simulate the relative performance of both carbon-based
(i.e., diamond) and metal-based (i.e., zinc) nanoparticles in a trapezium geometry. The TiwariDas formulation is implemented to compute viscosity, thermal conductivity and heat capacity
properties for diamond-water and zinc-water nanofluids at different volume fractions. Steady
state nanofluid buoyancy-driven incompressible laminar Newtonian convection is examined.
The SIMPLE solver is deployed, and residual iterations utilized for convergence monitoring.
Mesh independence is included. Verification with the penalty finite element computations of
Natarajan et al. (Int. J. of Heat and Mass Transfer, 51:747-756, 2008) for the case of a
Newtonian viscous fluid (zero volume fraction) is also conducted and excellent correlation
achieved. Isotherm, streamline and local Nusselt number plots are presented for different
volume fractions, sloping wall inclinations (both negative and positive slopes are considered)
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and Rayleigh numbers. Vortex structure and thermal distributions are shown to be modified
considerably with these parameters. Overall diamond achieves higher heat transfer rates while
more stable velocity distributions are produced with zinc nanoparticles. These trends are
amplified at higher volume fractions. The present computations may be further generalized to
the three-dimensional case although this requires significantly greater mesh densities and
compilation times.

4.1 Mathematical Model
Computational Fluid Dynamics software (ANSYS FLUENT) (ANSYS, Inc, 2018) is used to
simulate a two-dimensional model of natural convection flow of diamond and zinc-water-based
nanofluids in a trapezium enclosure, illustrated in Figure 4.1. The nanofluid (solar absorber
liquid) flow is considered to be laminar, steady-state and incompressible. The Tiwari-Das
nano-particle volume fraction model is deployed (Bég, et al., 2019) and is described in due
course.

Figure 4.1 Trapezium water nanofluid direct absorber solar collector
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The fundamental equations for steady viscous, incompressible laminar flow i.e. Navier-Stokes
equations with the thermal convection energy equation are solved where the simulation is twodimensional and time independent in a Cartesian coordinate system. These equations take the
following form:
Continuity Equation:
𝜕𝑢
𝜕𝑥

+

𝜕𝑣
𝜕𝑦

=0

Equation 4-1

x-direction momentum
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Energy equation
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𝑢 𝜕𝑥 + 𝑣 𝜕𝑦 = 𝜌

𝑛𝑓 𝑐𝑝

𝛻2𝑇

Equation 4-4

There is no heat transfer though the top wall (adiabatic condition). No slip boundary conditions
are assumed on all walls of the enclosure (cavity). Furthermore, the following thermal
boundary conditions are imposed:
Left cold wall: Constant temperature, T= 300 K
Right cold wall: Constant temperature, T= 300 K
Bottom hot wall: Constant temperature, T= 305 K

Equation 4-5

The remaining walls: Adiabatic
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A Rayleigh number can also be defined as follows:

𝒈𝜷

𝑹𝒂 = 𝑽𝜶𝒎 (𝑻𝒔 − 𝑻∞ )𝒚𝟑

Equation 4-6

Rayleigh number can also be explained as follows: Rayleigh number (Ra) is a dimensionless
number that signifies the ratio of thermal buoyancy and viscous force. Nusselt number (Nu)
gives a measure for heat transfer rate along the hot wall of the two-dimensional enclosure. In
Eqn. (4-3), the term (𝜌𝛽)𝑛𝑓𝑔(𝑇 − 𝑇𝑤) symbolizes the thermal buoyancy force. Since the
changes in temperature and density of the nanofluid in this simulation are small, thus the
Boussinesq model is employed. Boussinesq’s model (named in honour of the great French
engineer and mathematician J. Boussineq) considers density to be invariant for all the solved
equations in (ANSYS, Inc, 2018); this provides faster convergence in comparison to setting up
the problem with fluid density as a function of temperature. This approximation is accurate
provided β(T-Tw) is less than or equal to unity. Absorber fluid i.e. nanofluid transport is
modelled as a “pseudo single-phase flow” since the nanoparticles are very small (the scale is
one billionth of a metre). Eqns. (4-1)-(4-4) with the associated boundary conditions (4-5) are
solved by (ANSYS, Inc, 2018) software and the temperature along the solid–air interfaces is
computed as part of the solution. This finite volume code has been deployed extensively by the
authors in many areas including photovoltaic thermofluids (Sze, et al., 2011), aerodynamics
and gas dynamics (Daud, et al., 2012) (Daud, et al., 2011) (Bég, et al., 2018) (Bég, et al., 2019)
(Kadir, et al., 2019) and nanofluid solar collector simulations (Kuharat, et al., 2019) (Kuharat
& Bég, 2019) (Bég, et al., 2020) (Al-Srayyih, 2019). The solution of the model gives the
temperature and velocity fields and hence total heat flux across the heated wall, local and
average Nusselt numbers along the heated wall, as well as the flow streamlines and surface
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shear stress. A nanofluid is defined in ANSYS FLUENT workbench as a “new fluid” with a
new density, viscosity, thermal conductivity and specific heat obtained as a function of a base
fluid and nano-particle type and concentration (volume fraction), according to Brinkman as
described in (Akbarzadeh & Fardi, 2018).

4.2 Grid Sensitivity Analysis
Extensive grid independence tests were conducted of the trapezium mesh for air inside
trapezium geometry with φ=30 and Ra 105 shown in Figure 4.2. within the grid dependet study
five different uniform grids system of 1288, 2030, 3572, 4472 and 5244 are conducted. The
result in an averagee nusselt number of the fluid is increase with a number of the elements
untill a small difference is observed between 4472 elements and 5244 elements which can be
consider nelegible which indicated that the simulation is convergent. The finalized mesh is
shown in Figure 4.3. 5244 triangular elements were deployed.

Figure 4.2 Grid refinement test
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Figure 4.3 Final Mesh design for nanofluid DASC

To verify the accuracy of the ANSYS FLUENT computations, a comparison has also been
made for the purely Newtonian fluid case with the exact trapezium geometry and boundary
conditions employed in the finite element simulations of (Natarajan, et al., 2008). The
comaprison of temperature contours (isotherms) is shown in Figure 4.4.

Figure 4.4 Comparison of ANSYS FLUENT and FEM solution of (Natarajan, et al., 2008).

Excellent correlation is achieved and therefore confidence in the present ANSYS FLUENT
code is justifiably high.
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4.3 Results and Discussion
Ansys fluent results are presented in Figure 4.5-Figure 4.16. We consider the influence of
individual parameters in turn in the ensuing discussion.
Effects of Rayleigh number and inclination on the streamlines and isotherms (diamond)
The progression of flow and thermal fields within the trapezoidal enclosure for Ra = 103, 104,
105, and 106 and tilt angle, Ø = 30°, 20°, 10°, 0°, and -10° are presented in Figure 4.5-Figure
4.9. The flow and temperature fields are symmetrical about the vertical y-axis as boundary
conditions are the same for both left and right inclined sidewalls. As predicted, hot fluid mainly
rises up from the middle of the heated wall due to an effect of thermal buoyancy force. The
flow is redirected down along the walls forming two symmetric vortex cells with clockwise
and anticlockwise rotations inside the cavity.

Ra 103

Ra 104

Ra 105

Ra 106

a) Isotherm
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Figure 4.5 Diamond-Water Based Nanofluid with volume faction φ = 0.02, 𝒂𝒏𝒈𝒍𝒆 (∅) = −𝟏𝟎°
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Figure 4.6 Diamond-Water Based Nanofluid with volume faction φ = 0.02, 𝒂𝒏𝒈𝒍𝒆 (∅) = 𝟎°
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Figure 4.7 Diamond-Water Based Nanofluid with volume faction φ = 0.02, 𝒂𝒏𝒈𝒍𝒆 (∅) = 𝟏𝟎°
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Figure 4.8 Diamond-Water Based Nanofluid with volume faction φ = 0.02, 𝒂𝒏𝒈𝒍𝒆 (∅) = 𝟐𝟎°
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Figure 4.9 Diamond-Water Based Nanofluid with volume faction φ = 0.02, 𝒂𝒏𝒈𝒍𝒆 (∅) = 𝟑𝟎°
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Figure 4.10 Total heat flux vs Rayleigh number

Diamond-Water Based Nanofluid with volume faction φ = 0.02
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Figure 4.11 Surface heat transfer coef. vs Rayleigh number

Diamond-Water Based Nanofluid with volume faction φ = 0.02
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Average Nusselt number vs Rayleigh number
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Figure 4.12 Average Nusselt number vs Rayleigh number

Diamond-Water Based Nanofluid with volume faction φ = 0.02
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With increasing Rayleigh number, the hot zone at the trapezium base is progressively
suppressed. Heat transfer to the wall is therefore inhibited. However, there is a concurrent
expansion in warmer fluid through the core region and the cooler zones at the sidewalls are
contracted. Heat is therefore circulated more efficiently in the enclosure with increasing
thermal buoyancy effect. At very high Rayleigh number (with volume fraction fixed at 2%,
diamond nanofluid case, Figure 4.5) the streamlines are also morphed considerably, and the
dual vortex structure is stretched in the vertical direction. The cells are increasingly lop-sided
as compared with lower Rayleigh numbers. For the rectangular case (slope angle = 0) and the
same volume fraction (2%, diamond case), the green zones are significantly expanded in the
upper section of the enclosure with increasing Rayleigh number. Also, there is an elimination
in the skewing of the dual vortex zones at higher Rayleigh numbers; however some distortion
is induced at the upper and lower wall zones in the streamlines which are not as controlled as
in the trapezium case. With positive side wall inclination (10 degrees), as observed in Figure
4.7, there is a much more consistent distribution of heat achieved throughout the trapezium and
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this is encouraged with greater Rayleigh number. However, at highest Rayleigh number, colder
regions emerge in a symmetric fashion which implies that a critical Rayleigh number between
106 and 107 exists where the best temperature distribution is obtained in the solar collector.
The dual vortex structure witnessed in the streamlines is much more stable in Figure 4.7 than
in previous figures (negative slop case, Figure 4.5 and rectangular case, Figure 4.6). This would
indicate that the strong positive slope trapezium produces the most regulated circulation
compared with the other configurations. However, it does not achieve the best heat transfer to
the boundaries, which is generally obtained with the strong negative slope case (Figure 4.5 i.e.,
-10 degrees inclination). While the trend in isotherms is sustained with even greater positive
sidewall slope (Figure 4.8) i.e. expansion in homogenous heat distribution, the vortex cells
(streamlines) are increasingly warped with higher Rayleigh numbers, in particular at the top
left and right corners of the cavity. A counterproductive distribution in both isotherms and
streamlines is further witnessed with even greater side wall slope angle (Ø = 30 degrees i.e.
gentle slope) in Figure 4.9 It would appear therefore that optimum results in terms of heat
transmission to the boundaries, are produced for the strong negative slope (-10 degrees i.e.
Figure 4.5) even at relatively low diamond nanoparticle volume fraction (2%). It is also
noteworthy that even at low Rayleigh numbers, e.g. Ra = 103, viscous forces are considerably
greater than the buoyancy forces and, therefore heat transfer is essentially diffusion dominated
and the shape of the streamline tends to follow the geometry of the enclosure. For Ra = 105
and 106, it is remarkable to observe that the streamline of temperature contours near the walls
tend to have a neck formation cause by a strong circulation of a higher Rayleigh number which
contrasts the flow pattern for Ra = 103. The core of the circulating rolls narrower with the
increase of Ra indicating a significant increase in the intensity of convection.
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Total heat flux
Figure 4.10 shows results of total heat flux with change in Rayleigh number for diamondwater based nanofluid with volume fraction, ϕ = 0.02 at different sidewall inclination angles
(30, 20, 10, 0 and -10). For a constant surface temperature, increase in the total heat flux
indicates a boost in the heat transfer to the walls. This corresponds to a decrease in temperature
contour magnitudes within the enclosure.
Surface heat transfer coefficient
Figure 4.11 shows the results for average surface heat transfer coefficient at various Rayleigh
numbers for different sidewall inclination angles, again for diamond-water based nanofluid
with volume faction φ = 0.02. Again, as in Figure 4.10, the negative side wall case (angle of 10 degrees) achieves the best heat flux to the wall, whereas a=intermediate performance is
given with the positive strong slope case (+10 degrees).
Average Nusselt number
Figure 4.12 illustrates results of Average Nusselt number along the heated wall with different
Rayleigh numbers at different sidewall inclination angles, diamond-water based nanofluid with
volume faction φ = 0.02. At lower Ra for all cases of the sidewall inclination angle (30, 20, 10,
0 and -10), graphs retain a flat trend indicating slight increase in Nu later rises rapidly after
Rayleigh number reached 104. However, the average Nusselt number is higher for a lower
sidewall inclination angle. For this case therefore compared with other geometries, a superior
heat transfer rate is attained to the boundaries, at all Rayleigh numbers. As the sidewall
inclination angles decrease, the trapezium morphs into a rectangular geometry and then an
obtuse trapezium with positive sloping walls. The constant temperature sidewalls in the case
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of negative slope (-10 degrees) act as heat sinks which move closer to the heat source resulting
in improved heat transfer to the walls of the cavity.
Local Nusselt Number
The trends observed in Figure 4.12 are confirmed also in Figure 4.13 wherein the strong
negative trapezium sloped case (inclination = -10 degrees) again attains the highest magnitudes
of local Nusselt number at all locations (x values) along the heated wall. Clearly local Nusselt
number is a maximum at x = 0 and x = 1 corresponding to the extremities of the heated
boundary.
Effects of volume fraction on the streamlines and isotherms (diamond and zinc)
Figure 4.14-Figure 4.15 illustrate the relative performance of diamond and zinc nanoparticles
at different percentage doping i.e. volume fractions, φ. The gentlest positive slope trapezium
case of  = 30 degrees is considered with lowest Rayleigh number, Ra = 103. In both cases
there is a significant enhancement in temperature magnitudes with greater volume fraction. The
hot zone at the base wall is expanded and warmer fluid (green/yellow zones) progressively
replaces colder blue zones in the core region. Thermal diffusion in the regime is therefore
clearly modified with greater quantities of nanoparticles. Slightly higher temperatures are
computed for the zinc nanofluid compared with diamond nanofluid which is probably due to
thermal conductivity differences. This inevitable leads to a difference in the heat transfer
coefficient.
Heat Transfer Coefficient
Figure 4.16 depicts the variation in heat transfer coef. vs volume fractions for both diamond
and zinc-water nanofluid. At low volume fraction (2%) both achieve approximately the same
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magnitude in heat transfer coefficient. However, with increasing volume fraction, the profiles
diverge significantly and diamond-water nanofluid produces a markedly higher heat transfer
coefficient which is maximum at the highest volume fraction of 6%.

4.4 Conclusions
A theoretical and numerical study of the relative performance of both carbon-based (i.e.
diamond) and metal-based (i.e. zinc) water -nanofluids in a trapezoidal geometry has been
presented. The Tiwari-Das formulation is implemented to compute viscosity, thermal
conductivity and heat capacity properties for diamond-water and zinc-water nanofluids at
different volume fractions. Steady state nanofluid buoyancy-driven incompressible laminar
Newtonian convection is examined. A finite volume code (ANSYS FLUENT ver 19.1) is
employed for the simulations with the SIMPLE solver, residual iterations utilized for
convergence monitoring. Mesh independence is included. Verification with the penalty finite
element computations of (Natarajan, et al., 2008)for the case of a Newtonian viscous fluid (zero
volume fraction) is also conducted and excellent correlation achieved. Isotherm, streamline and
local Nusselt number plots are presented for different volume fractions, sloping wall
inclinations (both negative and positive slopes are considered) and Rayleigh numbers. The
simulations have shown that:
1)Vortex structure and thermal distributions are modified considerably with volume fraction,
enclosure side wall inclination and Rayleigh number.
ii)Diamond achieves higher heat transfer rates than zinc nanoparticles.
iii)Increasing heat transfer coefficients are computed with a rise in nanoparticle volume
fraction for both diamond and zinc.
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iv) Constant temperature sidewalls in the case of a strong negative slope (-10 degrees) act as
heat sinks which move closer to the heat source resulting in improved heat transfer to the walls
of the cavity.
v) The strong positive slope trapezium case (inclination of +10 degrees) produces the most
regulated circulation compared with the other configurations, although it does not achieve the
best heat transfer to the boundaries – this is obtained with the strong negative slope case (i.e.,
-10 degrees inclination).
vi) For the rectangular case (slope angle = 0) in the diamond water nanofluid case, more
homogeneous temperature distribution is achieved throughout the enclosure compared with
any trapezium scenario and the skewing of the dual vortex zones at higher Rayleigh numbers
is eliminated.
vii) For the strong positive slope trapezium case (+10 degrees inclination) compared with the
strong negative slope trapezium case (-10 degrees inclination), at very high Rayleigh number
(volume fraction 2%, diamond nanofluid case) the streamlines are also morphed considerably,
and the dual vortex structure is stretched in the vertical direction. The cells are increasingly
lop-sided as compared with lower Rayleigh numbers for both sloped wall cases.
The present computations have furnished some interesting insights into the relative
performance of zinc and diamond water nanofluids in trapezium and rectangular colar
enclosures. However they have been confined to statedy state and ignored porous media (AlSrayyih, 2019) and magnetohydrodynamic effects (magnetic nanoparticles). Magnetic
nanofluids are considered in chapter 8. The next model in chapter 5 is a 3-D simulation of
natural convection in solar collector.
PUBLICATION NOTE
A version of this chapter has been accepted in IMECHE J Nanoengineering, Nanomaterials
and Nanosystems (2021) and a shorter version will be presented at the 8th BUU Virtual
Interdisciplinary Conference (Thailand) in September 2021.
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Chapter 5 Three-dimensional tilted prismatic solar enclosure with
aspect ratio and volume fraction effects

Abstract
Building on the CFD simulations in chapter 3 and 4 which examined 2-D solar enclosure
configurations, this chapter present finite volume numerical simulations of natural convection
in an inclined 3-dimensional prismatic direct absorption solar collector (DASC) containing
gold-water nanofluid. Steady-state, incompressible laminar Newtonian viscous flow is
assumed. The enclosure has two adiabatic walls, one hot (solar receiving) and one colder wall.
ANSYS FLUENT software (version 19.1) is employed. The Tiwari-Das volume fraction
nanofluid model is again utilized to simulate nanoscale effects and allows a systematic
exploration of volume fraction effects. The effects of thermal buoyancy (Rayleigh number),
geometrical aspect ratio and enclosure tilt angle on isotherm and temperature contour
distributions are presented with extensive visualization in three dimensions. Gridindependence tests are included. Validation with published studies from the literature is also
conducted. A significant modification in vortex structure and temperature distribution is
computed with volume fraction, Rayleigh number, aspect ratio and tilt angle. Heat flux and
average Nusselt number results are also included. Gold nanoparticles even at relatively low
volume fractions are observed to achieve substantial improvement in heat transfer
characteristics.

5.1 Computational Mathematical Model
The three-dimensional model of heat and fluid flow in the solar nanofluid absorber geometry
(prismatic enclosure) is designed in ANSYS FLUENT computational fluid dynamics software
(Kuharat & Bég, 2018). The geometric configuration is illustrated in Figure 5.1. Laminar,
steady-state, incompressible flow is considered. The nanofluid is the absorber fluid and the
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Tiwari-Das nano-particle volume fraction model is deployed (Tiwari & Das, 2007), which is
described in due course.

Aqueous base
Gold nano-

fluid

particles

g

Dilute
Solar
nanofluid

y
z

α

x

Figure 5.1 3-dimensional solar nanofluid absorber prismatic geometry

A dilute nanofluid suspension is assumed, and the nanoparticles are taken to be in thermal
equilibrium with the base fluid. There is no heat transfer though the top wall (adiabatic end
condition). No slip boundary conditions are assumed on all walls of the enclosure (cavity). The
walls are solid (impermeable). The fundamental equations for steady viscous, incompressible
laminar flow and thermal convection are the three-dimensional time-independent NavierStokes equations and energy equation, which in a Cartesian coordinate system, take the
following form (more details of the equations are given in section 2.2-1 of chapter 2):
𝜕𝑣𝑖
𝜕𝑥𝑖

=0

(5.1)

𝜕𝑣

𝜕𝑝

𝜕
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𝜌𝑛𝑓 𝑣𝑗 𝜕𝑥𝑗 = − 𝜕𝑥 + (𝜌𝛽)𝑛𝑓 𝑔(𝑇 − 𝑇𝑤 )𝑐𝑜𝑠𝛼 + 𝜕𝑥 [𝑛𝑓 (𝜕𝑥𝑖 + 𝜕𝑥𝑗 )]
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𝑖

(5.2)
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(𝜌𝑐𝑝 )𝑛𝑓 𝑣𝑗 𝜕𝑥 = 𝜕𝑥 (𝑘𝑛𝑓 𝜕𝑥 )
𝑗

𝑗

𝑗

(5.3)

Here vj is the velocity vector (u,v,w), xj denotes (x,y,z) coordinates, ρnf is density of the
nanofluid (kg/m3), nf is dynamic viscosity of the nanofluid (kg.m/s), cp = specific heat
capacity of the nanofluid (J/kg.K), knf is thermal conductivity of nanofluid (W/m.K), T denotes
temperature (K), g denotes gravity, β is coefficient of thermal expansion and  is the enclosure
orientation angle (tilt) to the vertical. When heat is added to the nanofluid, the density varies
with temperature and flow can be induced due to the force of gravity mobilizing natural
convection currents. In eqn. (5.2), the term (𝜌𝛽)𝑛𝑓 𝑔(𝑇 − 𝑇𝑤 )𝑐𝑜𝑠𝛼 denotes the buoyancy force.
Natural convection (buoyancy-driven flows) frequently employ the Boussinesq model. In this
approach, constant density is specified, so the mass is properly calculated. This approach is
valid provided the temperature differences in the domain are not excessive. The main benefit
of Boussinesq model is that the simulation has faster convergence in comparison to setting up
the problem with fluid density as a function of temperature. This model treats density as a
constant value in all the solved equations in ANSYS FLUENT (Kuharat, et al., 2019). This
approximation is accurate if changes in actual density are small; specifically, the Boussinesq
approximation is valid when 𝛽(𝑇 − 𝑇𝑤 ) ≤ 1. In ANSYS, this approach is implemented as a
“one-phase flow” modification since the nano-particles are very small. A nanofluid is defined
in the ANSYS FLUENT workbench as a “new fluid” with a new density, viscosity, thermal
conductivity and specific heat obtained as a function of a base fluid and nano-particle type and
concentration (volume fraction), according to Brinkman as described in Bég (Bég, 2018).
The key local dimensionless parameters which may be computed in ANSYS FLUENT
(Kuharat, et al., 2019), (Kuharat & Bég, 2018), (Kuharat & Bég, 2019)] are local Rayleigh

151

number (ratio of thermal buoyancy and viscous hydrodynamic force) and the average Nusselt
̅̅̅̅). These may be defined as:
number on the hot wall (𝑁𝑢
𝑔𝛽

Rayleigh number: 𝑅𝑎𝑦 = 𝑉𝛼𝑚 (𝑇𝑠 − 𝑇∞ )𝑦 3
̅̅̅̅ =
Average Nusselt number: 𝑁𝑢

̅𝐿
ℎ
𝑘

=

′′
𝑞𝑤
𝐶𝐹𝐷 (𝐿)
𝑘(𝑇𝑠 −𝑇∞ )

(5.4)

(5.5)

′′
Here, y is coordinate, h is convection coefficient, L is height of the enclosure, 𝑞𝑤
𝐶𝐹𝐷 is the heat

flux rate computed in ANSYS FLUENT (CFD code). Local Rayleigh number represents the
ratio of thermal buoyancy and viscous hydrodynamic force. Average Nusselt number provides
a measure for heat transfer rate along the hot wall of the three-dimensional enclosure. In
addition to the no-slip boundary conditions at the walls of the enclosure, the following thermal
boundary conditions are imposed:
Left hot wall: Constant temperature, T= 325 K
Right cold wall: Constant temperature, T= 315 K
The remaining walls: Adiabatic

(5.6)

5.2 Grid Sensitivity Analysis
An extensive mesh testing procedure was conducted to guarantee a grid-independent solution.
The grid independence test has been performed on a cubical enclosure (i.e. aspect ratio =1)
with Ra = 105,  (volume fraction) = 0.02 i.e. 2% gold nanoparticles by volume. The tests were
conducted for maximum element size of 0.08, 0.06, 0.05 and 0.04 m. The average heat flux
(Q) on the hot wall is selected as a sensitive parameter. The results of the mesh variation are
shown in Figure 5.2. It is evident that the simulations attain mesh-independent convergence
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with approximately 40,000 tetrahedral (pyramid) elements. Therefore, this mesh density is
deployed in all subsequent simulations. The meshed prismatic enclosure model is shown in
Figure 5.3

GRID SENSITIVITY ANALYSIS

HEATFLUX (Q)
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Figure 5.2 Finite volume ANSYS FLUENT grid independence study

Figure 5.3 ANSYS 3-D mesh for nanofluid prismatic collector

5.3 Validation with Published Studies
To validate the results obtained from the ANSYS Model for natural convection inside a 3-D
enclosure filled with aluminium oxide-water nanofluid, with a Rayleigh number of 105, a
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comparison is conducted with the earlier study (Wang, et al., 2018) for an aspect ratio of 1
(square enclosure) as shown in Figure 5.4 and Figure 5.5. The CFD simulation, using ANSYS
FLUENT achieves close correlation with the results in (Wang, et al., 2018) as is evident from
the good agreement in streamline (iso-velocity) and temperature contour patterns. The
progressive distortion in temperature contours with distance from the heated left wall is clearly
captured as is the strong vortex structure of the streamlines. Other test cases were also
conducted to further confirm confidence in the ANSYS FLUENT model. Once confidence was
established in the simulations further new simulations can be performed to examine specific
effects of aspect ratio, Rayleigh number (buoyancy), volume fraction and enclosure inclination
angle.
Figure 5.6 illustrates the comparison of the ANSYS FLUENT computation non-dimensional
temperature distribution along the horizontal centreline in the Y/L=0.5 plane with the Lattice
Boltzmann method solution of (Wang, et al., 2018). Very close agreement is achieved
confirming the accuracy of the ANSYS FLUENT simulations. Furthermore, Figure 5.6 also
confirms that the grid resolution of the ANSYS FLUENT simulation (40,000 elements) is of
the requisite accuracy to produce the correct results.

