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a b s t r a c t
Conventional model updating methods are based on frequency response function (FRF)
and/or modal parameter estimates obtained from freely suspended, or sometimes rigidly
constrained, sub-structures. These idealised boundary conditions are, however, often diﬃcult to realise in a practical scenario. Furthermore, they are in conﬂict with the requirement that the sub-structure should also be measured whilst under a representative mounting condition. This paper addresses the question whether model updating can be achieved
in the presence of an arbitrary or unknown boundary condition using in-situ measurements, i.e. without removing the sub-structure from its assembly. It is shown that some
measurable properties, dynamic transfer stiffness and generalised transmissibility, are invariant to sub-structural boundary conditions and can therefore be obtained in-situ. It is
further shown that, with minor adaption, existing transmissibility-based updating methods
can be applied more widely than previously thought; to sub-structures whose boundary
conditions are non-ideal. The theory is veriﬁed by a numerical beam example. Application
to a resilient isolator is then demonstrated where a ﬁnite element model is successfully
updated without removing the isolator from its assembly.
© 2020 Published by Elsevier Ltd.

1. Introduction
Model updating describes a class of methods that use experimental data to identify the uncertain parameters of a numerical model [1,2]. Its primary purpose is to improve test-model correlation, i.e. the ability of a model to correctly represent
the dynamics of a target structure. The numerical modelling of dynamic structures by means of Finite Element (FE), Boundary Element (BE), or analytical methods is common place, both in academic and industrial sectors. Often these models are
used to assess structural integrity and operational survivability. This particular application requires a high degree of conﬁdence in the model’s outputs. For this reason experimental data is used to ﬁne-tune model parameters until a suﬃcient
degree of test-model correlation is achieved.
Existing methods for model updating can be broadly categorised by the type of experimental data that is used to quantify
model correctness. Common choices include modal parameter estimates (natural frequencies and mode shapes) [1–3] and
measured frequency response functions (FRFs) [4–8]. Together, measured and modelled data is used to formulate an objective function (representing test-model error) which is minimised by an appropriate optimisation algorithm. A typical
objective function would be the mean squared error between measured and modelled natural frequencies, for example.
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Whilst modal parameter based optimisation methods have seen greater attention in the literature, the advantages of FRF
based methods are many, including; 1) errors in modal parameter estimates are avoided (these estimates can be challenging in the presence of highly damped/modal systems) and, 2) statistical solutions can be sought by considering an overdetermined system of equations, this is made possible by the greater amount of information available from FRFs compared