Figure 5.4 Benchmark case for validation with LBM results of (Wang, et al., 2018).
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Figure 5.5 Present ANSYS FLUENT streamline and isotherm results
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(T-Tav)/(Th-Tc)

0.6
0.4
0.2
0
0.00E+00
-0.2

5.00E-02

1.00E-01

-0.4

1.50E-01

2.00E-01

x
Present Data

Wang et al.

Figure 5.6 Comparison of ANSYS FLUENT solution () and LBM results (-) of (Wang, et al., 2018)

5.4 Results and Discussion
The ANSYS FLUENT results are depicted in Figure 5.7-Figure 5.11, Figure 5.12-Figure 5.13,
Figure 5.14-Figure 5.16, Figure 5.17-Figure 5.21, Figure 5.22-Figure 5.25 and Tables 2-4. The
data utilized in a typical computation, for example with a gold nano-particle volume fraction 
of 5%, based on the Tiwari-Das nanoscale model calculations is given in Table 1.
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Figure 5.7 3-D full body temperature contours for gold-water nanofluid, with  = 5%, AR =2 and Ra =
105 for inclination () = 0 degrees (vertical orientation).

Figure 5.8 3-D full body temperature contours for gold-water nanofluid, with  = 5%, AR =2 and Ra =
105 for inclination () = 10 degrees (weak tilt orientation).

Figure 5.9 3-D full body temperature contours for gold-water nanofluid, with  = 5%, AR =2 and Ra =
105 for inclination () = 30 degrees.

Figure 5.10 3-D full body temperature contours for gold-water nanofluid, with  = 5%, AR =2 and Ra =
105 for inclination () = 45 degrees.
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Figure 5.11 3-D full body temperature contours for gold-water nanofluid, with  = 5%, AR =2 and Ra =
105 for inclination () = 60 degrees.

Figure 5.7-Figure 5.11 illustrate 3-dimensional temperature contour plots for impact of
inclination angle () with volume fraction of 5%, aspect ratio of 2 and a higher Rayleigh
number of Ra = 105. Although five orientation (tilt) cases are studied ( = 0, 10, 30, 45 and 60
degrees) there are two plots per case. Table 2 shows the heat fluxes for the 5 tilt angles. It is
apparent that with greater inclination of the enclosure there is a gradual enhancement in heat
transfer from the left hot face (heated wall) towards the opposite cold wall, although this is
concentrated in the uppermost section of the enclosure. Only at higher tilt angles does the green
warmer zone penetrate deeper into the enclosure space and also dominates the upper face, left
face completely. Temperature contours are also significantly expanded on the hot face around
the central zone with increasing orientation of the enclosure. The thermal buoyancy force,
Fbuoyancy equals gβ(T-Tw) cos, in the momentum equation (2) is clearly reduced with increasing
angle of inclination. It is maximized for the vertical enclosure case and progressively reduced
with increasing tilt angle. It is minimized for the horizontal enclosure case (→90 degrees, cos

→0). Scaling thermal buoyancy contribution via tilting the enclosure is therefore a simple but
powerful mechanism for regulating temperature distribution in the solar collector. Table 2
shows the heat flux to the left wall (Nusselt number function) is decreased as inclination angle
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is increased since greater transfer of thermal energy deeper into the enclosure away from the
hot wall is generated.

Figure 5.12 3-D full body temperature contours for gold-water nanofluid, with  = 30 degrees, AR =2 and
Ra = 105 for gold volume fraction () = 5%.

Figure 5.13 3-D full body temperature contours for gold-water nanofluid, with  = 30 degrees, AR =2 and
Ra = 105 for gold volume fraction () = 8%.

Figure 5.12 and Figure 5.13 illustrate the 3-dimensional temperature contours in the solar
enclosure for an increase in nano-particle volume fraction,  = 5, 8%. A substantial heating of
the enclosure accompanies an increase in nano-particle volume fraction. The warm localized
yellow-green contours originating at the left hot wall, are noticeably expanded and push the
cooler central light blue contours further into the enclosure towards the opposite wall and
sections of the dark blue colder zone vanish. The upper section of the opposite wall is heated
with lighter blue (warmer) contours replacing the original darker blue ones. Nano-particle
presence therefore extends the penetration distance of heat into the enclosure and increase
thermal boundary layer thickness both at the upper face and the left hot face. Table 3 shows
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that heat flux is dramatically increased with greater nano-particle volume fraction. The
presence of nano-particles mobilizes micro-convection and encourages thermal diffusion away
from the wall. This achieves the thermal enhancement. Similar findings have been reported by
numerous authors including Tafarroj et al. [28], Fattahi et al. [30] Balakin et al. [31] and Nasrin
et al. [35] for both carbon-based and metallic nanoparticles although they did not examine the
case of gold.

Figure 5.14 3-D full body temperature contours for gold-water nanofluid, with  = 30 degrees, Ra = 106
and gold volume fraction () = 5% for AR = 1 (cubical enclosure).

Figure 5.15 3-D full body temperature contours for gold-water nanofluid, with  = 30 degrees, Ra = 106
and gold volume fraction () = 5% for AR = 2.
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Figure 5.16 3-D full body temperature contours for gold-water nanofluid, with  = 30 degrees, Ra = 106
and gold volume fraction () = 5% for AR = 4 (slender enclosure).

Figure 5.14-Figure 5.16 illustrate 3-dimensional temperature contour plots for impact of
enclosure aspect ratio (AR) with nano-particle volume fraction () of 5%, inclination angle of
30 degrees and Rayleigh number Ra = 106. AR defines the ratio of the height of the enclosure
to either base dimension, where the base is always considered to be a square. Since three aspect
ratio cases are examined, (AR= 1 i.e. cubic enclosure,2,4) there are two plots per case i.e. a
total of six visualizations are given. It is evident that there is a marked expansion of the warmer
yellow/green upper left zone deeper into the body of the enclosure with a gradual replacement
of darker colder blue contours with lighter blue warmer ones further and further towards the
base and the right wall. For the highest aspect ratio yellow/green contours reach the right cold
wall although they are confined to the upper area only. Table 4 shows the heat fluxes for all
three aspect ratio cases studied. Aspect ratio is the only geometric parameter investigated and
is important for providing some insight into the relative dimensions of the solar collector on
heat transfer characteristics. The AR values selected are representative of actual configurations
utilized in solar farms [44]. A significant elevation in surface heat flux is achieved with greater
aspect ratio as shown in Table 4. This has also been computed by (Esfandiary, et al., 2016)
and (Motlagh & Soltanipour, 2017) who also observed the deeper penetration of heat in
enclosures with higher aspect ratio.
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Figure 5.17 3-D full body temperature contours for gold-water nanofluid, with  = 30 degrees, AR = 2
and gold volume fraction () = 5% for Ra = 103.

Figure 5.18 3-D full body temperature contours for gold-water nanofluid, with  = 30 degrees, AR = 2
and gold volume fraction () = 5% for Ra = 104.

Figure 5.19 3-D full body temperature contours for gold-water nanofluid, with  = 30 degrees, AR = 2
and gold volume fraction () = 5% for Ra = 105.

Figure 5.20 3-D full body temperature contours for gold-water nanofluid, with  = 30 degrees, AR = 2
and gold volume fraction () = 5% for Ra = 106.

161

Figure 5.21 3-D full body temperature contours for gold-water nanofluid, with  = 30 degrees, AR = 2
and gold volume fraction () = 5% for Ra = 107.

Figure 5.17-Figure 5.21 show the influence of the Rayleigh number for nano-particle volume
fraction () of 5%, inclination angle of 30 degrees and AR =2. Five Rayleigh number cases are
examined (Ra = 103,104, 105,106 and 107). Initially there is an intensification in temperature
contours only at the left hot wall with cooler light blue zones throughout the body of the
enclosure and a cold blue zone at the far wall. This is modified to a localization of heat in the
upper left zone of the enclosure with an increase in Rayleigh number from 103 to 104. This
trend continues to prevail with further increment in Rayleigh number up to 106. However, at
very high Rayleigh number of 107 (the temperature distribution achieved is much more
homogenous) and the vast majority of the enclosure space is occupied by light blue warmer
contours which also dominate the far wall. Significantly more balanced thermal diffusion
through the enclosure is therefore achieved with very strong thermal buoyancy effect and there
is a contraction in the yellow/red hot zone on the hot wall for this scenario. Rayleigh number
(buoyancy) is overall a very dominant influence on thermo-fluid characteristics in the solar
collector.
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In Figure 5.22 - Figure 5.25the impact of the different parameters (nano-particle volume
fraction, tilt angle, aspect ratio and Rayleigh number) on average Nusselt number at the hot
wall are presented.
The average Nusselt number (Nunf) at the region of heat source is calculated and presented in
Figure 5.22 for the unity aspect ratio case (AR = 1) with a tilt angle of 30 degrees and Rayleigh
number of 104. Nunf clearly decreases with the increase of volume faction. This can be
explained by the fact that thermal conductivity of nanofluid (knf) is elevated with increasing
volume faction, and consequently conductive heat transfer is increased whereas thermal
convection heat transfer is reduced. This amplifies the temperature in the nanofluid and results
in a transfer of heat from the wall manifesting in a decrease in Nusselt numbers. However, at
around 0.08 (8%) volume faction there is an upturn in Nusselt number which indicates that the
heat transfer enhancement from conduction (associated with the nano-particles) decreases and
this is also associated with the counter-productive increase in nanofluid effective viscosity.
Therefore, the optimum nano-particle volume faction (max) is 0.07 (i.e. 7%) and this is the
maximum level of nanoparticle doping which benefits the solar collector performance. It is
ideal to keep the Rayleigh number low so that the convective heat transfer from buoyancy force
does not overcome the effect of conductive heat transfer from the gold nanoparticles. The
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optimal nano-particle volume fraction concurs with many other studies which have also
reported an approximate upper limit of 8% volume fraction for thermal enhancement by
nanoparticles (Wang, et al., 2018).
Figure 5.23 clearly shows that there is a linear decay in the Nusselt number with increasing
inclination angle. This is associated with the depletion in thermal buoyancy force with
increasing inclination angle. As noted earlier the maximum buoyancy force is achieved with
the vertical orientation ( =0) of the prismatic enclosure (gβ(T-Tw) cos → gβ(T-Tw) since
cos →1). However, with increasing tilt angle, cos is progressively reduced reaching a
minimum value of 0 when →90 degrees i.e., the horizontal enclosure case for which natural
convection effects are minimized. Therefore, with greater inclination angle of the enclosure,
heat transfer to the wall is reduced (Nusselt number is decreased) whereas thermal
enhancement in the nanofluid itself i.e. temperatures within the circulating nanofluid are
increased. Again, the ANSYS FLUENT simulations concur well with other studies on inclined
nanofluid solar collectors including (Esfandiary, et al., 2016), (Motlagh & Soltanipour, 2017)
Motlagh et al. and (Ghachem, et al., 2015).
Figure 5.24 shows that for a given nanoparticle volume faction of 0.05 and Rayleigh number
of 106 (laminar regime), with 30 degrees tilt angle, the average Nusselt number decreases with
increasing aspect ratio. Although increasing aspect ratio has been shown to elevate
temperatures in the gold-water nanofluid, this indicates that greater heat transfer from the
boundary (wall) to the body of nanofluid is achieved with greater aspect ratio. This reduces the
heat transfer to the boundary and therefore decreases average Nusselt numbers. Higher Nusselt
number is therefore achieved with lower aspect ratio geometries whereas greater temperature
enhancement is produced with higher aspect ratios. These trends are consistent with other
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investigations including (Trodi & Benhamza, 2017) and (Bouhalleb & Abbassi, 2014). The
overall implication is that the influence of aspect ratio is stronger when the enclosure is taller
and the Rayleigh number is high (but not too high).
Figure 5.25 presents the variation of Nusselt number with Rayleigh number at fixed volume
faction of 0.05 and inclination angle of 30 degrees and unity aspect ratio for the enclosure.
There is a significant escalation in average Nusselt number with increasing Rayleigh number
which due to the accentuation in thermal buoyancy force effect. Nusselt number increases
significantly up to Rayleigh numbers of 107 which constitutes the cut-off point for laminar
convection flows. Beyond this limit the buoyancy forces overcome the viscous forces
significantly and the heat transfer is dominated by convection at high Rayleigh number with
the onset of turbulence, as noted by (Braga & de Lemos, 2009). Although further ANSYS
FLUENT computations have also been made for shallow enclosures (aspect ratio <1), it was
found that the effect of Rayleigh number on heat transfer is less significant for such scenarios
and therefore these have been omitted for brevity.

5.5 Conclusions
A computational study of natural convection in an inclined 3-dimensional prismatic direct
absorber solar collector (DASC) containing gold-water nanofluid has been presented. Steadystate, incompressible laminar Newtonian viscous flow is assumed. The enclosure has two
adiabatic walls, one hot (solar receiving) and one colder wall. ANSYS FLUENT software
(version 19.1) is employed. The Tiwari-Das volume fraction nanofluid model is utilized to
simulate nanoscale effects and allows a systematic exploration of volume fraction effects. The
effects of thermal buoyancy (Rayleigh number), geometrical aspect ratio and enclosure tilt
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angle on isotherm and temperature contour distributions are presented with extensive
visualization in both two and three dimensions. Grid-independence tests are included.
Validation with published studies from the literature is also conducted. The computations have
shown that:
(i)Higher geometrical aspect ratio leads to improved heat transfer in the regime with deeper
penetration of warmer zones in the enclosure.
(ii)Increasing Rayleigh number (thermal buoyancy force relative to viscous hydrodynamic
force), there is an intensification in heat transfer from the left wall through the enclosure space
and much more homogenous temperature distributions are eventually obtained.
(iii)With increasing nano-particle volume fraction, heat penetrates more effectively into the
enclosure from the hot wall and temperature magnitudes are enhanced.
(iv)With greater inclination of the enclosure there is a progressive elevation in heat transfer
from the left hot face (heated wall) towards the opposite cold wall, and temperatures are
elevated mainly in the upper left zone with a more extensive warming in the central zone.
(v)Heat flux is dramatically increased with greater nano-particle volume fraction, and aspect
ratio whereas it is suppressed with greater inclination of the enclosure.
(vi)Higher Nusselt number is therefore achieved with lower aspect ratio geometries whereas
greater temperature enhancement is produced with higher aspect ratios.
(vii)There is a substantial boost in average Nusselt number with increasing Rayleigh number
associated with the elevation in thermal buoyancy force effect.

167

(viii)With larger inclination angle of the prismatic enclosure, heat transfer to the wall is
decreased (Nusselt number is depleted) whereas greater thermal enhancement in the nanofluid
itself is achieved.
(ix)Nusselt number is significantly suppressed with an increase in gold nano-particle volume
faction whereas temperatures are enhanced, both up to the cut-off volume fraction of 7%.
(x)CFD finite volume methods (ANSYS FLUENT) provide an excellent tool for simulating
solar nanofluid collector thermal fluid dynamic phenomena and offer a powerful compliment
to experimental methods.
The present simulations have neglected thermal radiative heat transfer effects. These may be
addressed with a number of radiation flux models in ANSYS FLUENT e.g. surface-to-surface
(STS) model and the discrete ordinates model (DOM) - which I will consider in chapter 8.
Furthermore, the geometry considered has been planar (prismatic). Many solar collector
designs are now exploring curved geometries e.g. parabolic, sinusoidal, (Abadshapoori &
Saidi, 2018) and these are currently also under investigation by the authors which will be
invested in the next chapter. Chapter 6 will describe an annular geometry and also considers
forced convection.
PUBLICATION NOTE
A version of this chapter was published in Kuharat, S., Bég, O.A., Kadir, A., Vasu, B., Bég,
T.A. and S. J. Walid, Computation of gold-water nanofluid natural convection in a threedimensional tilted prismatic solar enclosure with aspect ratio and volume fraction effects.
Nanoscience and Technology: An International Journal, 11 (2), 141-167 (2020).
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Chapter 6

Computational Fluid Dynamics Simulation

of a Nanofluid-Based Annular Solar Collector with
Different Metallic Nanoparticles
6.1 Abstract
Thusfar in Chapters 3-5, regular straight walled DASC geometries have been considered e.g.
quadrilateral, trapezium, cubic etc. In this chapter we consider curved geometries i.e.
convective heat transfer in an annular (concentric tube) pipe solar collector system. The inner
tube contains pure water and the annular region contains nanofluid. Three-dimensional steadystate incompressible laminar flow comprising water-based nanofluid containing a variety of
metallic nanoparticles (copper oxide, aluminium oxide and titanium oxide nanoparticles) is
examined. The Tiwari-Das model is deployed for which thermal conductivity, specific heat
capacity and viscosity of the nanofluid suspensions is evaluated as a function of solid nanoparticle volume fraction. Radiative heat transfer is also incorporated using the ANSYS solar
flux and Rosseland radiative models. The ANSYS FLUENT finite volume code (version 18.1)
is employed to simulate the thermo-fluid characteristics. Mesh-independence tests are
conducted. The influence of volume fraction on temperature, velocity, pressure contours is
computed and visualized. Copper oxide nanofluid is observed to achieve the best temperature
enhancement. Temperature contours at cross-sections of the annulus are also computed.

6.2 Computational Mathematical Model
The 3-D solar collector concentric geometry studied is illustrated in Figure 6.1 in an (x, y, z)
coordinate system. It comprises two concentric cylinders, the inner composed of copper and
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the outer composed of glass. The copper tube has inner diameter 22mm, thickness 3 mm and
is of 1m in length and contains flowing water. This inner copper tube is submerged in metallic
nano-fluid confined in the annular space between the copper tube and an external glass tube
with internal diameter of 51 mm and wall thickness of 2.25 mm with the same length (1m).
There is no heat transfer though the top wall (adiabatic end condition). No slip boundary
conditions are assumed on all walls of the cavity are considered as impermeable. The physical
properties of the fluid assumed constant.

Figure 6.1 Geometrical and physical model for annular nanofluid solar collector

The three-dimensional (x, y, z) transport equations given in section 2.2-1 of chapter 2 (mass,
momentum, and energy) time independent with nanofluid properties are solved subject to the
boundary conditions in ANSYS FLUENT:
At the inlet: Volume flow rate inlet of 0.002 kg/s
At the outlet: Zero pressure outlet from one face.
Heat flux: Heat is added as a solar radiation intensity of 877 W/m2.
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The following volume fractions are considered each for the CuO, Al2O3 and TiO2 nanofluids:
0.01wt%, 0.05wt%, 0.1 wt%. In ANSYS FLUENT physics, gravity is set as 9.81 m/s2.

6.3 Grid Sensitivity Analysis
The annular solar collector mesh used a combination of unstructured grids (inner tube) and a
structure grid (annulus) as shown in 6.2. Hexahedral (“hex”) elements (finite volumes) are used
in this simulation, as the hex mesh can provide the same resolution of the flow physics as
tetrahedron mesh but with significantly fewer elements required. It is also important that the
model does not contain any sliding mesh as this is not compatible with the solar load model.

Figure 6.2 ANSYS FLUENT 3-dimensional mesh of solar configuration (Mesh density Nodes: 479188,
elements: 443970)

Figure 6.2 shows the grid sensitivity analysis. The largest elements used in case one can be
considered as a coarse mesh with 103068 elements. On increasing the number of elements by
100000 (case two), the graph shows a variation indicating that the simulation is not convergent.
The next part of the grid dependent study covers cases three, four and five. Upon observation
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of cases four (325951 elements) and five (448836 elements), these cases utilize a fine mesh,
where the difference between the two values are infinitesimal and hence considered negligible.
This shows that the simulation is convergent at case four with 448836 elements. This gridindependence study provides an appropriate grid size (case four) which is subsequently adopted
for all further simulations and is of sufficient quality to guarantee mesh-independent and
converged results i.e., the most accurate results possible with the minimum number of
elements.
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Figure 6.3 ANSYS FLUENT grid independence study

6.4 Results and Discussion
In the ANSYS simulations, Tw is the pipe wall temperature at a given location along the pipe
and Tm is the mean temperature in the pipe at the location where Tw is defined. The ANSYS
FLUENT results are depicted in Figure 6.4-Figure 6.38 Three different sets of results are
visualized for the three metallic nano-particle cases i.e., Copper oxide, Aluminium oxide and
Titanium oxide. In each of these three nanofluid cases, three different volume fractions are
studied. Therefore 9 sets of computations are presented, three each for each different metallic
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nano-particle studied. We consider each set of three in turn. Volume fractions examined are 
= 0.01, 0.05 and 0.1 i.e., 1%, 5% and 10%. Each set of figures illustrates respectively the
temperature, temperature cross-section slice views, velocity and pressure distributions.
Figure 6.4 to Figure 6.15 correspond to the Copper oxide case. Figure 6.4-6.7 correspond to

 = 0.01, Figs. 12a-d to  = 0.05 and Figs. 11a-d to  =0.1 respectively. To gain a perspective
of the influence of volume fraction, one has to compare the respective plots with each other
i.e., Figure 6.4, Figure 6.8 and Figure 6.12 consider the temperature contours for copper
oxide nanofluid with the three different volume fractions. Similarly, we compare Figure 6.5,
Figure 6.9 and Figure 6.13 (temperature cross-section slice views), then compare Figure 6.6,
Figure 6.10 and Figure 6.14 (velocity) and finally Figure 6.7, Figure 6.11 and Figure 6.15
(pressure distributions).

Figure 6.4 Temperature Contour for CuO nanofluid, Ф = 0.01
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Figure 6.5 Temperature Contour Cross-sections for CuO nanofluid, Ф = 0.01

Figure 6.6 Velocity Contours for CuO nanofluid, Ф = 0.01
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Figure 6.7 Pressure Contours for CuO nanofluid, Ф = 0.01

Figure 6.8 Temperature Contour for CuO nanofluid, Ф = 0.05
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Figure 6.9 Temperature Contour cross sections for CuO nanofluid, Ф = 0.05

Figure 6.10 Velocity Contours for CuO nanofluid, Ф = 0.05
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Figure 6.11 Pressure Contours for CuO nanofluid, Ф = 0.05

Figure 6.12 Temperature Contour for CuO nanofluid, Ф = 0.1
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Figure 6.13 Temperature Contour cross sections for CuO nanofluid, Ф = 0.1

Figure 6.14 Velocity Contours for CuO nanofluid, Ф = 0.1
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Figure 6.15 Pressure Contours for CuO nanofluid, Ф = 0.1

Figure 6.16 Temperature Contour for Al2O3 nanofluid, Ф = 0.01
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Figure 6.17 Temperature Contour cross sections for Al2O3 nanofluid, Ф = 0.01

Figure 6.18 Velocity Contours for Al2O3 nanofluid, Ф = 0.01
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Figure 6.19 Pressure Contours for Al2O3 nanofluid, Ф = 0.01

Figure 6.20 Temperature Contours for Al2O3 nanofluid, Ф = 0.05
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Figure 6.21 Temperature Contour cross sections for Al2O3 nanofluid, Ф = 0.05

Figure 6.22 Velocity Contours for Al2O3 nanofluid, Ф = 0.05
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Figure 6.23 Pressure Contours for Al2O3 nanofluid, Ф = 0.05

Figure 6.24 Temperature Contours for Al2O3 nanofluid, Ф = 0.1
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Figure 6.25 Temperature Contour cross sections for Al2O3 nanofluid, Ф = 0.1

Figure 6.26 Velocity Contours for Al2O3 nanofluid, Ф = 0.1

Figure 6.27 Temperature Contours for TiO2 nanofluid, Ф = 0.01
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Figure 6.28 Temperature Contour cross sections for TiO2 nanofluid, Ф = 0.01

Figure 6.29 Velocity Contours for TiO2 nanofluid, Ф = 0.01

Figure 6.30 Pressure Contours for TiO2 nanofluid, Ф = 0.01
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Figure 6.31 Temperature Contours for TiO2 nanofluid, Ф = 0.05

Figure 6.32 Temperature Contours cross sections for TiO2 nanofluid, Ф = 0.05
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Figure 6.33 Velocity Contours for TiO2 nanofluid, Ф = 0.05

Figure 6.34 Pressure Contours for TiO2 nanofluid, Ф = 0.05
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Figure 6.35 Temperature Contours for TiO2 nanofluid, Ф = 0.1

Figure 6.36 Temperature Contour cross sections for TiO2 nanofluid, Ф = 0.1
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Figure 6.37 Velocity Contours for TiO2 nanofluid, Ф = 0.1

Figure 6.38 Pressure Contours for TiO2 nanofluid, Ф = 0.1
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Figure 6.39 Residual iterations for ANSYS FLUENT simulation (TiO2 nanofluid, Ф = 0.1)

Figure 6.4, Figure 6.8, Figure 6.12 Figs. 11a, 12a and 13a show a significant modification
in temperature distributions as volume fraction is enhanced from  = 0.01, to  = 0.05 and
finally  =0.1. There is progressive heating from the base upwards of the annular region with
increasing volume fraction. The blue zones are progressively eliminated, and green zones
(higher temperature) extend further towards the upper adiabatic end. Red (maximum
temperature zones) begin to appear at the highest volume fraction (Figure 6.12). The increase
in concentration of metallic nanoparticles clearly enhances thermal conductivity of the
nanofluid in the annular region and this intensifies thermal diffusion and heat transfer. Figure
6.5, Figure 6.9 and Figure 6.13 (temperature cross-section slice views) provide a clearer
visualization of the temperature at distinct locations in the annular space from the base of the
solar collector to the top end (adiabatic end). There is a systematic evolution in contours. For
the lowest volume fraction case, generally blue and green contours are prevalent (low
temperatures) for the majority of the annular length. As volume fraction is increased, yellow
and red zones are generated and become intensified towards the upper region of the annulus.
Evidently therefore the enhancement in thermal conductivity encourages thermal diffusion and
mobilizes a heating in the annulus indicating that more solar energy is captured, and that
thermal efficiency is boosted (solar flux is fixed although it may be varied in the ANSYS
specification). The presence of metallic nanoparticles achieves an elevation in interfacial
thermal conductivity and even in the absence of buoyancy forces (forced convection is
considered) encourages significantly thermal absorption. These patterns are consistent with
numerous other studies on metallic nanofluids including (Moghadam, et al., 2014) and
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(Maddah, et al., 2013). Figure 6.6, Figure 6.10 and Figure 6.14 illustrate the evolution in
velocity through the annular space. A less tangible influence is computed with increasing
volume fraction. In all case high velocity zones arise at the inlet and outlet with slower zones
in the interim sections. The primary influence on velocity is via the viscosity modification in
the Tiwari-Das model. Although there is a slight intensification in velocity i.e. flow
acceleration at the highest volume fraction (fig. 13c), this is only identified in the extremity
zones of the annular geometry. Finally pressure distributions are depicted in Figure 6.7, Figure
6.11 and Figure 6.15. Generally intermediate pressure are clearly computed (green zones)
through the main body of the annulus at any volume fraction. There is a slight pressure drop at
the extremities (corresponding to acceleration in the flow); however, the dominant influence
of metallic nano-particles (copper oxide) is on the temperature field as noted earlier in Figure
6.4, Figure 6.5, Figure 6.8, Figure 6.9, Figure 6.12 and Figure 6.13. Effectively, the
enhanced heat absorbed at high volume fraction in the annular nanofluid space is transferred
via the inner copper cylinder to the central space (pure water) leading to an elevation in solar
thermal efficiency.
Figure 6.16-Figure 6.19 to Figure 6.24-Figure 6.26 correspond to the Aluminium oxide
nanofluid case, again at three different values of nano-particle volume fraction, viz  = 0.01, 
= 0.05 and  =0.1 respectively. Figure 6.16, Figure 6.20 and Figure 6.24 show a significant
modification in temperature distributions as volume fraction is enhanced from  = 0.01, to  =
0.05 and finally  =0.1. At lower volume fractions, there is a dominant blue zone throughout
the main annular space with weak peripheral green zones (low temperatures). However, for the
highest volume fraction, (Figure 6.24) there is a marked growth in the green zone and
emergence of yellow and very small red zones at the lower zone in the annulus, indicating that
temperatures are increased, albeit weakly. Temperatures are however not as high as in the
copper oxide cases (Figure 6.4, Figure 6.8, Figure 6.12) and this is probably attributable to the
lower thermal conductivity of aluminium oxide compared with copper oxide. Inspection of the
temperature cross-sections (Figure 6.17, Figure 6.21, Figure 6.25) confirms the intensification
in temperatures, in particular, near the periphery of the glass tube in the upper zone of the
annulus with an increase in volume fraction. Progressively we observe the emergence of yellow
zones in the later cross-sections at  =0.1 which are absent at lower volume fractions. Darker
blue and green zones vanish with stronger aluminium oxide nano-particle concentrations.
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However again there are lower temperatures achieved at the equivalent volume fraction for
aluminium oxide compared with copper oxide (Figure 6.5, Figure 6.9, Figure 6.13). Velocity
is initially observed to be increased somewhat (Figure 6.18, Figure 6.22) with increase in
volume fraction from  = 0.01 to  = 0.05, especially in the inlet and outlet zones (blue slow
zones are phased out with higher velocity green zones); however, with further elevation in
volume fraction (Figure 6.26) the trend is inhibited and there is a slight deceleration in flow
near the upper zone of the annulus (inlet) and the re-emergence of blue zones. Negligible
alteration in pressure is computed with an increase in volume fraction from  = 0.01 to  = 0.05
(Figure 6.19 and Figure 6.23) and further numerical experiments revealed that greater volume
fractions of aluminium oxide nano-particles to do not instigate any significant modification in
pressure distributions.
Figure 6.27 to Figure 6.38 correspond to the Titanium oxide nanofluid case, again at three
different values of nano-particle volume fraction, viz  = 0.01,  = 0.05 and  =0.1 respectively.
Figure 6.27, Figure 6.31 and Figure 6.35 show a significant increase in temperature magnitudes
as volume fraction is enhanced from  = 0.01, to  = 0.05 and finally  =0.1. At lower volume
fractions, there is a prevalent blue zone (lowest temperatures) throughout the majority of the
annulus with subsequent green zones (intermediate temperatures) as we approach the upper
end and lower peripheral yellow zones (higher temperatures). However, as volume fraction is
increased, (Figure 6.31) there is a marked development in the green zone which extends further
towards the upper end and a thickening in the yellow peripheral streaks with some presence of
high temperature (red micro-zones at the base of the annulus). The temperatures are further
increased for maximum volume fraction (Figure 6.35) and the green zone extends yet further
upwards with some yellow areas at the tube walls. The temperature magnitudes exceed those
computed at the same values of volume fraction for Aluminium oxide (Figure 6.16, Figure
6.20, Figure 6.24) but are substantially lower than those obtained for Copper oxide (Figure 6.8,
Figure 6.12). This confirms the superior performance of Copper oxide in achieving thermal
enhancement in the solar annular collector. Figure 6.28, Figure 6.32 and
Figure 6.36 (temperature cross-section slice views) also show that temperatures are markedly
enhanced with increasing volume fraction of titanium oxide nano-particles, as we progress
from the lower end of the annular region to the upper end. Stronger red (high temperature) and
yellow zones (quite high temperature) appear to grow considerably. The magnitudes achieved
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are larger than those for the Aluminium oxide cases (Figure 6.17, Figure 6.21 and Figure 6.25).
However, they are still somewhat less than those attained for the Copper oxide cases (Figure
6.5, Figure 6.9 and Figure 6.13). Apparently therefore higher nano-particle concentrations
(volume fractions) of Copper oxide attain the best thermal performance since the best
absorption of solar thermal energy is achieved. Intensified thermal convection currents are
generated for this case. Titanium oxide is the next best option, whereas Aluminium oxide is
the least successful option. These findings are important since they generalize previous studies
in which a single metallic nano-particle was examined e.g. Copper oxide by (Moghadam, et
al., 2014) or two metallic nanofluids (silver oxide and aluminium oxide) by (Maddah, et al.,
2013).Figure 6.29, Figure 6.33 and Figure 6.37 visualize the velocity contours again for three
different volume fractions. No substantial modification is generated in the velocities for the
Titanium oxide case. Finally pressure distributions are depicted in Figure 6.30, Figure 6.34
and Figure 6.38 and it is evident that no tangible change arises in the pressure field with a
change in volume fraction of titanium oxide nano-particles, concurring with the observations
of (Maddah, et al., 2013). Finally, in Figure 6.39 we have presented residual iterations for the
ANSYS FLUENT simulations for a sample case (Aluminium Oxide) indicating how excellent
convergence is achieved and good accuracy is maintained.

6.5 Conclusions
3-D computational simulations have been presented in this chapter for forced convective heat
transfer in an annular pipe solar collector system under solar radiative heat flux. ANSYS
FLUENT 18.1 computational fluid dynamics software has been employed to analyse the threedimensional steady-state incompressible laminar flow comprising water-based nanofluid
containing a variety of metallic nanoparticles (copper oxide, aluminium oxide and titanium
oxide nanoparticles). The Tiwari-Das model which utilizes the Maxwell-Garnett approach has
been employed to simulate nanoscale effects. This model provides accurate expressions for
thermal conductivity, specific heat capacity and viscosity of the nanofluid suspensions as a
function of solid nano-particle volume fraction and is easily implemented in the FLUENT
material physics option (under “one-phase flow”). Mesh-independence tests have been
included. The influence of volume fraction on temperature, temperature cross-sections,
velocity and pressure contours has been computed. The present analysis has shown that:
193

(i)

2-D model validation shows confidence in the nanofluid ANSYS approach.

(ii)

The Tiwari-Das nanoscale model is proven to be compatible with the ANSYS
multi-physics and produces robust accurate results for enclosure nanofluid solar
collector simulations.

(iii)

For the 3-D annular model Copper oxide nanofluid is observed to achieve the best
temperature enhancement. Temperature contours at cross-sections of the annulus
are also computed.

(iv)

For the 3-D annular model Titanium Oxide achieves higher temperatures than
Aluminium Oxide but significantly lower temperatures than Copper Oxide.

(v)

For the 3-D annular model temperature cross-sections exhibit significant
enhancement in magnitudes with volume fraction for all three metallic nanoparticles, although the best performance again is with Copper Oxide.

(vi)

For the 3-D annular model there is flow acceleration for the Copper oxide case at
the highest volume fraction although it is confined to the extremity zones of the
annular geometry (inlet and outlet).

(vii)

For the 3-D annular model velocities are initially increased with volume fraction
for the Aluminium Oxide case but subsequently with maximum volume fraction
they are reduced.

(viii) For the 3-D annular model pressures are also reduced somewhat with increasing
volume fraction for the Copper oxide case but not altered significantly for either
Titanium Oxide or Aluminium Oxide cases.

PUBLICATION NOTE
A version of this chapter was published in Kuharat, S. and Bég, O. Anwar, ‘Computational
fluid dynamics simulation of a nanofluid-based annular solar collector with different metallic
nano-particles’, Heat and Mass Transfer Research Journal (HMTRJ), 3 (1) 1-23 (2019). A
shorter version (poster) was presented earlier at the ICHTFM 2018: 20th International
Conference on Heat Transfer and Fluid Mechanics, WASET, Istanbul, Turkey, August 16 – 17
(2018).
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Chapter 7 Numerical simulation of forced convection-radiation
transfer in a flat plate prismatic 3-d solar collector with
inlet/outlet conditions, metallic/carbon nanoparticles and the
Chandrasekhar discrete ordinates method.

7.1 Introduction
From the research conducted in chapters 3-6, it has been demonstrated that nanofluids provide
significant thermal enhancement in a variety of direct absorber solar collectors i.e., prismatic,
trapezoidal, annular etc. A range of metallic nanoparticles (copper, titanium oxide, aluminium
oxide, zinc, silver diamond) and different volume fractions have been explored. However, other
thermal solar collectors in the current market have different features such as conventional
surface absorption-based solar collectors, which use a black surface or spectrally selective
surface to absorb solar irradiance and heat the heat transfer fluids (HTF). In these systems the
efficiency depends on the absorber capturing solar energy and how effectively heat is
transferred to the working fluid. Heat transfer in surface absorption-based solar collectors
mostly relies on thermal conductivity of nanofluids, flow rate (forced convection) and
temperature gradient (radiation). In the present chapter (and final ANSYS FLUENT simulation
in this PhD) therefore the flat plate solar collector geometry with inlet and outlet features (for
controlling flow rates) is examined. Three different metallic (copper, copper oxide, silver) and
one non-metallic (Graphite) nanoparticles are simulated in a 3-dimensional solar collector
geometry. Forced convection is considered i. e. thermal buoyancy effect (neglected), and
therefore Reynolds and Prandtl numbers and volume fraction are the critical control
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parameters. The Tiwari-Das nanoscale model is deployed in ANSYS FLUENT. To cater for
variable optical properties of nanofluids, a more advanced radiative approximation model is
deployed, namely the Chandrasekhar discrete ordinates method (DOM) which has been
described at length, earlier in Chapter 2. Extensive visualization of different geometric and
nanoscale effects is included. The relative performance of the different metallic and nonmetallic nanoparticles on thermal efficiency e. g. local Nusselt number at the enclosure
(collector) boundaries is also described. Interesting thermofluid characteristics are computed
and it is identified that specific volume fractions of different metallic and non-metallic
nanoparticles under carefully selected flow rates produce optimum heat transfer performance.

7.2 Mathematical Model
From the extensive literature review given in Chapter 1, the numerical analysis of
natural/forced convection heat transfer and fluid flow in enclosures has extensively been
developed using different computational techniques as it is a fundamental compliment to
experimental studies of solar collectors. As described earlier, (Otanicar, et al., 2010)
investigated the radiative properties of nanofluids, leading to an increase in the efficiency of
direct absorption solar collector. This excellent benchmark from the scientific literature has
been selected to use as a case study and validation-the authors of this work report on the
experimental results of a micro-solar-thermal-collector that measures 3×5 cm2, with a channel
depth of 150 µm. However, their study only focused on radiative properties. In the present
analysis, we extend and generalize their study to also consider forced convection effects in a
real solar collector dimension (W 0.5 m × L 1 m and depth of 0.05 m). The direct absorber
solar collector geometry simulated is visualized in Figure 7.1 below in an (x,y,z) coordinate
system.
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Figure 7.1 Direct absorber solar nanofluid collector
The fluid in the enclosure is a water-based nanofluid containing copper, copper oxide, silver,
or graphite nanoparticles. It is assumed that the base fluid (i.e., water) and the nanoparticles
are in thermal equilibrium and no slip occurs between them. The thermo-physical properties of
the nanofluid are given in Table 7.1. The collector glazing is a low reflectance glass with
directly receive a solar irradiation of 1423 W/m2 where the copper absorber plate is assumed
to be coated with a reflective material (adiabatic). Left and right walls are taken as adiabatic.
The thermophysical properties of the nanofluid are assumed to be constant. Laminar, steadystate, incompressible flow is considered with forced convective heat transfer. The nanofluid
completely fills the flat plate solar enclosure and the Tiwari-Das single-phase nano-particle
volume fraction model is deployed, which has been elaborated in detail in Chapter 2. The
fundamental equations for steady viscous, incompressible laminar flow are the threedimensional time-independent Navier-Stokes equations, which in a Cartesian coordinate
system are reduced from the general 3-D equations given in section 2.2-1 of chapter 2.
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ANSYS FLUENT software provides a solar irradiation model (for both steady and timedependent flows) which implemented to compute the radiation effects from the sun rays
entering the computational domain. In the present simulation, the discrete ordinate model is
therefore employed to simulate radiative heat transfer via the radiative flux term, Qrad. DOM is
a non-gray model which allows wavelength-dependent optical properties of working fluid to
be included in radiative transfer analysis. The sun’s rays that enter the computational domain
can be modeled by the ray tracing algorithm. By applying the solar load in ANSYS-Fluent, the
calculated heat by the ray tracing algorithm is coupled to the energy equation via a heat source
term. Only the DOM option needs to be selected in addition to “Solar Ray Tracing" settings
under "Radiation Tab" in the ANSYS graphical user interface. The principal focus is to study
the heat absorption capability of various types of nanofluids. The solar radiative flux is
therefore fixed in the y-direction with a specific intensity of 1423 W/m2. To simulate nanoparticle effects, the Tiwari-Das model allows different concentrations (volume fraction) and
types of metallic nanoparticles to be examined. The optical properties i. e. extinction
coefficients of nanofluids are taken from experimental conducted in (Taylor, et al., 2011). In
ANSYS, this approach is implemented as a “one-phase flow” modification since the particles
are very small. A nanofluid is defined in the ANSYS FLUENT workbench as a new fluid with
a new density, viscosity, thermal conductivity and specific heat obtained as a function of a base
fluid and nano-particle type and concentration (volume fraction. The volume fraction can be
estimated from:
ϕ=

vnp
vf

Equation 7.1

Where ϕ =volume fraction, Vnp = nano particles volume and Vf = volume of fluid. The dynamic
viscosity can be estimated from:
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μf

μnf = (1−ϕ)2.5

Equation 7.2

Here μnf = dynamic viscosity of nanofluid (kg/m.s), μf = dynamic viscosity of base fluid. The
effective density and heat capacity also can be estimated from:
ρnf = (1 − ϕ)ρf + ϕρs
Cpnf =

Equation 7.3

(1−ϕ)(ρCp)f+ϕ(ρCp)
ρ𝑛𝑓

,

Equation 7.4

Here 𝜌𝑛𝑓 = nanofluid density, 𝜌𝑓 = base fluid density, 𝜌𝑠 = nanoparticle density, 𝐶𝑝𝑛𝑓 = nanofluid
specific heat. The effective thermal conductivity of fluid can be determined by the MaxwellGarnet relation which is adopted in Tiwari-Das model:
Knf
kf

=

ks+2kf−2ϕ(kf−ks)

Equation 7.5

ks+2kf−ϕ(kf−ks)

Here knf =nanofluid thermal conductivity, kf= fluid thermal conductivity and kS = nanoparticle
thermal conductivity. All calculated nanofluid properties (for the four different metallic
nanoparticles studied i.e., copper, copper oxide, silver, and graphite) at the two volume
fractions studied are given in the Appendix. The key local dimensionless parameters which
may be computed in ANSYS FLUENT are local Nusselt number and volume average Nusselt
number (heat transfer rate along the left wall). The latter may be defined as:
ℎ𝐿

Nusselt number: 𝑁𝑢 = 𝑘𝑛𝑓 =

′′
𝑞𝑤
𝐶𝐹𝐷 (𝐿)

𝑘𝑛𝑓(𝑇)

Equation 7.6

h is convective heat transfer coefficient, B is the width of the enclosure, L is height of the
′′
enclosure, 𝑞𝑤
𝐶𝐹𝐷 is the heat flux rate computed in ANSYS FLUENT. In addition to no-slip

boundary conditions at the walls of DASC, the following thermal boundary conditions are
imposed:
Inlet: Constant temperature, T= 300 K

Equation 7.7-a
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Outlet: Constant Flow rate weight of 1

Equation 7.7-b

Left, Right and Bottom walls: Adiabatic

Equation 7.7-c

Solar irradiation, Qrad=1423 W/m2

Equation 7.7-d

Radiative heat transfer is also incorporated using the ANSYS DO model. The scattering effect
is ignored. The standard thermal conduction flux (Fourier model) is augmented with the
radiative flux, Qrad.

7.3 Grid Sensitivity Analysis
In a CFD solution, the sum is never identically zero, but (hopefully) decreases with progressive
iterations. A residual can be thought of as a measure of how much the solution to a given
transport equation deviates from the actual correct solution.

Grid Sensitivity Analysis
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Figure 7.2: Grid Sensitivity Analysis

The average residual associated with each transport equation is monitored, to help determine
when the solution has converged. For this simulation, ten thousand of iterations are required to
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get the residuals decrease below 1e-6 for all the equations which a very accurate criterion for
the final solution. In addition to the convergence generated by the ANSYS residual print plot,
as explained above, the grid sensitivity analysis was conducted by refining the mesh of the
model until the results were reduced as shown in Figure 3.2. Further refinement cannot be
conducted due to the software licence restriction (limited to maximum of 500,000 elements).

7.4 Validation with Published Studies
To validate the results obtained from the ANSYS Model for forced convective heat transfer
inside a direct absorption solar collector filled with graphite-water nanofluid, results were
benchmarked with the experimental study conducted by (Otanicar, et al., 2010) as shown in
Figure 3.3. Figure 7.4 shows a similar pattern of temperature contours, as both studies show a
cool temperature at the inlet and a high temperature at the outlet. The top edge of the collector
is at the highest temperature. However, in the infrared image of the experiment there are some
non-uniform cooler zones at the top right and bottom left corners of the collector which are
perhaps associated with experimental errors since the flow field studied by (Otanicar, et al.,
2010) is not fully developed hydrodynamically. Also, in their experiments errors arise due to
nanoparticle deposition resulting in local thermal leaks. Figure 7.5 shows a comparison of
collector efficiency from the ANSYS FLUENT modelling and experimental results of graphitewater based nanofluids. The graph indicates that simulation results are slightly higher than
experimental ones which is expected. As the simulation model does not consider the effect of
thermophoresis and Brownian motion (available in a different nanoscale model known as
Buongiorno’s model, which was earlier described in chapter 2 and will be used next in Chapter
8), inevitably some discrepancy is to be found. The Buongiorno model is currently not
available in ANSYS FLUENT material physics and therefore could not be used. The
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experimental study of (Otanicar, et al., 2010) agrees also quite well with CFD model of a direct
absorption solar collector presented by (Bardsgard, et al., 2020). Overall, however the TiwariDas based ANSYS FLUENT CFD simulation gives a good prediction of accuracy to within
8% of the experimental results across a wide range of volume fractions.

Figure 7.3 Infrared image demonstrating rapid temperature increase (blue: coolest and Pink: warmest)
(Otanicar, et al., 2010)

Figure 7.4 ANSYS FLUENT Temperature Contour Plot for Graphite-water based nanofluid (blue:
coolest and red: warmest).
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Figure 7.5 Comparison of modelling and experimental results of graphite- water based nanofluid.

7.5 Results and Discussion
From the previous chapters 3-6, all the studies have covered the subject of natural convection,
forced convection and radiation of nanofluids in various solar collector geometries. However
optical properties of nanofluids have not been included. Hence, this chapter investigates the
behaviour of heat transfer, with the nanofluid optical properties taken into consideration, along
with the parametric analysis of nanofluids, volume fraction and mass flow rate of a direct
absorption solar collector. Extensive temperature computations (coloured contour plots) are
included for many different cases.
7.5-1 Parametric analysis of various working fluids (water and water based nanofluids)
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Water

Water

Figure 7.6 Temperature contour of water based solar collector.

CuO-water based nanofluid

Cu-water based nanofluid
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Graphite-water based nanofluid

Silver-water based nanofluid

Figure 7.7 Temperature contour of 4 types of nanofluids at 0.04 percentage volume fraction

CuO-water based nanofluid

Cu-water based nanofluid

Graphite-water based nanofluid

Silver-water based nanofluid

Figure 7.8 Temperature contour of 3 types of nanofluids at 0.04 percentage volume fraction

Figure 7.6-Figure 7.8 show temperature contours of various nanofluid types (Graphite, Silver,
CuO and Cu water based nanofluid) with the same percentage volume fraction of 0.004 and
the same mass flow rate of 0.01 kg/s. Figure 7.6 shows temperature contour of pure water in
that begins to heat up from the copper absorber plate at the bottom of the collector, as water
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has a very low absorption coefficient, which allows all the solar rays to pass though and heat
up the copper plate. Most of the solar radiation heat is however transferred by convection.
Figure 7.7 and Figure 7.8 show temperature volume contour plots of 4 types of water based
nanofluids, where all the nanofluids behave in a similar manner when heated from the top of
the DASC; heat penetrates efficiently to the bottom of the collector. This is due to nanoparticles
increasing the absorption coefficient of nanofluids, where these properties are collected from
an experiment (Taylor, et al., 2011). Since the flow is considered as laminar flow, heat is
transported via forced convection in the same way. The main difference between each
nanofluid contour plot is the temperature magnitude. The CuO water-based nanofluid
maximum temperature is the lowest of the 4 nanofluids. Then Cu water based nanofluid has a
slightly higher temperature and this is due to a higher absorption coefficient and thermal
conductivity. In the same way graphite and silver nanofluids can absorb solar radiation better
than Cu and CuO due to higher absorption coefficients. However, to compare a non-metallic
(graphite) nanofluid to metallic (silver) nanofluid can be difficult, since the absorption
coefficient of both nanofluids are very high. (Otanicar, et al., 2010). It has been shown
experimentally that adding even a small fraction of graphite nanoparticles to the fluid makes
the clear fluid completely opaque to the naked eye and results in a rapid increase in thermal
efficiency. Silver nanofluid thermal conductivity is much greater than thermal conductivity of
graphite nanofluid and this is the principal reason for silver attaining the highest temperature.
A further advantage of silver is the anti-bacterial characteristic which makes it ideal for
sustainable and biocompatibility of future nanofluid-based solar absorbers, as elucidated in
previous chapters (rectangular solar geometry).

206

Figure 7.9 Local Surface Nusselt Number of various nanofluids with 0.004 percentage volume fraction

Figure 7.9 shows the local Nusselt number at the middle of the flat plate collector. As explained
earlier, CuO has the lowest thermal conductivity which results in heat transfer mainly by
convection. In other nanofluids which have a higher thermal conductivity like Cu, Graphite
and Silver heat is more efficiently transferred by thermal conduction. When comparing the
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local Nusselt number of graphite nanofluid and silver nanofluid, the silver nanofluid has a
slightly lower Nusselt number even though thermal conductivity of silver is a lot higher than
graphite. Since higher temperatures are generated in the silver nanofluid, there is a lower net
transfer of heat to the surface i. e. a lower Nusselt number. Additionally, there is a limited
surface area of the solar geometry which receives solar radiation and there is only so much heat
that can be conducted at constant mass flow rate.

Average Nusselt Number

Average Nusselt Number of various nanofluids with 0.004
percentage volume fraction

6
5
4
3
Copper

Ag

Graphite

CuO

Figure 7.10 shows the average Nusselt Number distributions for various nanofluids with 0.004 percentage
volume fraction for the same mass flow rate of 0.01 kg/s. CuO and Cu nanofluid transfer heat more
through convection which depends on mass flow rate (hydrodynamics). The average Nusselt number of
silver (Ag) and graphite nanofluids are lower than for CuO and Cu nanofluids. Noting that Nusselt
number is also a quantification of the ratio of convection heat transfer to conduction heat transfer,
therefore these two nanofluids also absorb and transfer heat largely through conduction, which depends
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on fluid properties (thermal conductivity).
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Figure 7.10
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Figure 7.10 Average Nusselt Number of various nanofluids with 0.004 percentage volume fraction
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Figure 7.11 Solar collector efficiency with various nanofluids
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Figure 7.10 describe the heat transfer behaviour of working nanofluids inside solar collectors
and elucidate whether they are more convection or conduction based. Figure 7.11 shows solar
collector efficiency with various nanofluids using the following equation:
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𝜂=

𝑚̇𝐶𝑝 (𝑇𝑜𝑢𝑡𝑙𝑒𝑡 −𝑇𝑖𝑛𝑙𝑒𝑡 )
𝐺𝑇 𝐴

(7.13)

Here 𝑚̇ is the mass flow rate in kg/s, 𝐶𝑝 is specific heat capacity of nanofluid, 𝑇𝑖𝑛𝑙𝑒𝑡 is the
average inlet temperature, 𝑇𝑜𝑢𝑡𝑙𝑒𝑡 is the average outlet temperature of the collector, 𝐺𝑇 is solar
irradiance which set to be 1423 W/m2 and A is the collector area (m2).
Figure 7.11 shows that at the same volume fraction of 0.004 and flow rate of 0.001 kg/s, silver
(Ag) nanofluids give the highest thermal efficiency of 92.5 percent then followed by graphite
(92 percent), Copper (91.5 percent) and Copper oxide nanofluid (90 percent). Clearly pure
water is the least efficient fluid to use in this collector with a maximum thermal efficiency of
77.3 percent. The deployment of nanoparticles is therefore clearly verified with the results.

7.2.1 Parametric analysis of varies volume fractions of nanofluid (CuO
water based nanofluid and Graphite water based nanofluid)
The previous parametric analysis of varies type of nanofluids suggested that the heat transfer
inside collector also depend on fluids properties (thermal conductivity and extinction
coefficient). As the experimental data range for extinction coefficients is only available for two
type of nanofluid CuO and graphite nanofluid, therefore, only two nanofluids are investigatedCuO metallic nanofluid and non-metallic graphite nanofluid. In the simulations, volume
fraction is varied whereas the mass flow rate is kept at constant of 0.01 kg/s.
Figure 7.12 shows the temperature contour plots of copper oxide nanofluid with an increase in
particle volume fraction from 0.001 %V to 0.01%V.
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CuO 0.005%V
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Figure 7.12 Temperature contour of CuO- water based nanofluids at various percentage volume
fractions.

Figure 7.13 shows temperature contour plots of graphite nanofluid with an increase in
nanoparticle volume fraction from 0.001 %V to 0.01%V.

Graphite 0.001%V

Graphite 0.0025%V
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Graphite 0.004%V
Figure 7.13 Temperature contour of Graphite - water based nanofluids at various percentage volume
fractions.
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Figure 7.14 Solar collector Efficiency vs Volume fraction (CuO-water based nanofluid)
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Figure 7.15 Average Nusselt Number vs Volume fraction (CuO-water based nanofluid)
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7.2.2 Parametric analysis of varies mass flow rates of CuO water based
nanofluid and Graphite water based nanofluid.

0.005

0.01

0.015
Figure 7.16 Temperature Contour of CuO-water based nanofluid (0.001 %V) with various mass
flowrates.
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0.01
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0.015
Figure 7.17 Velocity streamlines of CuO-water based nanofluid (0.001 %V) with various mass flowrates.
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0.015
Figure 7.18 Temperature Contour of Graphite-water based nanofluid (0.001 %V) with various mass
flowrates.
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Figure 7.19 Velocity streamlines of Graphite-water based nanofluid (0.001 %V) with various mass
flowrates.
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Figure 7.20 Solar collector Efficiency vs Mass flow rates

Further results are shown in Figs. 7.14 to 7.20. Graphite nanofluid obtains a higher solar
collector efficiency than silver nanofluid (Fig. 7.14) whereas copper oxide nanofluid achieves
superior average Nusselt number (Fig. 7.15). An increase in mass flow rate progressively
inhibits thermal diffusion in the solar collector with green zones contracting significantly and
the proliferation of larger blue zones in the temperature contours (Fig. 7.16). With increasing
mass flow rate the tower-like structure for flow streamlines is also expanded laterally and the
higher velocity (red bands) are expanded near the base of the flat plate enclosure (Fig. 7.17).
For graphite based nanofluid, the blue zones are much more pronounced in the temperature
contour plots (Fig. 7.18) which indicates much lower temperatures are produced throughout
the geometry compared with copper oxide nanofluid. However, Fig. 7.19 shows that larger
velocities are computed especially near the base of the enclosure with graphite nanofluid and
the central green/yellow core zone is also wider. Finally, in Fig. 7.20 a much higher solar
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thermal efficiency is computed for graphite water nanofluid compared with copper oxide water
nanofluid, at the same nanoparticle volume fraction of 0.001%.

7.6 Conclusions
3-dimensional ANSYS FLUENT finite volume simulations have been described for laminar,
incompressible forced convection heat transfer in a flat plate solar collector geometry with
inlet and outlet features (for controlling flow rates). Three different metallic (copper, copper
oxide, silver) and one non-metallic (Graphite) nanoparticles have been considered. The TiwariDas single-phase nanoscale model has been implemented to allow volume fraction variation
and different nanoparticle material properties to be analyzed. To cater for variable optical
properties of nanofluids, a more advanced radiative approximation model has also been
deployed, namely the Chandrasekhar discrete ordinates method (DOM) which allows optical
property variation for nanofluids. Extensive visualization of different geometric and nanoscale
effects is included. The relative performance of the different metallic and non-metallic
nanoparticles on thermal efficiency e. g. local Nusselt number at the enclosure (collector)
boundaries has also been described. The main findings of the present study may be summarized
as follows:
(i)At the same volume fraction of 0.004 and flow rate of 0.001 kg/s, silver (Ag) nanofluids give
the highest thermal efficiency of 92.5 percent then followed by graphite (92 percent), Copper
(91.5 percent) and Copper oxide nanofluid (90 percent).
(ii)Pure water is the least efficient fluid to use in flat plate solar collectors with a maximum
thermal efficiency of 77.3 percent. The thermal enhancement properties of nanoparticles are
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clearly justified based on the ANSYS simulations which also corroborate well with earlier
experimental investigations.
(iii)Graphite nanofluid obtains a higher solar collector efficiency than silver nanofluid whereas
copper oxide nanofluid achieves superior average Nusselt number.
(iv)An increase in mass flow rate progressively inhibits thermal diffusion in the solar collector
with green zones contracting significantly and the proliferation of larger blue zones in the
temperature contours for graphite nanofluids.
(v)For graphite based nanofluid, the blue cooler zones are much more pronounced in the
temperature contour plots implying that lower temperatures are produced throughout the
geometry compared with copper oxide nanofluid.
(vi)Larger velocities are computed especially near the base of the enclosure with graphite
nanofluid and the central green/yellow core zone is also wider compared with copper oxide
nanofluid.
(vii)A higher solar thermal efficiency is computed for graphite water nanofluid compared with
copper oxide water nanofluid, at the same nanoparticle volume fraction of 0.001%.
The present study has ignored magnetic properties of nanoparticles. These also offer another
mechanism of functionality and controlling heat transfer rates in DASCs. Furthermore,
Brownian motion and thermophoresis effects have also been neglected which can be addressed
with Buongiorno’s model. Both aspects are considered in chapter 8.

PUBLICATION NOTE
A long version of this chapter has been submitted to Applied Nanoscience (Springer, Impact
factor = 3.5) and a shorter version is to be presented at the 8th BUU Int. Interdisciplinary
Research Conference, Thailand, September 2021.
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Chapter 8 Modelling a magnetic nanofluid-based hybrid magnetobiomimetic deformable nano-collector with Buongiorno’s twocomponent nanoscale model

Abstract
Thus far in the PhD, I have used the Tiwari-Das nanoscale model, ANSYS FLUENT finite
volume method and rigid boundaries. Additionally, non-magnetic metallic nanoparticles only
have been considered. In this chapter we explore a different nanoscale formulation, namely
Buongiorno’s nanofluid model which features Brownian motion and thermophoresis. Most
designs of solar collectors involve fixed (rigid) geometries which may be cylindrical, parabolic,
tubular or flat-plate types. Modern developments in biomimetics have identified that
deformable conduit structures may be beneficial for sustainable energy systems. Motivated by
these aspects, in this chapter I will describe a mathematical model and computational solution
for a biomimetic peristaltic solar magnetohydrodynamic nanofluid-based solar collector. The
working fluid is a magnetized nanofluid which comprises a base fluid containing suspended
magnetic nanoparticles. Heat is transferred via distensibility of the conduit in the form of
peristaltic thermal waves and buoyancy effects. An externally applied magnetic field achieves
the necessary circuit design for generating Lorentzian magnetic body force in the fluid. A
variable viscosity modification is employed using Reynolds exponential model. To simulate
solar loading conditions the Rosseland thermal radiative flux model is also deployed which has
been described in previous chapters. An asymmetric porous channel is investigated with
multiple amplitudes and phases for the wall wavy motion. The channel also contains a
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homogenous, isotropic porous medium which is simulated with a modified Darcy model. Heat
generation/absorption effects are also examined. The electrically conducting nature of the
nanofluid invokes magnetohydrodynamic (MHD) effects. The moving boundary value
problem is normalized and linearized using the lubrication approach. Analytical solutions are
derived for axial velocity, temperature and nanoparticle volume fraction. Validation is
conducted with Maple numerical quadrature. This symbolic software is more appropriate than
ANSYS FLUENT since the formulation explored herein is novel and not available in ANSYS
materials physics. Extensive visualization of important transport characteristics including
“trapping phenomena” are presented. The observations demonstrate promising features of the
solar magnetohydrodynamic peristaltic nanofluid hybrid collector which may also be exploited
in spacecraft applications.

8.1 Mathematical formulation
In this simulation, we consider two-dimensional flow of magnetite nanofluids driven by
peristaltic pumping through an asymmetric channel (DASC geometry) containing a
homogenous, isotropic porous wafer material, in the presence of an externally applied
transverse magnetic field. The channel walls are propagating with constant wave velocity (c)
as sinusoidal wave trains. Let Y

= H1 , and Y = H 2 be respectively the left and right wall

boundaries of the asymmetric channel of width (d1 + d 2 ) . The temperature ( T ) and
nanoparticle volume fraction ( C ) are prescribed values of

T0 , C0

and

T1 , C1 at Y = H1 and

Y = H 2 respectively. The geometry of the biomimetic solar magnetohydrodynamic nanofluid
pump is depicted in Fig.1 and mathematically expressed as:
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 2

H1 ( X , t ) = d1 + a1 cos  ( X − ct )  ,
 


(8.1a)

 2

H 2 ( X , t ) = −d 2 − a2 cos  ( X − ct ) +   .
 


(8.1b)

in which a1 , a2 ,  , t and  are the amplitudes of the left and right waves, wavelength,
dimensional time and

phase difference,

further

a1 , a2 , d1 and d 2 satisfy

the inlet of the

condition:

a12 + a22 + 2a12 a22 cos   ( d1 + d 2 ) .
2

(8.2)

Buongiorno’s [13] model is deployed for the nanofluid. This emphasizes thermophoretic forces
and Brownian motion dynamics as the key contributors to thermal conductivity enhancement.
This model which has the advantage of being very easily incorporated into the framework of
viscous fluid dynamics. It also allows the inclusion of a species diffusion (concentration)
boundary layer equation which is not possible with other models such as the (Tiwari & Das,
2007) It is a two-component laminar four-equation non-homogeneous equilibrium model for
mass, momentum, and heat transport in nanofluids highlights the dominance of Brownian
diffusion and thermophoresis over other nanoscale mechanisms e.g. diffusion-phoresis,
Magnus effect, fluid drainage, micro-convection and ballistic collisions. The model further
assumes that energy transfer via nano-particle dispersion is negligible and that Dufour (diffusothermal) effects may be negated. Implementing the Buongiorno formulation (Buongiorno,
2006) the resulting governing unsteady equations for conservation of mass, momenta
(incorporating external magnetic field and Darcy porous matrix resistance), energy and
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nanoparticle volume fraction (nano-species concentration) in an (X, Y) coordinate system
emerge as (Nadeem & Akbar, 2009):

Figure 8.1 Schematic diagram of the solar magnetic nanofluid peristaltic pump collector (asymmetric
channel).
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where, U , V are the velocity components in X , Y directions,  f is fluid density, P is
pressure,  (T ) is temperature dependent viscosity,
electrical conductivity,

k 0 is the permeability parameter,   is

Bo is transverse magnetic field, g is acceleration due to gravity,  t is

volumetric thermal expansion coefficient of the fluid,
coefficient of the fluid,

0 is

c

is volumetric solutal expansion

the nanofluid density at the reference temperature ( T0 ),  p is

nanoparticle mass density, (  C  ) f is heat capacity of fluid, k ef is thermal conductivity, (  C  ) p
is effective heat capacity of nanoparticle, DB is Brownian diffusion coefficient, DT is
thermophoretic diffusion coefficient, , Q0 is the constant heat addition/absorption.We further
note that in the solar MHD nanofluid pump circuit, the direction of the current density J
determines whether the system behaves as a pump or as a generator. When electric current
passes through an electrically neutral conducting medium in the presence of a magnetic field,
a vector body force per unit volume F (N/m3) affects the medium. F is referred to as Lorentz
force and is given by –Bo2u i.e. the fifth term on the right-hand side of the X-momentum
equation (4). We consider the case where the current density accelerates the flow i. e. works as
a solar collector pump (the opposite case of a generator is produced when the current density
is reversed and as a result so is the Lorentz body force). We neglect magnetic field leakage and
assume that the magnetic field is uniform during operation. Since the magnetic Reynolds
number of the flow is taken to be very small, the induced magnetic field is negligible, and it is
further assumed that no external electric field is applied. Therefore, the electric field due to
polarization of charges is negligible so that no energy is added or extracted from the fluid by
electrical means. Ohmic (Joule) heating is neglected as are Soret and Dufour cross-diffusion
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effects. The radiative heat flux ( qr ) is given by using Rosseland’s approximation. This
approximation is valid for optically-thick fluids which can absorb or emit radiation at their
boundaries [1].

4 * T 4
qr = −
.
3k * Y

(8.8)

Here  * and k * are the Stefan-Boltzmann constant and the mean absorption coefficient,
respectively. We assume that the temperature difference within the flow is adequately small.
The term T 4 is expanded as a Taylor series about a free stream temperature
higher order terms in the first order in

T0 and ignoring

(T − T0 ), we get:

16 * T03 T
qr = −
.
3k * Y

(8.9)

The transformations from the fixed frame of reference (X, Y) to the wave frame of reference (

x , y ) are given by:
x = X − ct , y = Y , u = U − c, v = V and

p( x ) = P ( X , t ) .

(8.10)

After utilizing the transformations (8.10), equations (8. 1a, b) - (8.7) retract to the following
form:

u v
+ = 0,
x  y

(8.11)
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2
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We now introduce the following dimensionless variables:

x=

x
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a and b , M , K , Gr , Br , Pr,  , Nb, Nt ,  and  are the Reynolds number,

radiation parameter, width of the channel, amplitudes of left and right walls, Hartmann number,
permeability parameter, thermal Grashof number, local nanoparticle Grashof number, Prandtl
number, heat source/sink parameter, Brownian motion parameter, thermophoresis parameter,
non-dimensional temperature and nano-particle volume fraction, respectively. Applying the
long wavelength and low Reynolds number approximations and introducing the stream
function u =

0=−


, eqns. (8.12-8.15) reduce to:
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p  
 2
+
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Eqn. (8.18) implies that p is not function of y. Differentiating Eqn. (8.17) with respect to y,
yields:
0=

2
y 2


 2


 ( ) 2
y


Where N 2 =
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2  
−
N
+ Gr + Br ,

y 2


(8.21)

1
+ M 2.
K

The volumetric flow rate in the wave frame is given by:
h2

h2

h1

h1

q =  ud y =  (U − 1)dy ,

(8.22)

On integration, eqn. (8.22) yields:

q = Q + h1 − h2 ,

(8.23)

Averaging the volumetric flow rate along one time-period, we get:
1

1

0

0

 =  Q dt =  (q + h2 − h1 ) dt ,

(8.24)

which yields:
 = q +1+ d

(8.25)

The appropriate boundary conditions may be presented in the following form:

q 
= ,
= −1,  = 0 and  = 0 at y = h1 ( x) = 1 + a cos 2 x ,
2 y

(8.26a)
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q 
 = − , = −1,  = 1 and  = 1 at y = h2 ( x) = −d − b cos ( 2 x +  ) ,
2 y
This satisfies the condition: a

2

(8.26b)

+ b2 + 2ab cos( )  (1 + d )2 . Solving the Eqns. (8.19-8.20)

subject to boundary condition (8.26), the temperature and nanoparticle fraction field are
obtained as:

( y) = A3e− A1 y −

A2 y
− A4 ,
A1

( y ) = A5 y − A6e − A1 y − A7 .

(8.27)

(8.28)

8.2 Validation with Maple17
The linear dimensionless two-point moving boundary value problem (BVP) i. e. eqns. (8.19),
(8.20) and (8.21) with conditions (8.26a, 8.26b) are easily solved using Runge–Kutta–Merson
numerical quadrature to yield temperature, nano-particle volume fraction and stream function.
The axial velocity is then computed in a sub-iteration loop based on the definition, u =


.
y

The computations are executed in MAPLE17 software (RK45 algorithm). This approach has
been extensively implemented recently in non-Newtonian nanofluid flows [63].The robustness
and stability of this numerical method is therefore well established- it is highly adaptive since
it adjusts the quantity and location of grid points during iteration and thereby constrains the
local error within acceptable specified bounds. In the current problem, the wall boundary
conditions given in Eqns. (8.26a, b) are easily accommodated. The stepping formulae although
designed for nonlinear problems, are even more efficient for any order of linear differential
equation are already given in Chapter 2 and are therefore not repeated here [63]. A comparison
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of the analytical and MAPLE numerical quadrature solutions (blue dots) is documented in Figs.
8.2a-f for pressure rise profile with variation in (a)  , (b) M , (c) K , (d) Rn, (e)  and (f)

Br and also Figs. 8.3a-f for axial velocity distributions (axial velocity vs. transverse coordinate)
for (a) M , (b) Rn , (c) Pr , (d) K , (e)  , (f)



and finally in Figs. 8.4a-d for temperature

and nanoparticle volume fraction profiles with variation in (a)  , (b) Nt , (c) Pr , (d) Rn . Only
one case is validated in each plot. Excellent correlation is achieved in all cases. Confidence in
the present analytical solutions is therefore high. Maple quadrature is of comparable accuracy
to many other sophisticated semi-numerical methods including homotopy analysis methods
(HAM), Adomian decomposition methods (ADM), spectral collocation Chebyschev
polynomial methods and Variational iterative methods (VIMs) which accurately compute
series solution, although Maple quadrature is less algebraically rigorous and can be applied
directly for all types of differential and integral equations, linear or nonlinear, homogeneous or
inhomogeneous, with constant coefficients or with variable coefficients. Another important
advantage is that the method is capable of greatly reducing the size of computation work while
still maintaining high accuracy of the numerical solution [63].

8.3 Numerical evaluation of results and discussion
The primary aim of this investigation is to analyze the influence of temperature-dependence of
the nanoliquid viscosity, thermal radiative flux, wafer permeability and heat source/sink effects
on thermal flow characteristics of the solar peristaltic nanofluid magnetohydrodynamic micropump. In this regard, herein we elaborate on the impact of various pertinent hydrodynamic,
magnetic, thermal and porous medium parameters i.e. Reynolds number viscosity parameter
( ) , heat source/sink parameter (  ) , Prandtl number (Pr) , Hartmann number (M ) , thermal

229

radiation (Rn) , Permeability parameter (K ) and local nanoparticle Grashof number (Br ) at a
pre-determined axial location along the pump channel ( x = 0.5 ) on the evolution of axial
velocity of the fluid (u) , pressure gradient (dp / dx) , temperature distribution ( ) and
nanoparticle volume fraction of the fluid ( ) . The distributions are depicted in Figs. 8.2-8.7.
Evaluation of the closed form solutions is conducted via the symbolic software Maple which
is very versatile for peristaltic and hydromagnetic pump simulations.

230

231

Figure 8.2 Pressure rise profile with variation in (a) α, (b) M, (c) K, (d) Rn, (e) β and (f) Br.
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Figure 8.3 Axial velocity distributions (axial velocity vs. transverse coordinate) for (a) M, (b) Rn, (c) Pr,
(d) K, (e) β, (f) α.
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Figure 8.4 Temperature and nanoparticle volume fraction profiles with variation in (a)β, (b) Nt, (c) Pr,
(d) Rn
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(a)

(b)
Figure 8.5 Stream lines at a=0.3,b=0.2,Pr=0.7,Rn=0.5,β=0.5Nb=0.5,Nt=0.5,
M=1,d=1.1,Br=3,Θ=2,K=0.2,ϕ=π/4,Gr=2,Pr=2,Nt=1, for (a) α=0, (b) α=0.1.
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(a)

(b)
Figure 8.6 Stream lines at a=0.3, b=0.2, Pr=0.7, Rn=0.5, α=0, Nb=0.5, Nt=0.5 ,M=1,d=1.1, Br=3,
Θ=2,K=0.2, ϕ=π/4, Gr=2, Pr=2, Nt=1, for (a) β=0 (b) β=0.5.
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(a)

(b)
Figure 8.7 Stream lines at a=0.3, b=0.2, Pr=0.7, Rn=0.5, α=0, Nb=0.5, Nt=0.5, β=0.25, d=1.1, Br=3, Θ=2,
K=0.2, ϕ=π/4, Gr=2, Pr=2, Nt=1, for (a) M=0, (b) M=1.
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Figure 8.8 Comparison result of stream function versus transverse axis.

8.3-1 Pumping characteristics
The pressure rise per wavelength can be calculated by using the form p =   p dx. The
1

0

 x 

pressure rise is computed numerically using the symbolic software Mathematica for the
perturbation solutions and MAPLE17 for the Runge-Kutta-Merson numerical solutions. The
pressure rise (p) versus mean flow rate () for various values of  , M , K , Rn,  and Br
is illustrated in Figs. 8.2 (a-f). Fig. 8.2(a) portrays that the influence of Reynolds viscosity
parameter on the pressure rise versus the mean flow rate. One can insure that the pressure rise
increases with increasing Reynolds viscosity parameter ( ) for the pumping region (

241

p  0,   0 ). It is also evident that volumetric flow rate is elevated for Newtonian nanofluid

( = 0) and depressed for non-Newtonian nanofluid i.e., for non-zero Reynolds viscosity

parameter (  0) . Additionally, peristaltic pumping is inhibited with increasing temperaturedependence of the nanofluid viscosity. This is also consistent with the simultaneous
deceleration in the axial flow with greater nanofluid viscosity. Pressure and velocity (linked to
flow rate) respond in opposite ways in hydrodynamics- the inverse relationship is clearly
demonstrated in all the negative gradients in the profiles in the plot. Evidently pressure rise is
minimized with the Newtonian nanofluid (least viscosity) and maximized with strongly nonNewtonian nanofluid (highest viscosity). The implication for solar pump performance is that if
greater pressures are required (as opposed to flow acceleration), this may be achieved via
increased doping of the working fluid with nanoparticles.
(Choi & Eastman, 1995) have highlighted the strong modification in nanofluid rheology with
increased concentrations of nanoparticles. The change in viscosity is intimately related to heat
transfer enhancement of nanofluids in particular when buoyancy forces are present, as in the
present study, as will be elaborated in due course. Thus viscosity variation as studied by the
Reynolds model may provide a good insight into the improved efficiencies reported in solar
energy systems doped with nanofluids at higher temperatures as noted by (Cingarapu, et al.,
2014), (Alashkar & Gadalla, 2018). Furthermore, since magnetic pumping is also present it is
noteworthy that the present computations are consistent with the earlier simulations of
(Shahidian, et al., 2012) where rheological and higher viscosity was observed to also generate
pressure difference elevation in pump operations. In Fig. 8.2(b), we examine the effect of
Hartmann number (M ) on the pressure rise verse mean flow rate. Clearly pressure rise
diminishes with growing values of Hartmann number for the peristaltic pumping region (
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2 2
2
p  0,   0 ). The Lorentz magnetic drag force i.e. -M  /y in eqn. (8.21) is generated

by the application of magnetic field in the Y-direction (transverse to the axial velocity direction
i.e. the X-direction). This accelerates the flow and concurrently depletes the pressure rise in the
solar magnetic pump channel. The profiles are all therefore linear decays i.e., with maximum
pressure rise there is a corresponding minimal flow rate and vice versa. This concurs with the
findings of (Lim & Choi, 2009) for the similar scenario of a two-dimensional channel with
side-walled electrodes, although in our study wall deformability is present i.e. the channel walls
propagate peristaltic waves (we have set the amplitudes of left and right walls i.e. a, b as 0.3
and 0.2 respectively and also the phase difference is prescribed as /4). Similar observations
have also been reported by (Das, et al., 2013), (Ho, 2007) and (Leboucher, et al., 1995). These
studies have also shown in agreement with our computations that pressure rise in
magnetohydrodynamic pumping is lowest with strong magnetic field (M = 0.5) and highest
with absence of magnetic field i.e. electrically non-conducting nanofluid (M = 0). These trends
are sustained at all values of volumetric flow rate (). Fig. 8. 2(c) depicts the influence of
permeability parameter ( K ) on the pressure rise versus mean flow rate distributions. From
this figure, we discern that an increase in the permeability parameter initially depresses the
pressure difference; however, with subsequent increase in volumetric flow rate the pattern is
strongly reversed with a significant upsurge in pressure difference during peristaltic pumping.
Permeability is a key characteristic of porous media. This parameter characterizes the hydrauic
transmissivity of the porous medium. It does not however relate to the porosity of the medium
which is connected to the relative volume of voids to the volume of solids. Permeability
features in the linear Darcian impedance term in the reduced momentum equation (8.21),
namely the term –(1/K) 2/y2 and this is associated with the retarding effect of the porous
solar wafer fibers. Darcy’s law is generally valid for Reynolds numbers less than 10 i.e. it is
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applicable for viscous-dominated pumping dynamics as opposed to inertially-dominated
transport (this requires a Forchheimer-extended Darcy model to simulate second or higher
order drag effects and is presently being considered as an extension to the current work to
extend the operational range to higher Reynolds numbers). With increasing permeability, the
regime solid fibers progressively decrease. This results in effective enhancement in pressure
differences across the channel length i.e. a boost in p . This behavior is sustained for the
majority of positive volumetric flow rates. The initial depletion in pressure rise is more
associated with the entry length hydrodynamics and negative flow rates (back flow) and a
threshold volumetric flow rate is necessary to enforce the dominant effect of permeability as
elucidated in detail by (Wang, et al., 2004) and also earlier by (Al-Nimr & Alkam, 1998) for
different solar cell and pump configurations i.e. the permeability effect is independent of
conduit geometry and is controlled by the nature of the wafer material. The presence of a low
permeability porous medium (solar wafer) i.e. K=0.1 generally damps the pressure difference
generated in the pump whereas higher permeability i.e. K=0.3 induces the opposite effect. It is
also pertinent to note that the permeabilities studied are high i.e. the medium is sparsely packed
which obviates the possibility of compressibility effects, consolidation effects or compaction
phenomena, as further highlighted by (Ren, et al., 2017). Fig. 8.2(d) presents the impact of
thermal radiation flux on pressure rise versus mean flow rate profiles. It is remarked that there
is a strong presence of positive pumping (   0 and p  0 ) when Rn = 0 as compared with
Rn  0 . Thermal radiation is the most significant contribution from solar heat loading (Hottel

& Sarofim, 1967). The parameter Rn arises in the augmented energy equation (8.19) i. e. in the
term Rn 2/y2. Rosseland’s model assumes radiative equilibrium and that the nanofluid has
gray properties which are popular in solar pump designs. Furthermore, Rosseland’s model
assumes that the intensity is the black-body intensity at the nanofluid temperature and since it
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is generally confined to incompressible flows it is particularly appropriate for low speed
transport characteristic of porous media hydromagnetic pumping. The parameter Rn embodies
the relative contribution of conduction heat transfer to thermal radiation transfer. It is variously
known in thermal physics as the Stark number and Rosseland-Boltzmann number [1]. Large
Rn values imply small radiation contribution and small Rn values correspond to high radiative
flux. As Rn →0, thermal radiation ﬂux contribution vanishes and the dominant mode of heat
transfer is thermal conduction. Hence with smaller Rn values, thermal radiation is stronger than
thermal conduction (the contribution is only equal for both modes of heat transfer when Rn =
1). Thermal radiation supplements the ﬂuid thermal conductivity via the energy equation and
serves to increase temperatures, simultaneously reducing momentum transfer which serves to
decrease pressure difference at positive flow rates (the converse effect is induced at negative
flow rates). The influence of radiative flux on velocity, temperature and nano-particle volume
fraction distributions is described in due course. The variation in pressure rise for different
values of heat source/sink parameter ( ) is illustrated in Fig. 8.2(e). It is evident that pressure
rise is assisted with an increase in heat source (generation) parameter in all the peristaltic
pumping regions. The maximum peristaltic pumping is achieved when   0 as compared with
the least efficient pumping attained with  = 0 . Generally, the presence of heat generation
(mimicking for example thermal hot spot zones in solar pumps) strongly elevates temperatures
(see fig 8.4a). This also assists in momentum development and manifests in pressure difference
depletion. The influence is maintained at both negative and positive flow rates i.e. whether
correct pumping or reverse flow is present. The observations are consistent with the findings
of (Tien & Vafai, 1989). The heat source effect is also particularly relevant to ground-heat
source solar pumps (Romero & González-Aguilar, 2017). It works effectively to energize the
pumping fluid and aids in increasing thermal pumping efficiency. Figs. 8.2(f) display the
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influence of the species buoyancy force (simulated via local nanoparticle i.e., solutal Grashof
number Br ) on the pressure rise (p) versus mean flow rate () . Br arises in the species
buoyancy term in the reduced momentum eqn. (8.21) i. e. Br and this term couples the
momentum field with the nano-particle species concentration field described by eqn. (8.20). It
represents the relative magnitude of the species buoyancy force to the viscous hydrodynamic
force in the channel. When Br →0 species (solutal) buoyancy effects vanish. Thermal Grashof
number (Gr) is prescribed a value of 2 implying the thermal buoyancy force is double the
magnitude of the viscous hydrodynamic force. Pressure rise is considerably elevated with
increasing solutal Grashof number Br . This applies at both negative and positive flow rates and
in the pumping region (p > 0), the augmented pumping region (p < 0), and the free pumping
region (p = 0). Pressure rise is clearly suppressed with absence of species buoyancy forces
indicating that the presence of nano-particles is beneficial to solar peristaltic pump
performance. Nano-particle solutal buoyancy is shown therefore to be a critical characteristic
which modifies the pump hydrodynamic regime. It is also judicious to mention that positive
values of Br correspond to nano-particle transfer from the channel walls by natural species
convection currents which implies a reduction in wall mass transfer rate (channel wall nanoparticle concentration gradient).

8.3-2 Axial Velocity distribution
The effects of the principal flow parameters i. e. Hartmann magnetic number, thermal
conduction-radiation parameter (Stark number), Prandtl number, permeability parameter, heat
source parameter and Reynolds viscosity parameter on axial velocity distribution

(u = u 0 +  u1 ) are visualized in Fig. 8.3 (a-f) at the axial location x = 0.5 . It is observed that
the axial velocity distributions exhibit a parabolic nature in which the maximum/minimum
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axial velocity appears at the core zone of the channel. However, there is a slight dis-symmetry
which is a manifestation of the different amplitudes of left and right walls i.e. a, b as 0.3 and
0.2 respectively i.e. the profiles are either skewed to the left or to the right wall. The influence
of Hartmann number (M ) on axial velocity distribution versus transverse coordinate is plotted
in Fig. 8.3 (a). It is noticed that the performance of axial velocity near the channel walls and
at the core part of the channel demonstrates a reflective symmetry approximately about the
channel centre line (y = 0). Axial velocity enhances with an increase in Hartmann number near
the lower deformable channel wall. However, it reduces in the core region of the porous
medium channel and all profiles merge towards the upper wall i.e. there is invariance in the
magnetic field effect near the upper wall. The presence of magnetic field in the electrically
conducting magnetized nanofluid, as explained earlier, mobilizes the Lorentz magnetic force.
This acts to resist the channel flow in magnetic generator operations but accelerates the flow
in magnetic pumping operations (as considered here). Fig. 8.3 (b) shows the effect of thermal
radiation on axial velocity distribution. It is noticed that velocity is depressed in the lower
channel half space i.e.

y  − 1.07, − 0.2499

whereas it is enhanced in the upper channel half

space, with increasing Rn i.e. with decreasing thermal radiative flux. Energization of the
nanofluid with stronger solar radiative flux therefore decelerates the pumping flow. The Prandtl
number effect on the axial velocity distribution is plotted in Fig. 8.3(c). It is apparent that the
axial velocity is raised with an elevation in Prandtl number over the lower channel half-space
range

y  − 1.07, − 0.2386 ;

however, in the upper channel half space range velocity is

strongly decreased with increasing Prandtl number. The no-slip condition requires that the
ﬂow velocity at the surface of the channel walls is zero and that the nanoﬂuid temperature is
equal to the surface temperature. Prandtl number defines the relative rate of momentum
diffusion to energy (heat) diffusion in the regime. For Prandtl number of unity, both heat and
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momentum diffuse at the same rate. In the entry length zone of the magnetohydrodynamic solar
pump channel, for Prandtl number below unity, the thermal boundary layer is thicker than the
velocity boundary layer. The flow is also accelerated with increasing Prandtl number in the
lower channel half space since this is closer to the entry length zone whereas the converse effect
is induced in the upper channel half space. As elaborated in (Shahidian, et al., 2012) it is
unfeasible to achieve a consistent acceleration or deceleration throughout the entire
magnetohydrodynamic pump with purely an increase in Prandtl number. Fig. 8.3 (d) displays
the axial velocity distribution for three different value of the permeability parameter
( K = 0.1, 0.2 and 1) . It is viewed that the axial velocity is suppressed in the region
y  [−1.07, − 0.2846] , whereas it is magnified in the region y  [−0.2846, 0.64] . The switch-

over for this behavior is located to the left of the channel centre line. Maximum axial flow is
generated mid-way within the upper channel half space with maximum permeability i.e.
minimal Darcian retarding force. Increasing permeability parameter results in depletion in
resistance of the solid fibers to the percolating nanofluid. This accelerates the nanofluid
pumping and increases the shearing effect at the channel walls leading to greater shearing
stresses at these boundaries. As K→∞ the porous matrix disappears and the regime becomes
pure nanoﬂuid. In the opposite limit as K → 0, the medium permeability vanishes and the pump
is completely filled with solid material preventing pumping operations. Many studies including
(Vasiliev, et al., 2001) and (Ramesh, 2016) have confirmed that optimum solar and peristaltic
pump performance and flow control is attainable with high but not excessive permeabilities.
Fig. 8. 3 (e) shows the influence of the three different values of heat source parameter
( = 0, 0.5 and 1) on the axial velocity distribution for the fixed values of other parameters.

It is evident that with increasing heat source/sink parameter,  , the axial velocity field is
depleted in the lower channel half space

y  − 1.07, − 0.4046,

where as it is enhanced in the
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upper channel half space in the range
viscosity ( ) parameter on

y  −− 0.4046, 0.64 .

The influence of the Reynolds

u is presented in Fig. 8.3(f). Axial velocity distribution (u)

reduces with the increase in Reynolds viscosity effect ( ) in the lower channel half space (here
the boost in viscosity inhibits strongly the entry flow in the solar pump channel duct) whereas
the contrary behavior is computed in the upper channel half space (right hand side of the
channel geometry). This trend is consistent with several studies on nanofluid non-Newtonian
viscosity behavior, including (Choi & Eastman, 1995), and (Shahidian, et al., 2012) (Shahidian,
et al., 2009). The latter investigation has confirmed experimentally that viscosity abnormally
increases when an increase in volume concentration of nanoparticles is present and this leads
to deceleration in flows earlier in micro-channels with subsequent acceleration.

8.3-3 Temperature and Nanoparticle volume fraction distributions
In Figs. 8.4 (a-d) the evolution of nanofluid temperature distribution ( ) and nanoparticle
volume fraction ( ) with respectively different values of heat source parameter (β),
thermophoretic nanoscale parameter (Nt), Prandtl number (Pr) and conduction-radiation
Stark number (Rn). A significant feature of the temperature distributions is the concave upward
profile whereas a downward concave topology is exhibited by the nanoparticle volume fraction
distributions. The heat source parameter influences on temperature and nanoparticle fraction
distributions are presented in Fig. 8.4(a). It is evident that the temperature increases with
enhancing the heat source parameter effects (since thermal energy is imparted to the nanofluid
with heat source in the pump) whereas the nanoparticle volume fraction (i.e., nano-particle
concentration magnitude) is clearly reduced with increasing the heat source parameter. The
implication is that the heat generation effect only assists thermal distribution homogeneity in
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the channel whereas it is counter-productive for the diffusion of nanoparticles. The temperature
and nanoparticle volume fraction distributions for the various values of thermophoresis
parameter (Nt) are presented in Fig. 8.4 (b). Inspection of the graph reveals that the temperature
distribution increases with an increase in the thermophoresis parameter. It also noticed from
this figure that the nanoparticle volume fraction reduces with an increase in the thermophoresis
parameter. Different nanoparticles types transport differently under the thermophoretic force
which is associated with migration of nanoparticles from hot to cold surfaces. This is of great
utility in solar magnetic nanofluid pumps [26-28] since via selection of specific nanoparticles,
customized performance may be achieved. It is further of interest to consider the mechanism
of thermal enhancement in nanofluids under solar radiative conditions. It is also noted that the
Brownian motion parameter (Nb) is fixed at 0.6. Since Brownian dynamics is also present, the
nanofluid molecules are organized into an ordered layer at the nano-particle solid-liquid
interface which results in thermal conductivity in that ordered layer being lower than thermal
conductivity of the solid particles but larger than that of the base fluid. As earlier suggested
by (Buongiorno, 2006), this interfacial layer is a solid-like structure, and it is referred to as
nanolayer. This hypothetical nanometre size layer is considered as a thermal layer between the
solid particle surface and the base fluid and to the current state of knowledge of nanofluid
mechanics, this nanolayer is one of the most probable mechanisms producing the popular
thermal conductivity enhancement. In fact, the existence of even a thin nanolayer at relatively
high Brownian motion parameter values still may contribute markedly to the elevation in
thermal conductivity of nanofluids, mainly when the particle diameter is smaller than 10 nm.
In conjunction with thermophoresis, the extra energy transport of nanoparticles is due to result
of Brownian motion. The relative motion between nanoparticles and base fluid molecules
generates micro-convection which when summated over the entire body of the nanofluid results
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in an effective boost in heat transfer i.e. temperatures. The present theoretical results confirm
these observations. However, it is sincerely hoped that experimental solar engineering
researchers will be motivated to verify actual performance in both laboratory models and scaleup processes to actual implementation of the current solar magnetic biomimetic nanofluid
pump configuration. The influences of four different value of Prandtl number (i.e., Pr = 1, 2, 3
and 4) on temperature and nanoparticle volume fraction are computed in Figs. 8.4(c). In is
found that elevation in Prandtl number leads to a strong enhancement in fluid temperature
whereas it depletes the nanoparticle volume fraction. Generally, higher Pr nanoﬂuids will have
relatively low thermal conductivities which will suppress thermal conduction heat transfer from
the wall and reduce thermal boundary layer thickness, resulting in higher nanofluid
temperatures throughout the channel space. Smaller values of Pr are equivalent to increasing
thermal conductivities, and therefore heat is able to diffuse away from the deformable pump
walls more rapidly than for higher values of Pr. Hence in the case of smaller Pr the boundary
layer is thicker and the rate of heat transfer to the wall is reduced. This has important
implications in practical solar pump operations. In Fig. 8.4(d), we observe that with increasing
thermal radiation (lower Rn values) there is a substantial elevation in fluid temperature. It is
also noticed that the thermal radiation effect suppresses nanoparticle volume fraction
magnitudes i.e. counter-acts diffusion of nano-particles, which has been confirmed in many
experimental investigations including (Said, et al., 2013) and (Du & Tang, 2015).

8.3-4 Trapping phenomena
A unique characteristic of the present solar pump design is the peristaltic wave feature achieved
with distensible channel walls. This generates an intriguing phenomenon known as trapping,
the formulation of an inside circulating bolus of nanofluid which migrates together with the
wave at a fixed mean flow rate. In axisymmetric peristaltic flows, the positive motion
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displacing fluid forward manifests in a torus shape. The bolus is trapped by the wave and
therefore propagates forward with the same speed as that of the wave. However, in the current
analysis, non-symmetric peristaltic pumping is studied owing to the difference in amplitudes
of left and right walls i.e. a, b as 0.3 and 0.2 respectively. However, a single-phase difference
of /4 between the left and right wall peristaltic waves is assumed. Although asymmetric
peristaltic flows may generate reflux (or retrograde flux), that is, reversed motion of fluid in
the opposite direction opposite to the net flow (i.e. in the negative x-direction) this has not been
observed in the current work. The streamlines for different Reynolds viscosity parameter ( ) ,
heat source/sink parameter (  ) and Hartmann magnetic number (M ) for fixed values of other
parameters are illustrated in Figs. 8.5-7.
Figs. 8.5(a-b) indicate that with increasing Reynolds number viscosity ( ) the size of trapped
bolus increases in amplitude in the right part (upper half space) of the channel and the reverse
situation is generated in the left part (lower half space) of the channel wall. The impact of two
different values for heat source parameter ( = 0 and  = 0.5) on trapping is shown in Fig.
8.6(a-b). One can notice that the size of the bolus increases in the vicinity of the right part of
the channel with increasing heat source parameter. Fig. 8.7(a-b) clearly reveals that the size of
tapped bolus increases with magnetic field effect i. e. as Hartmann number increases from the
non-magnetic case

(M = 0) to the strongly magnetic case (M=1) trapping is more potent in the

channel regime.

8.3-5 Further Validation with Published Literature
Fig. 8.8 is explained to authenticate the results of proposed model without buoyance forces

( Br = Gr = 0) , permeability parameter

( K ) and Reynolds number viscosity parameter ( )
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with existing results (Srinivas & Kothandapani, 2008) in the asymmetric channel. It is
perceived that the results of proposed model is significantly close to that described by Srinivas
and Kothandapani (2008) across the entire width of the channel.

8.4 Concluding remarks
In this chapter an alternative solar collector design with magnetized nanoparticles has been
studied. The influence of temperature-dependent viscosity, thermal radiation flux, nanoscale
phenomena, heat generation, solutal (nanoparticle) buoyancy force and magnetic field on the
two-dimensional flow, heat and species diffusion in this solar biomimetic (peristaltic)
magnetohydrodynamic nanofluid pump containing a homogenous, isotropic porous medium.
A modified (Buongiorno, 2006) nanofluid

model is deployed which emphasizes

thermophoretic body force and Brownian dynamic effects. To simulate solar thermal loading
conditions the Rosseland radiative diffusion flux model is implemented and heat generation is
included. Multiple amplitudes and phases are considered for the deformable channel walls.
The moving boundary value problem is non-dimensionalised and perturbation solutions are
derived for axial velocity, temperature and nanoparticle volume fraction. Validation is
conducted with Maple numerical quadrature and volumetric flow rate, pressure difference and
streamline distributions are also computed. The impact of Reynolds number viscosity ( ) , heat
source/sink parameter (  ) , Prandtl number (Pr), Hartmann number (M ) , thermal radiation
(Rn) , permeability parameter (K ) and local nanoparticle Grashof number (Br ) on thermal and

flow characteristics is visualized. The important findings of this chapter may be summarized
as follows:
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➢ The free pumping flux for a fluid with variable viscosity is greater than that for a fluid
with constant viscosity.
➢ Greater peristaltic work has to be expended versus a greater pressure for a fluid with
constant viscosity when compared with that fluid of variable viscosity.
➢ Pressure rise increases as the Reynolds viscosity of nanofluid and the heat generation
effects are increased.
➢ Fluid axial velocity distribution is only enhanced with Reynolds viscosity increasing,
in the inner core zone of pump channel, owing to the lesser impact of shear stress (wall
friction) in the inner core.
➢ The nanoparticle fraction distribution exhibits the reverse behavior as compared with
the temperature distribution under the influence of thermophoresis, Reynolds viscosity,
Prandtl number and magnetohydrodynamic Hartmann number.
➢ With increasing Reynolds viscosity, the size of trapped bolus decreases in amplitude in
the left section of the channel whereas the opposite behavior is observed in the right
channel half space.
➢ Increasing radiation solar flux significantly heats the nanofluid whereas it inhibits nanoparticle diffusion in the regime.
➢ Increasing magnetic Hartmann number serves to reduce pressure differences in the
pumping channel with a corresponding acceleration in the axial flow.
➢ Excellent accuracy, stability and convergence is achieved with both the perturbation
solutions and MAPLE17 computations.
➢ Pressure difference is strongly boosted with increasing solutal Grashof number at both
negative and positive flow rates and in all three solar peristaltic pumping regimes i.e.
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the pumping region (p > 0), the augmented pumping region (p < 0), and the free
pumping region (p = 0).
➢ Solar thermal radiation flux energizes the nanofluid in the pump and elevates
temperatures via the augmentation of the nanofluid thermal conductivity; however,
increasing radiation flux acts to reduce pressure difference at positive flow rates (the
reverse trend is computed at negative flow rates).
➢ The presence of a low permeability porous medium (solar wafer) is observed to strongly
decelerate axial flow and suppress pressure difference generated in the pump whereas
higher permeability manifests in flow acceleration and pressure difference elevation.
➢ At all values of Pressure rise in magnetohydrodynamic pumping is stifled with strong
magnetic field whereas it is enhanced for electrically non-conducting nanofluids (i.e.
when the external magnetic field in the pump circuit is switched off).
This chapter has presented a different nanoscale formulation (Buongiorno) to that in the
previous chapters. Interesting features of the thermal characteristics have been identified for
the first time. The current status of ANSYS FLUENT material physics does not permit multiphysical simulations of all the features included in the current model. Although more complex
radiative models (e. g. Chandrasekhar discrete ordinates method- see chapter 7 for example,
STS, P1 differential flux etc) are available in ANSYS FLUENT with the possibility of fluidstructure interaction (FSI) via coupling with ANSYS structural solvers, the magnetic nanofluid
model cannot be analyzed presently with CFD codes. The numerical methodology elaborated
herein has shown that alternative techniques are available for simulating more complex hybrid
magnetic nanofluid solar peristaltic collectors which do feature Brownian motion and
thermophoresis without the requirement for particle-based modelling (e. g. Lattice Boltzmann
methods). Rosseland’s model has provided a reasonable estimate of radiative effects from solar
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heat flux loads; however, analysis has been confined to two-dimensional optically thick (dense)
nanofluids. Future work could consider three-dimensional numerical simulations with ANSYS
CFD software and in particular the effects of optical thickness and absorption coefficient which
would allow a more precise evaluation of how much a given medium (nanofluid) interacts with
thermal radiation. Radiative intensity falls by an exponential factor when optical thickness is
unity. Physically optical thickness will be a function of the absorption coefficient, medium
density and propagation distance in actual solar collectors whether rigid-walled or deformable.
It may be advantageous to explore the P1 radiative flux model which although more
computationally expensive predicts the actual influence of solar radiative flux more accurately
than the Rosseland model and also is applicable to non-gray nanofluids although it may slightly
over-predict radiative fluxes from localized heat sources or sinks. Non-Darcy porous media
effects may also be examined which feature second order (quadratic) porous drag physics and
can therefore extend the operational Reynolds number range for the current solar pump to
higher values encroaching into the inertially-dominant range. Another important issue is the
fact that while Buongiorno’s model can analyze nanoparticle species diffusion (volume
fraction) effects, Brownian dynamics and thermophoretic body force effects, and is clearly
superior in this regard to the Tiwari-Das nanoparticle model employed in Chapters 3-7, it
cannot however simulate the performance of specific nanoparticles e. g. Titanium dioxide,
copper oxide, diamond etc. A possible remedy to this situation is the amalgamation of both
Buongiorno’s model with the Tiwari-Das model. Efforts in this direction have led to hybrid
nanoscale models for nanofluids which furthermore have combined more than one nanoparticle
type in the simulations and have also incorporated shape factors (spherical, ellipsoidal, brick
shaped, nanotubes etc). Important progress in this regard has been led by my supervisor,
Professor Anwar Bég and co-workers, lthough they have focused on electrokinetic applications
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(Tripathi, et al., 2020) (Prakash, et al., 2020) and thus far have not explored solar collector
systems. Finally, supplementary electromagnetic phenomena may also be examined in
refinements of the present solar magnetic nanofluid peristaltic collector model, including Hall
currents, Maxwell displacement currents, magnetic induction, Joule heating, oblique magnetic
field (orientated at an angle to the longitudinal axis of the solar collector). All these aspects
have been considered albeit separately (Prakash, et al., 2019) (Narla, et al., 2019) Finally, there
is the possibility of utilizing nanoparticles for smart coatings on photovoltaic solar collectors,
deploying tactic micro-organisms for hybrid solar fuel cells in combination with nanoparticles,
studying hydrodynamic slip effects and in addition using Eringen micropolar rheological
models for nanoparticle clustering aspects (spin effects of the nanoparticles) which I have also
investigated but have not reported here in this PhD Thesis for brevity (Aneja, et al., 2020)
(Nima, et al., 2020) (Mehmood, et al., 2020) (Mehmood, et al., 2018) (Bég, et al., 2020) (Bég,
et al., 2019). These I hope to continue to explore for 3-dimensional direct absorber solar
collector (DASC) nanofluid coating/hybrid nano-bio-microorganism design simulations
(Kuharat, et al., 2021) (Kuharat, et al., 2020) in post-doctoral collaborations with my present
supervisory team in the near future.
PUBLICATION NOTE
A long version of this chapter was published in J. Prakash, E.P. Siva, D Tripathi, S. Kuharat
and O. Anwar Bég, Peristaltic pumping of magnetic nanofluids with thermal radiation and
temperature-dependent viscosity effects: modelling a solar magneto-biomimetic nanopump,
Renewable Energy, 133, 1308-1326 (2019).
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Chapter 9 Conclusions, Recommendations and Future Research
Directions
ABSTRACT
In this PhD a diverse spectrum of numerical simulations has been presented using ANSYS
FLUENT CFD finite volume software (and for one case, MATLAB symbolic software with
shooting quadrature) for a variety of direct absorber solar collector geometries utilizing a wide
range of metallic and non-metallic nanoparticles. Both thermal buoyancy (natural convection)
and forced convection scenarios have been addressed. Radiative heat transfer due to solar flux
has also been simulated with 3 different approaches- Rosseland diffusion flux model, P1
Traugott differential and finally the Chandrasekhar discrete ordinates model (DOM). Although
the Tiwari-Das volume fraction nanoscale model has been deployed for ANSYS FLUENT
simulations, I have also utilized the Buongiorno nanoscale model for one nanofluid solar
collector (pump) configuration (Chapter 8) in addition to considering magnetic properties of
the nanoparticles. The superior thermal performance of base fluids doped with nanoparticles
has been strongly confirmed and the simulations, where possible, have been compared with
earlier experimental studies, showing good correlation. The benefits of nanoparticles include
ease of deployment, avoidance of clogging and agglomeration and sustained performance in
the field. The PhD has included 8 chapters, 6 of which (i.e. chapters 3-8) constitute novel
contributions and much of this research has been published in leading international journals
and at international conferences. In this final chapter of the PhD a summary of the main
findings is now given in particular with respect to types of convection, nanoparticle types, solar
collector geometry and radiative transfer model. Later some directions are outlined for future
work including non-Newtonian models, turbulence, solar day light tracking etc.
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9.1 CONCLUSIONS
In this PhD, eight different metallic nanoparticles have been considered as aqueous nanofluids
in a variety of configurations. These have shown different thermal enhancement features under
different convection conditions and geometrical enclosures. The aspect ratio has also been
addressed in some scenarios. The main conclusions drawn are summarized below:

9.1-1 Natural Convection and Inclination Effects
Chapters 3-7 show that nanofluids influence natural and forced convection in solar collectors.
For a natural convection, it clearly shows that the increase in volume fraction enhances the
heat transfer of the solar collector, as this increases fluid thermal conductivity. However, an
increase in volume fraction can enhance heat transfer of the fluid up to a certain value after
which subsequent increase in volume fraction has no tangible effect. Rayleigh number also
has a big influence on heat transfer in natural convection, as increasing the Rayleigh number
enhances the heat transfer of the fluid due to thermal buoyancy force effects. Chapter 3 shows
the changes in the thermal flow characteristics with increasing Rayleigh number which
manifest with the emergence of a dual structure in the circulation. Temperatures generally
increase as the Rayleigh number becomes greater for the both the silver-water nanofluid case
and titanium oxide water nanofluid case, although greater temperatures are computed in the
former and slightly higher Nusselt numbers in the latter. In Chapter 4, simulations of nanofluid
convection in the 2-D trapezoid and the 3-D prismatic solar collector also showed the same
behaviour. However, in Chapter 5, various inclinations of the collector is were also
investigated, which scales the gravity force and therefore modifies the thermal buoyancy force.
With greater inclination of the enclosure, there is a progressive elevation in heat transfer from
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the left hot face (heated wall) towards the opposite cold wall, and temperatures are elevated
mainly in the upper left zone with a more extensive warming in the central zone.

9.1-2 Solar Collector Enclosure Geometrical Effects
Geometry is a complex aspect which also influences the heat transfer in natural convection.
This also involves the influence of the heating location of the geometry and boundary
conditions. In this research three geometries (square, rectangle, and trapezoid) have been
investigated in 2-Dimensions in chapter 3-4, and three geometries (annulus, cube, prism) have
been investigated in 3-Dimensions in chapter 5 and 6. All studies suggested that the high aspect
ratio (narrow geometry) improved the heat transfer relative to the low aspect ratio (wider
geometry), where the aspect ratio is defined as the ratio of base length relative to height of the
solar collector geometry. Chapter 3 showed that for high aspect ratio geometries, higher
temperatures are generated in the enclosure and the hotter titanium oxide water nanofluid
reaches deeper into the enclosure space. At lower aspect ratio (less than or equal to unity)
geometries, dual thermal zones are generated in the upper and lower zones of the enclosure.
A substantial deceleration in the titanium oxide water nanofluid flow is induced initially with
a decrease in aspect ratio from 4 to 2; however, this pattern is reversed with subsequent
decrease in aspect ratio (aspect ratio of 4/3, 1 and 0.5) and the flow is accelerated. The singular
symmetric cell structure observed at higher aspect ratio is modified into a non-symmetric
laterally elongated structure at low aspect ratios. For the trapezoid geometry mentioned in
Chapter 4, it is apparent that a strong negative boundary inclination (wall slope of -10 degrees)
acts as a heat sink which moves closer to the heat source, resulting in improved heat transfer
to the walls of the cavity. Again, in Chapter 5, 3-D simulation results show that higher
geometrical aspect ratios lead to improved heat transfer in the region with deeper penetration
of warmer zones in the enclosure.
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9.1-3 Forced Convection Effects
Chapters 3-4 investigated natural convection inside the solar collector in 2D and Chapter 5 in
3D, and both analyses provided excellent knowledge of the thermofluid characteristics of
various metallic and non-metallic nanofluids in natural convection, as concluded previously.
However, the 3-dimensional simulation for forced convection inside solar collectors has been
found to be more representative of actual solar collector applications and provides a more
dependable approach for comparing actual efficiencies of various nanofluids (metallic and nonmetallic). Therefore, further research (ANSYS FLUENT simulations) has been conducted to
elucidate the forced convection in direct absorption solar collectors in Chapters 6 and 7.
Chapter 6 investigated forced convective heat transfer in a solar tube (annulus) type direct
absorption solar collector. Chapter 7 simulated the forced convective heat transfer in a plate
type direct absorption solar collector. From Chapters 6-7, the heat transfer efficiency of water
based nanofluids can be listed in order of highly efficient to the least efficient for Silver,
Graphite, Copper, Copper oxide, Titanium oxide, Aluminium, and pure water. It is concluded
that overall silver nanoparticles provide consistently high thermal efficiency, although graphite
is also very impressive and even other metallic nanofluids (copper, copper oxide, titanium
oxide and aluminium) produce much better heat transfer performance compared with
conventional base fluids (water) used in traditional direct absorber solar collectors.

Silver

Graphite

Copper

Copper
Oxide

Titanium
Oxide

Aluminium
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9.1-4 Radiative Heat Transfer aspects
In this PhD thermal radiation heat transfer has been included in all the chapters; three different
models have been used which are the Rosseland diffusion, P1 (Traugott) first order spherical
harmonics model and the Chandrsekhar discrete ordinates model (DOM). All three models are
all available in ANSYS FLUENT. The computations have generally shown that Rosseland’s
model provides a faster and quite reasonable estimate of radiative effects from solar heat flux
loads; however, analysis has been confined to two-dimensional optically thick (dense)
nanofluids. Rosseland’s model does not need as much mesh density refinement or compilation
times. Future work could consider three-dimensional numerical simulations with ANSYS CFD
software and in particular the effects of optical thickness and absorption coefficient which
would allow a more precise evaluation of how much a given medium (nanofluid) interacts with
thermal radiation. Radiative intensity falls by an exponential factor when optical thickness is
unity. Physically optical thickness will be a function of the absorption coefficient, medium
density and propagation distance in actual solar collectors whether rigid-walled or deformable.
The P1 radiative flux model provides more accurate estimates of radiative heat transfer flux
but is significantly more computationally expensive. It more precisely predicts the actual
influence of solar radiative flux which cannot be achieved with the Rosseland model; the P1
model is applicable to non-gray nanofluids although it may slightly over-predict radiative
fluxes from localized heat sources or sinks. Chandrasekhar discrete ordinates method (DOM)
is available for more robust simulation of non-gray fluids which allows wavelength-dependent
optical properties of the working fluid to be included in radiative transfer analysis. The model
spans the entire range of optical thicknesses, which provides a full range of capability for solar
engineering simulation. It also allows the solution of radiation at semi-transparent walls,
which is an extremely useful feature for DASCs as these types of collectors often feature a
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glazing glass cover. However, the downside is that solving a problem with a fine angular
discretization may be CPU-intensive and therefore more expensive.
ANSYS FLUENT while restricted to single phase nanoscale models does provide a very
powerful methodology for studying different geometries, nanoparticles and convection and
radiative scenarios. Of course, only steady state and laminar flows were investigated, and these
could be extended to transient behaviour and turbulent nanofluid dynamics in the future.
However, very interesting and feasible predictions of realistic nanofluid DASC flows for
multiple scenarios have been successfully simulated with the ANSYS FLUENT CFD platform
in this PhD and have provided a solid and validated base for future computational studies.

9.1-5 Magnetic metallic nanoparticles
In the last chapter (chapter 8) an alternative solar collector design with magnetized
nanoparticles has been studied. The influence of temperature-dependent viscosity, thermal
radiation flux, nanoscale phenomena, heat generation, solutal (nanoparticle) buoyancy force
and magnetic field on the two-dimensional flow, heat and species diffusion in this solar
biomimetic (peristaltic) magnetohydrodynamic nanofluid pump containing a homogenous,
isotropic porous medium has been simulated. The nanoparticle fraction distribution exhibits
the reverse behaviour as compared with the temperature distribution under the influence of
thermophoresis, Reynolds viscosity variation, Prandtl number and magnetohydrodynamic
Hartmann number (ratio of Lorentz magnetic drag force to viscous hydrodynamic force). Solar
thermal radiation flux energizes the nanofluid in the solar pump and elevates temperatures via
the augmentation of the nanofluid thermal conductivity; however, increasing radiation flux acts
to reduce pressure difference at positive flow rates (the reverse trend is computed at negative
flow rates). The presence of a low permeability porous medium (solar wafer) is observed to
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strongly decelerate axial flow and suppress pressure difference generated in the pump whereas
higher permeability manifests in flow acceleration and pressure difference elevation. At all
values of pressure rise in magnetohydrodynamic pumping is stifled with strong magnetic field
whereas it is enhanced for electrically non-conducting nanofluids (i. e. when the external
magnetic field in the pump circuit is switched off). Although the simulations were restricted to
Darcian porous media (viscous dominated) and conducted in MATLAB symbolic software (not
ANSYS FLUENT, since the latter does not permit Buongiorno nanoscale modelling), nonDarcy porous media effects may also be examined. The Darcy-Forchheimer-Brinkman model
features second order (quadratic) porous drag physic and boundary vorticity and can therefore
extend the operational Reynolds number range for the current solar pump to higher values
encroaching into the inertially-dominant range. These aspects will be considered in future postdoctoral investigations.

9.1-6 Future pathways
The present PhD has examined a number of aspects of nanofluid solar collector performance
with different combinations of geometries (annular, trapezium, rectangular, prismatic etc.) and
robust radiative transfer models. The main two nanoscale models available were also deployed
i. e. Tiwari-Das (chapters 3,4,5,6,7) and Buongiorno (chapter 8). However as with any study
not all phenomena could be examined. Generally Newtonian fluids only in the laminar regime.
Here I have provided some important suggestions for future pathways which define some good
directions for extending my PhD. Already I have started to examine non-Newtonian nanofluids,
electrical nanofluids and hydrodynamic/thermal slip effects. These are just some of the areas
which are now growing in 21st century solar energy engineering and in which computational
fluid dynamics is critical.
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9.1-7 Extension to Non-Newtonian nanofluid systems
Many studies have verified that nanofluids exhibit strong non-Newtonian characteristics
associated with the presence of nanoparticle clusters e. g. stress relaxation, normal stress
differences, variation in the viscosity, non-linearity of creeping, threshold stress, shear
thickening/thinning, temperature-dependent viscosity and memory fluid behavior. Many
experimental and theoretical studies have supported this non-linear behavior of nanofluids.
Suspension of nano-sized particles in conventional base fluid or base fluid itself contributes to
a modification in the rheology and leads to non-Newtonian behavior of nanofluids under
different shear rate conditions. (Tseng & Chen, 2003) have demonstrated the pseudoplastic
nature of nanofluid (suspensions of nickel-terpineol) experimentally. The experimental study
of (Lu, 2007) showed the shear thinning property of nanofluid with variation in rate of shear.
(Phuoc & Massoudi, 2009) observed viscoplastic non-Newtonian behavior (yield stress) in
nanofluids. An experimental justification has been given by (Chen, et al., 2009) relating to
nanofluid dependence on temperature and concentration and this also constitutes a nonNewtonian property. To study thermo-fluid behaviour of real nanofluids, it is necessary to
adopt robust ‘non-Newtonian theory’ in conjunction with an appropriate ‘nanoscale fluid
model’. Chemical engineers and polymer physicists have developed a wide range of
comprehensive rheological fluid models e. g. integral, rate and differential type non-Newtonian
models. These can be utilized also to elucidate the non-linear shear stress-strain behaviour in
nanofluids. The viscoelastic third-grade fluid model is another thermodynamically rigorous
formulation which belongs to the Reiner-Rivlin subclass of differential type of fluids, that are
known to exhibit relationships between the stress history and deformation gradient. This model
also simulates quite accurately the shear thickening (dilatant) & shear-thinning (pseudoplastic)
features observed in nanofluid suspensions. It has been deployed by (Hiremath, et al., 2019) in
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viscoelastic nanofluid coating flows. The second order Reiner-Rivlin model (viscoelastic) has
been used in (Rana, et al., 2017). Cross, Sisko and Williamson viscoelastic rheological models
have been considered in (Rao, et al., 2017), (Ali, et al., 2018) and (Nagendra, et al., 2017)
respectively. Another branch of non-Newtonian models are micromorphic models introduced
by Eringen in the 1960s. These can simulate the spin of nanoparticles and also larger parcels
of fluids surrounding them (micro-elements) and are much more elegant than any other nonNewtonian model. They can easily be unified with the Buongiorno or Tiwari-Das nanoscale
models. Another advantage of micromorphic models is that the classical Newtonian (NavierStokes) model can be retrieved when micromorphic effects are negated. Recent applications of
micropolar nanofluid flows include (Latiff, et al., 2016), (Kumar, et al., 2019) and (Bég, et al.,
2020). Couple stress (polar) fluids can also be used for rheological characteristics of nanofluids
and have been examined by (Umavathi & Bég, 2020). Finally, power-law and exponential
viscosity models (e.g. Reynolds model) also offer an alternative approach to simulate
rheological behaviour of nanofluids and I have been explored these in solar coating (Prakash,
et al., 2019) and solar pump (Mehmood, et al., 2018) flows (chapter 8). Other investigations
include (Bég, et al., 2019). However, these models have thus far not been explored for 3-D
solar nanofluid collectors and this is a very rich area in the future to explore.
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Figure 9.2 Range of robust non-Newtonian models available for nanofluids

9.1-8 Extension to bioconvection in solar nanofluid collectors
A further refinement is the incorporation of motile micro-organisms in direct absorber solar
collector nanofluid systems. These feature different taxes e. g. chemotactic, gyrotactic,
phototactic, magneto-tactic etc. which respond to different stimuli (chemical concentration,
torque, light, magnetic field etc). Bioconvection occurs in these micro-organisms and they can
be combined with nanoparticles to achieve improved stability and mass diffusion. During my
PhD I also investigated several problems in nanofluid bioconvection although I only considered
solar coatings for photovoltaic collectors (Nima, et al., 2020) (Aneja, et al., 2020). These
studies all assumed that the nanofluid is dilute and no interaction between nanoparticles and
micro-organisms occurs. However, no serious work has been reported of micro-organism
doping of solar nanofluid collectors and this again offers a good pathway for ANSYS FLUENT
3-D simulations.
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9.1-9 Extension to Include Turbulence Effects
It is also noteworthy that all the simulations in this PhD have been restricted to laminar flows.
In field solar collector operators, of course turbulence may also arise. Several investigators
have examined turbulent nanofluid DASC flows. These include (Behroyan, 2015) on copper
water nanofluids in forced convection in a tube and (Zhang, 2021) Al2O3-CuO/water nanofluid
turbulent transport. Of course, many turbulence models are available in ANSYS FLUENT e.g.,
k-epsilon, LES, SST, K-omega etc. An important consideration is the much greater mesh
densities needed for turbulent flows and also the requirement for better correlations of
nanoparticle behaviour from experiments.
Extension to consider solar daylight tracking for different geographical locations by rotating
solar panels to follow the sun across the sky, solar trackers can generate more power. These
solar power plants can be damaged at high wind speeds. ANSYS has a facility for simulating
real time solar daylight tracking, which Single-axis solar trackers that automatically rotate to
follow the sun from east to west can generate 10 percent to 30 percent more power than
stationary or “fixed tilt” solar panels. Certain wind conditions can cause a torsional instability
that damages solar trackers.
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Figure 9.3 Solar daylight tracking

9.1-10
Extension to More Refined Nanopowder Coatings and Carbon
Nanotube Coatings
Although in this PhD generally spherical nanoparticles – either metallic or carbon-based- have
been considered, there are many other types of geometry available for nanoparticles. These
include carbon nanotubes (CNTs), nano-shells (Mahbubul, 2018) and also different shape
factors for metallic nanoparticles (bricks, ellipsoids, cylinders etc). Nanofluid transport with
these approaches has been considered by a number of researchers e.g. (Akbar, et al., 2015)
using elegant shape factor relations which permit different types of nanoparticles to be
simulated and surface areas to be considered.
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Figure 9.4 CNT for nanofluid collectors- courtesy MIT Energy Institute, USA.

The carbon nanotubes are allotropes of carbon in which the length to diameter ratio exceeds
1,000,000 to produce very high tensile strength, unique electrical properties, and a very
efficient conductor of heat.
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Appendix
Chapter 3
Nano-particle properties (titanium oxide copper, silver)
TiO2
Cu
Vnp
1
Vnp
Vf
100
Vf
Ф
0.01
Ф
Pf
997.1
Pf
Ps
4250
Ps
Pnf
1029.629
Pnf
Cpf
4179
Cpf
Cps
686.2
Cps
Cpnf
4034.827682
Cpnf
Ks
8.9538
Ks
Kf
0.613
Kf
Knf
0.617981786
Knf
uf
1.08E-03
uf
unf
0.001107275
unf
Vnf
1.07541E-06
Vnf
Table 1: Properties of Titanium Oxide, Copper

Ag
1
Vnp
1
100
Vf
100
0.01
Ф
0.01
997.1
Pf
997.1
8933
Ps
10500
1076.459
Pnf
1092.129
4179
Cpf
4179
385
Cps
235
3864.154734
Cpnf
3799.814025
401
Ks
429
0.613
Kf
0.613
0.619041831
Knf
0.619043619
1.08E-03
uf
1.08E-03
0.001107275
unf
0.001107275
1.02863E-06
Vnf
1.01387E-06
and Silver nano-particles at volume fraction

(Ф) = 0.01 i.e. 1%

309

310

311

Chapter 4
a.

Nanofluids properties (diamond and zinc)

Diamond nano- water based fluid
Volume fraction
0.02
Density
1047.358
Themal expansions (B)
0.0001959
72
Specific Heat (Cpnf)
3932.9416
13
Thermal conductivity (Knf)
0.6250092
94
Dynamic viscosity (Unf)
0.0011357
38
Pr
7.1467593
31
Volume fraction
Density
Themal expansion (B)
Specific Heat (Cpnf)
Thermal conductivity (Knf)
Dynamic viscosity (Unf)
Pr

Volume fraction
Density
Themal expansion (B)
Specific Heat (Cpnf)
Thermal conductivity (Knf)
Dynamic viscosity (Unf)
Pr

0.04
1097.616
0.0001832
28
3709.4164
3
0.6365570
81
0.0011958
18
6.9684065
11
0.06
1147.874
0.0001716
3505.4646
99
0.6476694
63
0.0012604
44
6.8220652
09

Units
kg/m3
1/K

Zinc nano-water based fluid
Volume fraction
0.02
Density
1119.158
Themal expansion (B)
0.000187

Units
kg/m3
1/K

J/kg.K

Specific Heat (Cpnf)

3698.221

J/kg.K

W/m.K

Thermal conductivity
(Knf)
Dynamic viscosity
(Unf)
Pr

0.624828

W/m.K

0.001136

kg/m.s

Volume fraction
Density
Themal expansion (B)

0.04
1241.216
0.000169

kg/m3
1/K

J/kg.K

Specific Heat (Cpnf)

3311.999

J/kg.K

W/m.K

Thermal conductivity
(Knf)
Dynamic viscosity
(Unf)
Pr

0.636209

W/m.K

0.001196

kg/m.s

Volume fraction
Density
Themal expansion (B)
Specific Heat (Cpnf)

0.06
1363.274
0.000154
2994.936

kg/m3
1/K
J/kg.K

Thermal conductivity
(Knf)
Dynamic viscosity
(Unf)
Pr

0.647167

W/m.K

0.00126

kg/m.s

kg/m.s

kg/m
1/K

3

kg/m.s

kg/m3
1/K
J/kg.K
W/m.K
kg/m.s

6.72218

6.225232

5.83304

312

313

Chapter 5
Property
Grashof number (Ra/Pr)

Value
2.45x 10

Units
4

5

_

Rayleigh number (Ra)

10

Gold density (p)
Gold thermal expansion (β)

1912.245

kg/m3

1.11 x 10-4

1/K

0.5
6.42E-07

m
m2/s

1.57355E-07
9.81
10
2133.684154

m2/s
m/s2
K
J/kg.K

0.642029776
0.001227536

W/m.K
kg/m.s

4.079521928

_

Height of enclosure (L)
Water kinematic viscosity ()
Water thermal diffusivity (m)
Gravity (g)
Temperature difference (T)
Nanofluid Specific Heat (Cpnf)
Nanofluid thermal conductivity (Knf)
Nanofluid dynamic viscosity (nf)
Prandtl number (Pr)

_

Table 1: Thermophysical and hydrodynamic properties of gold nano-particles and gold-water
nanofluid
Tilt angle ()
Surface Heat Flux Q (W/m2)
0
83.872254
10
80.130418
30
70.722287
45
60.323023
60
47.4667
Table 2. Heat flux computed on hot wall for gold-water nanofluid, with  = 5%, AR =2 and Ra = 105
for inclination () = 60 degrees.

Volume Fraction ()
0.02
0.05
0.08
0.11
0.14

Surface Heat Flux Q (W/m2)
69.212486
70.722287
72.398288
73.886681
75.408061
Table 3. Heat flux computed on hot wall for gold-water nanofluid, with  = 30 degrees AR =2 and Ra
= 105 for different gold nano-particle volume fractions ().
Surface Heat Flux Q (W/m2)
56.805868
70.722287
74.055584
Table 4. Heat flux computed on hot wall for gold-water nanofluid, with  = 30 degrees, Ra = 106 and
gold volume fraction () = 5% for various aspect ratios (AR).The three-dimensional gold prism
nanofluid model study was submitted to Nanoscience and Technology Journal in August
2019 and will also be presented next year in July 2020 at Eurotherm Conference in Portugal
Aspect ratio (AR)
1
2
4

314

315

316

Chapter 6
CuO

Al2O3

TiO2

Cu

Ag

Vnp
Vf

1
100

Vnp
Vf

1
100

Vnp
Vf

1
100

Vnp
Vf

1
100

Vnp
Vf

1
100

Ф

0.01

Ф

0.01

Ф

0.01

Ф

0.01

Ф

0.01

Pf
Ps

997.1
6500

Pf
Ps

997.1
3970

Pf
Ps

997.1
4250

Pf
Ps

997.1
8933

Pf
Ps

997.1
10500

Pnf

1052.129

Pnf

1026.829

Pnf

1029.629

Pnf

1076.459

Pnf

1092.129

Cpf
Cps

4179
535.6

Cpf
Cps

4179
765

Cpf
Cps

4179
686.2

Cpf
Cps

4179
385

Cpf
Cps

4179
235

Cpnf

3953.912582

Ks
Kf

20
0.613

Cpnf

4047.005481

Ks
Kf

40
0.613

Cpnf

4034.8276816

Ks
Kf

8.9538
0.613

Cpnf

3864.1547342

Ks
Kf

401
0.613

Cpnf

3799.8140247

Ks
Kf

429
0.613

Knf

0.6185482274

Knf

0.6188011308

Knf

0.6179817858

Knf

0.6190418312

Knf

0.6190436195

uf
unf

1.08E-03
0.0011072746

uf
unf

1.08E-03
0.0011072746

uf
unf

1.08E-03
0.0011072746

uf
unf

1.08E-03
0.0011072746

uf
unf

1.08E-03
0.0011072746

Vnf

1.052413E-006

Vnf

1.078344E-006

Vnf

1.075411E-006

Vnf

1.028627E-006

Vnf

1.013868E-006

Bs
Bf
Bnf

1.80E-05
2.10E-04
0.0001981383

Bs
Bf
Bnf

8.50E-06
2.10E-04
0.0002022095

Bs
Bf
Bnf

9.00E-06
2.10E-04
0.0002017033

Bs
Bf
Bnf

1.67E-05
2.10E-04
0.000193959

Bs
Bf
Bnf

1.86E-05
2.10E-04
0.0001915983

CuO

Al2O3

TiO2

Cu

Ag

Vnp
Vf

4
100

Vnp
Vf

4
100

Vnp
Vf

4
100

Vnp
Vf

4
100

Vnp
Vf

4
100

Ф

0.04

Ф

0.04

Ф

0.04

Ф

0.04

Ф

0.04

Pf
Ps

997.1
6500

Pf
Ps

997.1
3970

Pf
Ps

997.1
4250

Pf
Ps

997.1
8933

Pf
Ps

997.1
10500

Pnf

1217.216

Pnf

1116.016

Pnf

1127.216

Pnf

1314.536

Pnf

1377.216

Cpf
Cps

4179
535.6

Cpf
Cps

4179
765

Cpf
Cps

4179
686.2

Cpf
Cps

4179
385

Cpf
Cps

4179
235

Cpnf

3400.7617908

Ks
Kf

20
0.613

Cpnf

3693.2155668

Ks
Kf

40
0.613

Cpnf

3652.2367177

Ks
Kf

8.9538
0.613

Cpnf

3147.706768

Ks
Kf

401
0.613

Cpnf

2976.2257075

Ks
Kf

429
0.613

Knf

0.6346062392

Knf

0.6355639216

Knf

0.6324528691

Knf

0.6364732558

Knf

0.6364800038

uf
unf

1.08E-03
0.0011958184

uf
unf

1.08E-03
0.0011958184

uf
unf

1.08E-03
0.0011958184

uf
unf

1.08E-03
0.0011958184

uf
unf

1.08E-03
0.0011958184

Vnf

9.824209E-007

Vnf

1.071507E-006

Vnf

1.060860E-006

Vnf

9.096886E-007

Vnf

8.682868E-007

2.10E-04

Bs
Bf
Bnf

2.10E-04
0.0001801187

Bs
Bf
Bnf

9.00E-06
2.10E-04
0.0001796864

Bs
Bf
Bnf

1.67E-05
2.10E-04
0.0001574568

Bs
Bf
Bnf

1.86E-05
2.10E-04
0.0001516301

8
100

Vnp
Vf

Bs
Bf
Bnf

Al2O3

CuO
Vnp
Vf

TiO2
8
100

Vnp
Vf

Cu
8
100

Vnp
Vf

Ag
8
100

Vnp
Vf

8
100

Ф

0.08

Ф

0.08

Ф

0.08

Ф

0.08

Ф

0.08

Pf
Ps

997.1
6500

Pf
Ps

997.1
3970

Pf
Ps

997.1
4250

Pf
Ps

997.1
8933

Pf
Ps

997.1
10500

Pnf

1437.332

Pnf

1234.932

Pnf

1257.332

Pnf

1631.972

Pnf

1757.332

Cpf
Cps

4179
535.6

Cpf
Cps

4179
765

Cpf
Cps

4179
686.2

Cpf
Cps

4179
385

Cpf
Cps

4179
235

Cpnf
Ks
Kf

2860.8856047
20
0.613

Cpnf
Ks
Kf

3300.9869596
40
0.613

Cpnf
Ks
Kf

3234.4984682
8.9538
0.613

Cpnf
Ks
Kf

2517.6086526
401
0.613

Cpnf
Ks
Kf

2293.7785393
429
0.613

Knf

0.6547412368

Knf

0.6565257052

Knf

0.6507090826

Knf

0.6582151152

Knf

0.658227634

uf
unf

1.08E-03
0.0013300677

uf
unf

1.08E-03
0.0013300677

uf
unf

1.08E-03
0.0013300677

uf
unf

1.08E-03
0.0013300677

uf
unf

1.08E-03
0.0013300677

Vnf

9.253727E-007

Vnf

0.000001077

Vnf

1.057849E-006

Vnf

0.000000815

Vnf

7.568676E-007

Bs
Bf
Bnf

2.10E-04

Bs
Bf
Bnf

2.10E-04
0.0001559922

Bs
Bf
Bnf

9.00E-06
2.10E-04
0.0001556468

Bs
Bf
Bnf

1.67E-05
2.10E-04
0.000125354

Bs
Bf
Bnf

1.86E-05
2.10E-04
0.0001185113
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Chapter 7
Ag
Vnp
Vf
Ф
Pf
Ps
Pnf
Cpf
Cps
Cpnf
Ks
Kf
Knf
uf
unf
Vnf
Bs
Bf
Bnf

0.004
100
0.00004
997.1
10500
997.4801
4179
235
4177.339
429
0.613
0.613024
1.08E-03
0.00108
1.08E-06
1.86E-05
2.10E-04
0.00021

Graphite
Vnp
0.004
Vf
100
Ф
0.00004
Pf
997.1
Ps
1300
Pnf
997.1121
Cpf
4179
Cps
717
Cpnf
4178.819
Ks
25
Kf
0.613
Knf
0.613023
uf
0.00108
unf
0.00108
Vnf
1.08E-06
Bs
1.2E-06
Bf
0.00021
Bnf
0.00021

Cu
Vnp
Vf
Ф
Pf
Ps
Pnf
Cpf
Cps
Cpnf
Ks
Kf
Knf
uf
unf
Vnf
Bs
Bf
Bnf

0.004
100
0.00004
997.1
8933
997.4174
4179
385
4177.641
401
0.613
0.613024
1.08E-03
0.00108
1.08E-06
1.67E-05
2.10E-04
0.00021

CuO
Vnp
Vf
Ф
Pf
Ps
Pnf
Cpf
Cps
Cpnf
Ks
Kf
Knf
uf
unf
Vnf
Bs
Bf
Bnf

0.004
100
0.00004
997.1
6500
997.3201
4179
535.6
4178.05
20
0.613
0.613022
1.08E-03
0.00108
1.08E-06
1.80E-05
2.10E-04
0.00021
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Chapter 8
Perturbation solutions
Although in most previous studies of fluid mechanical problems for the sake of simplicity of
the analysis, fluid viscosity has been taken to be constant, in many real MHD solar pump flows
the viscosity is a function of temperature. Keeping this in mind, here we deploy a temperaturedependent fluid viscosity which is modelled as a linear function of temperature. Thus, for the
analysis, we adopt Reynolds’ model of viscosity as:

 ( ) = 1- 

for

  1 .

(8.29)

Applying Eqn. (8.29) to Eqn. (8.21), we obtain:
2
 4
  3   2


2 
0 = (1 −  ) 4 − 2
−

+
N
+ Br
,

 2 + Gr
3
2
y

y y



y

 y

y

y

(8.30)

The case for a nanofluid with constant viscosity can be retrieved as a special case of the present
investigation when we assume  = 0 . Eqn. (8.30) is a highly nonlinear partial differential
equation, and it is not possible to derive exact solutions. However, we may deploy a
perturbation method in terms of  (viscosity parameter), by expanding 𝜓 and F in the
following forms:

 =  0 +  1 + o ( 2 ) ,

(8.31)

F = F0 +  F1 + o ( F2 ) .

(8.32)

Inserting the above expressions into Eqn. (8.30) and boundary conditions Eqn. (8.26), the
following systems emerge:

( )

8. 3.1. For the system of order  0

 0



− N 2 20 + Gr
+ Br
= 0,
4
y
y
y
y
q 
 0 = 0 , 0 = −1 at y = h1 ,
2 y
4

0 = −

2

q0  0
,
= −1 at
2 y

y = h2 .

(8.33)
(8.34a)
(8.34b)

( )

8.3.2. For the system of order  1

2
 4 0
 4 1
  3 0  2  2 0
2  1
−

−
2
−
−
N
= 0,
y 4
y 4
y y 3 y 2 y 2
y 2

q1 1
,
= 0 at y = h1 ,
2 y
q 
1 = − 1 , 1 = 0 at y = h2 .
2 y

1 =

(8.35)
(8.36a)
(8.36b)

( )

8.3.3. Solution for system of order  0
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Solution of Eqn. (8.33) subject to boundary conditions Eqn. (8.34a & 8.34b) can be derived as:

 0 ( y) = c5 + c6e− Ny + L10 y 2 −

c8 y
+ L11e− A1 y + c7e Ny .
2
N

(8.37)

( )

8.3.4. Solution for system of order  1

Using Eqn. (8.37) into Eqn. (8.35) and invoking the boundary conditions (8.36 a & b), we
arrive at:
c y
 1 ( y ) = c9 + c10e− Ny + c11e Ny − 12 2 + L1e− A y + L2 + L3e−2 A y + L4 ye− A y + L5e − Ny
(8.38)
N
−
A
+
N
y
−
A
−
N
y
)
)
+ L6e Ny + L7 ye Ny + L8e (
+ L9e (
The stream function of the nanofluid is given by the expression:
1

1

1

1

1

 =  0 +  1 + o ( 2 ) ,

c8 y
+ L11e− A1 y + c7 e Ny
N2
c y


(8.39)
c9 + c10e− Ny + c11e Ny − 12 2 + L1e − A1 y + L2 + L3e −2 A1 y + L4 ye − A1 y 

N
+ 
.
 + L e− Ny + L e Ny + L ye Ny + L e −( A1 + N ) y + L e −( A1 − N ) y

6
7
8
9
 5

Axial velocity can also be derived as:
c
u ( y ) = 2 L10 y − 82 − A1L11e − A1 y − c6 Ne − Ny + c7 Ne Ny
N
c12


− A1 y
Ny
− ( c10 + L5 ) Ne − Ny 
 ( L7 + L7 Ny + c11 N + L6 N ) e − N 2 + L4 e
(8.40)


−( N + A1 ) y
( N − A1 ) y
−2 A1 y
.
+   − L8 ( N + A1 ) e
+ L9 ( N − A1 ) e
− 2 L3 A1e


−A y
 − ( L4 y + L1 ) A1e 1





All the coefficients featured in the above closed-form solutions, are presented below:
 Nb + Nt 
A + A (h − h )
c Nb

 1 + Rn Pr 
c1 = 
, c2 = −c1h2 ,  = 
, A1 = 1 , A2 = , A3 = 1 − A2h 1 − A 2h , (8.41)


 Nb ( h − h ) 


A1 e 1 2 − e 1 1
 Pr 
1
2 


 ( y ) = c5 + c6e− Ny + L10 y 2 −

A4

(Ae
=

A7

( Nb h − A Nt h e
=

− A1h2

1

L10 = −

+ A2 h1e − A1h2 − A2 h2e − A1h1

(

A1 e− A1h1 − e− A1h2
2

3

− A1h2

1

)

+ A3 Nt h2e− A1h1

)

− A1h1

− e− A1h2

Nb ( h1 − h2 )

),A =
8

A8
, L11 = A14 − N 2 A12 ,
2
2N

(

3

5

Nb ( h1 − h2 )

(

) , A = ( Nb + A Nt ( e

))

(

, A6 =

BrA1 A6
GrA2
, A9 = −
,
A1 − BrA5
GrA1 A3

)

A3 Nt
,
Nb

(8.42)

(8.43)
(8.44)

)

D1 = N 3 Nb2c1 5 ( h1 − h2 ) 4cosh ( N ( h1 − h2 ) ) − 2 Nh1 sinh ( N ( h1 − h2 ) ) + 2Nh2 sinh ( N ( h1 − h2 ) ) − 4 , (8.45)
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(

)

D2 = 4 N 3 Nb2c1 5 2cosh ( N ( h1 − h2 ) ) − Nh1 sinh ( N ( h1 − h2 ) ) + Nh2 sinh ( N ( h1 − h2 ) ) − 2 ,

(8.46)

(

)

D3 = 2 N 2 Nb7 c14 ( h1 − h2 ) + 2 N 3 Nb6c15 ( h1 − h2 ) − 2 N 4 Nb5c14  2 −  3 ( h1 − h2 ) ,

(

)

(8.47)

(

)

D4 = 8 N 2 Nb2c1 5 ( h1 − h2 ) + 4 BrNt  5 h12 − h22 + 4 BrNb 2c1 5 ( h1 + h2 ) − 4GrNb 5 h12 − h22 , (8.48)

(

)

D5 = 2 Nb2c1 5 ( h1 − h2 ) 4cosh ( N ( h1 − h2 ) ) − 2 Nh1 sinh ( N ( h1 − h2 ) ) + 2Nh2 sinh ( N ( h1 − h2 ) ) − 4 , (8.49)

(

)

(

)

c5 = −(2 N 3 Nb 2c1 h12 − h22 + BrNNb Ntc1 h12 − h22 + BrNNt  h1h2 ( h1 − h2 ) − GrNNb  h1h2 ( h1 − h2 )

(

)

(

)

(

)
+ 4 ( BrNt − GrNb )  h h − q N Nb c ( h − h ) + BrN Nt  ( h

− (2 BrNt  h12 + h22 − 2 BrNbc1 h12 − h22 + 2GrNb h12 + h22 − 2 BrNb Ntc1 ( h1 − h2 )
4

1 2

2

0

2
1

1

2
2

2

3
1

− 2 BrN 2 Nt  h12 h22 − BrN 2 Nb 2c1h1h2 ( h1 − h2 ) + 2GrN 2 Nb h12 h22

(

)

(

+ h23 − GrN 2 Nb h1h2 h12 + h22

)

(

− BrN 2 NbNtc1h1h2 ( h1 − h2 ))sinh ( N ( h1 − h2 ) ) + BrNNt  h13 − h23 − GrNNb  h13 − h23

(
+ BrNNb c ( h

)

)

)
(
)
(
)
(
)
− h ) + BrNNbN c ( h − h ) + 5BrNNt  h h ( h − h ) − 4 BrMNb c h h

+ BrN Nbc1 h12 − h22 + ( BrNNt  h13 − h23 − 2 N 3 Nb 2c1 h12 − h22 − GrNNb h13 − h23
2

1

2
1

2
2

2
1

t 1

2
2

2

1 2

1

2

1 1 2

− 5GrN Nb h1h2 ( h1 − h2 ) − 4 BrNNbNtc1h1h2 ) cosh ( N ( h1 − h2 ) )) / D1

(

)(

− 2 ( 2 N 5 Nb5c14 ( h12 − h22 ) − 2 N 5 Nb5c14 h1h2 e − A1h1 − e − A1h2

)

(
+ ( N Nb c h ( h − h ) − N Nb c h ( h − h ) ) ( e ( )
−e
− ( 2 N Nb c ( h − h ) − 2 N Nb c h h ) ( e
−e
)) / D

+ ( N 5 Nb5c14 h2 ( h2 − h1 ) − N 5 Nb5c14 h2 ( h2 − h1 ) ) e N ( h1 − h2 )− A1h1 − e − N ( h1 −h2 )− A1h1
5

3

5 4
1 1

2

1

5

7 6
1

2
1

2
2

N h1 − h2 − A1h2

5 4
1 2

3

2

− A1h1

7 6
1 1 2

(

− (( 2 N 3 Nb3c15 ( h1 − h2 ) ) e − A1h1 − e − A1h2

− N ( h1 − h2 ) − A1h2

1

)
)

− A1h2

1

)

+( N 4 Nb6 c15 h2 ( h2 − h1 ) + N 3 Nb 2c15 ( h2 − h1 ) + N 3 Nb7 c16 h2 ( h2 − h1 ) + N 2 Nb 7 c16 ( h2 − h1 ))

(e (

N h1 − h2 ) − A1h1

− e− N ( h1 −h2 )− A1h1

)

+( N 4 Nb5c15 h1 ( h1 − h2 ) − N 3 Nb6 c15 ( h1 − h2 ) + N 3 Nb7 c16 h1 ( h1 − h2 ) − N 2 Nb7 c16 ( h1 − h2 ))

(e (

N h1 − h2 ) − A1h2

)

(

− e − N ( h1 −h2 )− A1h2 ) / D1 +  3 (( 2 N 5 Nb 4c13 ( h1 − h2 ) ) e − A1h1 − e − A1h2

(
+( N Nb c h ( h − h ) − N Nb c ( h − h )) ( e (

+( N 6 Nb 4c13h2 ( h2 − h1 ) + N 5 Nb 4c13 ( h2 − h1 )) e N ( h1 − h2 )− A1h1 − e − N ( h1 −h2 )− A1h1
6

4 3
1 1

5

1

2

4 3
1

N h1 − h2 ) − A1h2

1

2

− e − N ( h1 −h2 )− A1h2

)

)
)) / D ,
1

(8.50)
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(

c6 = (2 N 4 Nb5c14 2 + 2 N 5 Nb 4c13 3 − 2 N 3 Nb6c15 − 2 N 2 Nb7 c16 ) e Nh1 − A1h1 + e Nh2 − A1h2

)

+ (2 N Nb c + 2 N Nb c (h2 − h1 ) + 2 N Nb c  + 2 N Nb c  − 2 N Nb c  3
2

7 6
1

3

7 6
1

3

(

)

6 5
1

4

5 4
1

2

4

4 3
1

+ 2 N 5 Nb5c14 2 (h1 − h2 )) e Nh1 − A1h2 + e Nh2 − A1h1 + 2 BrNNt  h1h2 5
+ (2 BrNb 2c1 5 + 2 BrNt  ( h1 − h2 )  5 − 2GrNb ( h1 − h2 )  5 + 2q0 M 3 Nb 2c1 2

(8.51)

+ 2 N 3 Nb 2 c1 5 ( h1 − h2 ) + 2 BrNbNtc1 5 )(e Nh1 − e Nh2 )

(

)

+ ( BrNNb 2 c1 ( h2 − h1 )  5 + GrNNb 5 h12 − h22 − BrNNbNtc1 5 ( h1 − h2 )

(

)

− 2GrNNb h1h2 5 − BrNNt  5 h12 − h22 )(e Nh1 + e Nh2 )) / D2 ,

(

c7 = (2 N 4 Nb5c14 2 + 2 N 5 Nb 4c13 3 − 2 N 3 Nb6c15 − 2 N 2 Nb7 c16 ) e − Nh1 − A1h1 + e − Nh2 − A1h2

)

+ (2 N 2 Nb7 c16 + 2 N 3 Nb7 c16 (h2 − h1 ) + 2 N 3 Nb6c15 + 2 N 4 Nb5c14 2 − 2 N 4 Nb 4c13 3

(

+ 2 N 5 Nb5c14 2 (h1 − h2 )) e − Nh1 − A1h2 + e − Nh2 − A1h1

)

+ (2 BrNb 2 c1 5 + 2 BrNt  ( h1 − h2 )  5 − 2GrNb ( h1 − h2 )  5 + 2q0 N 3 Nb 2c1 2

(8.52)

+ 2 N 3 Nb 2 c1 5 ( h1 − h2 ) + 2 BrNbNtc1 5 )(e − Nh1 − e − Nh2 ) + ( BrN Nb 2c1 ( h2 − h1 )  5

(

)

+ GrN Nb 5 h12 − h22 − BrN NbNtc1 5 ( h1 − h2 ) + 2 BrNNt  h1h2 5

(

)

− 2GrMNb h1h2 5 − BrMNt  5 h12 − h22 )(e − Mh1 + e − Mh2 )) / D2 ,

(

c8 = ( D3 e Nh1 − Nh2 − A1h1 + e − Nh1 + Nh2 − A1h1 + e Nh1 − Nh2 − A1h2 + e− Nh1 + Nh2 − A1h2

)

− (4 N 2 Nb 7 c16 ( h1 − h2 ) − 2 N 4 Nb5c14 2 ( h1 − h2 ))(e − A1h1 + e − A1h2 )
+ D4 − D4 (cosh( N (h1 − h2 )))

(

)

(

)

(
(h

+ (2 BrNNt  5 h13 + h23 − 2GrNNb 5 h13 + h23 + 2 BrNNb 2c1 5 h12 − h22
− 4q0 N 3 Nb 2 c1 5 (h1 − h2 ) − 4 BrNbNtc1 5 (h1 + h2 ) + 2 BrNNbNtc1 5

2
1

− h22

)
)

(8.53)

− 2 BrNNtNb h1h2 5 ( h1 + h2 ) + 2GrNNb h1h2 5 ( h1 + h2 )) sinh( N ((h1 − h2 ))) / D5 ,

B1 = 2 A12 A2 L11 − A12 A2 L11 − A14 A4 L11 − 2 A1 A3 L10 , B2 = −
B4 = − A13 A2 L11 , B5 =

2 A2 L10
, B3 = 3 A14 A3 L11 − A13 A3 L11 (8.54)
A1

2 A2c6 N 3 A2c6 N 2 A2c6 N 4
2A c N 3 A c N 2
−
−
, B6 = − 2 7 − 2 7 − A4c6 N 4 ,
A1
A1
A1
A1
A1

(8.55)

A2c7 N 4
B7 = −
, B8 = − A1 A3c6 N 2 + 2 A1 A3c6 N 3 + A3c6 N 4 , B9 = − A1 A3c7 N 2 − 2 A1 A3c7 N 3 + A3c6 N 4 (8.56)
A1

Z1 = A14 − N 2 A12 , Z 2 = A13 , Z3 = A12 − N 2 , Z 4 = Z 2 Z 32 , Z 5 = 4 B4 ( A12 − 2 N 2 ) ,

L1 =

(8.57)

B
B
B1 Z5
B
B
+ , L2 = − 2 2 , Z6 = 16 A14 − 4 N 2 A12 , L3 = 3 , L4 = 4 , L5 = − 5 3 , (8.58)
Z1 Z 4
2N
Z6
Z1
2N
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L6 =

B6
5B
B
4
2
+ 47 , L7 = − 7 3 , Z 7 = ( A1 + N ) , Z8 = ( A1 + N ) , Z9 = Z8 N 2 ,
3
2N
N
4N

Z10 = Z7 − Z9 , L8 =

B8
4
2
, Z11 = ( A1 − N ) , Z12 = ( A1 − N ) , Z13 = Z12 N 2 ,
Z10

Z14 = Z11 − Z13 , L9 =

B9
,
Z14

(8.59)

(8.60)

(8.61)

D6 = N ( 4cosh( Nh1 − Nh2 ) − 2N (h1 − h2 )sinh( Nh1 − Nh2 ) − 4) ,

(8.62)

D7 = 2 ( 2cosh(Mh1 − Mh2 ) − M (h1 − h2 )sinh(Mh1 − Mh2 ) − 2) ,

(8.63)
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c9 = ( 2 L9 Nbc1 − 4 L9 N  + 4 L9 N 2 h1 − 2 L9 NNbh1c1 ) e Nh1 − A1h2 + e Nh2 − A1h1

(
)
− ( 2 L Nbc + 4 L N  + 4 L N h  + 2 L NNbh c ) ( e
+e
)
+ ( 2 L Nbc − 2 L N  + 2 L N h  − 4 L NNbh c ) ( e
)
− ( 4 L Nbc + 2 L N  + 2 L N h  + 4 L NNbh c ) ( e
+e
+ ( 4 L Nbc − 2 L N  + 2 L N h  + 4 L NNbh c ) ( e
)
− ( 4 L  N h − 4 L h N  − 2 L Nh  + 4 L Nh  + 2 L  ) e
− ( 4 L  N h − 4 L h N  − 2 L Nh  + 4 L Nh  + 2 L  ) e
+ ( 4 L NNbc h + 4 L h NNbc + 4 L N  ) e
+ ( 4 L NNbc h + 4 L h NNbc + 4 L N  ) e
+ ( 2 L Nbc − 2 L NNbh c ) ( e
+e
)
− ( 2 L Nbc + 2 L NNbh c ) ( e
+e
)
+ ( 4 L N  + 4 L N h  + 4 L NNbc h ) ( e
)
+ ( 4 L N  − 4 L N h  + 4 L NNbc h ) ( e
)
+ ( 4 L N  + 4 L N h  + 4 L NNbc h ) ( e
)
+ ( 4 L N  − 4 L N h  + 4 L NNbc h ) ( e
)
+ ( 2 L  + 2 L Nh ) ( e
) + ( 2L  + 2L Nh ) ( e
)
Nh2 − A1h1

2

8

1

8

8

2

8

Nh1 − Nh2 − 2 A1h2

2

3

1

3

3

3

1

3

3

1

3

1 1

1

3

1 1

2

3

2 1

Nh1 − Nh2 − 2 A1h1

2

1

2

7

2

3

2
1

3

7

1

7

2

Nh2

7

2

7

2
1 1

1 1

1

1

4

2
1 2

1 2

1

1

1

8

2 1

9

1

9

2 1

Nh2 − 2 Nh1 − A1h1

Nh1 − 2 Nh2 − A1h2

2 Nh1 − Mh2 − A1h1

2 Nh2 − Nh1 − A1h2

− Nh1 − A1h1

2

9

9

8

8

9

9

7

− A1h2

8

8

1

− A1h1

4

1

8

1 1

1

9

1 1

2

8

1 2

2

9

1 2

Nh1 − A1h1

2

− Nh2 − A1h2

2

Nh2 − A1h2

2

2 Nh2 − Nh1

7

7

2

7 1

8

7

)

Nh1

2

7 2

2
2

7

Nh2 − Nh1 − 2 A1h2

Nh2 − Nh1 − 2 A1h1

2

3

− Nh1 − A1h2

2 1

1

2 Nh1 − Nh2

7

7

2

 2 L Nbc1 − 2 L4 N  + 2 L1 N 2 h2 + 2 L4 Nbh1c1 − 2 L4 Nh1  Nh − Nh − A h
− 1
e 1 2 11
 −2 L Nh  + 2 L NNbh c + 2 L N 2 h h  + 2 L NNbh h  
4
2
1
2 1
4
1 2
4
1 2 

2
 2 L4 − 2 L1 Nbc1 + 2 L1 N  − 2 L1 N h2



−  +2 L4 Nbc1h1 + 2 L4 Nh1 − 2 L4 Nh2 + 2 L1 NNbc1h2  e Nh2 − Nh1 − A1h1
 −2 L N 2 h h  + 2 L NNbc h h

4
1 2
4
1 1 2



(

(

 2 L4 − 2 L1 Nbc1 + 2 L1M  − 2 L1 N 2 h1



−  −2 L4 Nbc1h1 − 2 L4 Nh1 + 2 L4 Nh2 + 2 L1 NNbc1h1  e Nh1 − Nh2 − A1h2
 −2 L N 2 h h  + 2 L NNbc h h

4
1 2
4
1 1 2



(

)

)

)

 2 L1 Nbc1 − 2 L4 + 2 L1 N  + 2 L1 N 2 h1 + 2 L4 Nbh2c1
 Nh − Nh − A h
−
e 2 1 11
 −2 L Nh  + 2 L Nh  + 2 L NNbc h + 2 L N 2 h h  + 2 L NNbc h h 
4
1
4
2
1
1 1
4
1 2
4
1 1 2

−2 A1h1
−2 A1h2
+ ( 4 L3 N  + 8 L3 NNbc1h1 ) e
+ ( 4 L3 N  + 8 L3 NNbc1h2 ) e

(

)

(8.64)

+ 8 L2 N  (1 − cosh( Nh1 − Nh2 )) + 2q1 N 2 ( h1 − h2 )  + 4 L2 N 2 h1 sinh( Nh1 − Nh2 ),
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(

c10 = −(( L8 Nbc1 + 2 L8 N  + L8 N 2 h1 − L8 N 2 h2 + L8 NNb ( h1 − h2 ) c1 ) e Nh2 − Nh1 − A1h1

(

− ( L8 Nbc1 + 2 L8 N  ) e

− A1h2

+e

)

)

− A1h1

+ ( L8 Nbc1 + 2 L8 N  + L8 N h1 − L8 N 2 h2 + L8 NNb ( h1 − h2 ) c1 ) e Nh2 − Nh1 − A1h1 + e Nh1 − Nh2 − A1h2

(

2

(
+ L Nh  ) ( e

− ( L1 Nbc1 − L4 + L1 N  + L4 Nbc1h1 + L4 Nh1 ) e
− ( L1 Nbc1 − L4 + L1 N  + L4 Nbc1h2

4

Nh1 − A1h1

)

Nh2 − A1h2

2

 L1 Nbc1 − L4 + L1 N  + L4 Nbc1h1 + L4 Nh2  Nh2 − A1h1
+ 
 e
 + L1 NNbc1 ( h1 − h2 ) + L4 NNbc1h1 ( h1 − h2 ) 
 L1 Nbc1 − L4 + L1 N  + L4 Nbc1h2 + L4 Nh1  Nh1 − A1h2
+ 
 e
 − L1 NNbc1 ( h1 − h2 ) + L4 NNbc1h2 ( h1 − h2 ) 

(

− ( 2 L3 Nbc1 + L3 N  ) e

Nh1 − 2 A1h1

+e

)

(

)

(

)

− ( L7 N 2 h12 + h22 − 2 L7 h1h2 N 2 + 2 L7 ) e Nh1 + e Nh2

(
)

)

Nh2 − 2 A1h2

(

+ ( 2 L3 Nbc1 + L3 N  + 2 L3 NNbc1h1 − 2 L3 NNbc1h2 ) e Nh1 − 2 A1h2 + e Nh2 − 2 A1h1
+ ( L9 Nbc1 − L9 N h1 + L9 N h2 + L9 NNbc1 ( h1 − h2 ) ) e

Nh1 + Nh2 − A1h1

+ ( L9 Nbc1 + L9 N h1 − L9 N

Nh1 + Nh2 − A1h2

2

2

2

(

+ ( L7 ) e

2 Nh1

+e

(

2

)

(
h  − L NNbc ( h − h ) ) ( e
2

9

1

1

2

)

)
)

) + 4 L N cosh( Nh − Nh )
+e
) + q N ( e − e )

(8.65)

2 Nh2

− L9 Nbc1 e Nh1 − A1h1

5

2 Nh2 − A1h2

1

2

Nh1

Nh2

1

− 2 L5 N 2 ( h1 − h2 ) sinh ( N ( h1 − h2 ) ) − 4 L5 N  ) / D6 ,

(

c11 = ( 2 L9 N − L9 N 2 ( h1 − h2 ) ) e Nh1 − Nh2 − A1h1 − e Nh2 − Nh1 − A1h2
− L8 N

2

( h1 − h2 ) ( e

− Nh1 − Nh2 − A1h1

−e

− Nh1 − Nh2 − A1h2

) + (L

4

(

(

(

+ L1 N + L4 Nh1 + L1 N b c1 ) e − Nh1 − A1h1 − e − Nh1 − A1h2

−e
(
) − 2L
) + 2L N ( h + h ) − q N ( e

− ( L4 + L1 N + L4 Nh2 − L1 Nbc1 − 2 L3 Nbc1 ) e
+ ( L3 N + 2 L3 Nbc1 ) e − Nh1 − 2 A1h1 − e − Nh1 − 2 A1h2

)

− Nh2 − A1h1

− Nh2 − A1h2

7

cosh( N (h1 − h2 )) + 4 L6 N + 2 L7

− Nh1

7

1

2

)

1

− e − Nh2

)

)

+ ( 2 L9 N − 2 L9 Nbc1 ) e − A1h1 + e − A1h2 − 4 L6 N cosh( Nh1 − Nh2 )

(

)(

)

+ L7 N 2 ( h12 − h12 ) e Nh1 − Nh2 − e Nh2 − Nh1 − 2 L7 N ( h1 + h2 ) cosh( Nh1 − Nh2 )

( h1 − h2 ) sinh( Nh1 − Nh2 ) − 2 L7 N 2 h1h2 cosh( Nh1 − Nh2 )
+ ( L8 Nbc1 ) ( e −2 Nh − A h + e −2 Nh − 2 A h ) − ( L8 Nbc1 ) ( e − Nh − Nh − A h ) − L9 Nbc1 ( e Mh − Mh − A h )
+ ( L4 Nbc1 ( h1 − h2 ) ) ( e − Nh − A h − e − Nh − A h )
− ( L1 NNbc1 ( h1 − h2 ) ) ( e − Nh − A h − e − Nh − A h ) − ( 2 L3 NNbc1 ( h1 − h2 ) ) ( e − Nh − 2 A h − e − Nh − 2 A h )
+ ( L8 NNbc1 ( h1 − h2 ) ) ( e − Nh − Mh − 2 A h − e − Nh − 2 A h )
+ ( L9 NNbc1 ( h1 − h2 ) ) ( e Nh − Nh − 2 A h − e Nh − 2 A h )
+ 2 L6 N

2

1

1 1

2

1

1 1

1

(

+ ( L4 NNbc h − h1h2 ) e
2
1 1

1 2

1

2

1

1 2

1

2

2

− Nh2 − A1h1

2

1 1

1

2

1 1

1 1

2

1 1

1 1

1

2

1 1

2

2

1 1

1 2

1 2

) + ( L MN c h
4

1 2

2
b 1 2

(

− h1h2 ) e

− Mh1 − A1h2

)/ D ,

(8.66)
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c12 = −(( L7 + 2 L7 N ( h1 − h2 )  ) N 2e Nh1 + ( L7 − 2 L7 N ( h1 + h2 )  ) e Nh2
+ ( L1 Nbc1 − L4 + L1 N  + L4 Nbc1h1 + L4 Nh1 ) e Nh1 − Nh2 − A1h1
− ( L4 − L1 Nbc1 + L1 N  − L4 Nbc1h1 + L4 Nh1 ) e Nh2 − Nh1 − A1h1
+ ( L1 Nbc1 − L4 + L1 N  + L4 Nbc1h2 + L4 Nh2 ) e Nh2 − Nh1 − A1h2
− ( L4 − L1 Nbc1 + L1 N  − L4 Nbc1h2 + L4 Nh2 ) e Nh1 − Nh2 − A1h2

(
− ( 2 L Nbc + 2 L N  ) ( e

)
(
) − ( 2L Nbc − 2L N ) ( e

+ ( 2 L8 Nbc1 + 2 L8 N  ) e − Nh1 − A1h2 + e − Nh2 − A1h1 + ( 2 L9 Nbc1 − 2 L9 N  ) e Nh1 − A1h2 + e Nh2 − A1h1
8

1

− Nh1 − A1h1

8

+ e − Nh2 − A1h2

9

1

9

Nh1 − A1h1

+ e Nh2 − A1h2

)
)

− ( 2 L1 Nbc1 − 2 L4 + 2 L4 Nbc1h1 ) e − A1h1 − ( 2 L1 Nbc1 − 2 L4 + 2 L4 Nbc1h2 ) e − A1h2

(
+ ( 2 L Nbc − L N  ) ( e
+e
− L  (e
+e
) − 4L Nbc ( e
− 2c N  sinh ( Nh − Nh ) + L Nbc ( e
+ L Nbc ( e
+e
)) / D ,

+ ( 2 L3 Nbc1 + L3 N  ) e Nh1 − Nh2 − 2 A1h1 + e Nh2 − Nh1 − 2 A1h2
Nh2 − Nh1 − 2 A1h1

3

1

Nh1 − Nh2 − 2 A1h2

3

2 Nh2 − Nh1

2 Nh1 − Nh2

−2 A1h1

7

3

1

)
)

+ e −2 A1h2

Nh2 − 2 Nh1 − A1h1

1

1

2 Nh1 − Nh1 − A1h1

9

1

2

8

1

2 Nh2 − Nh1 − A1h2

)

+ e Nh1 − 2 Nh2 − A1h2

)

(8.67)
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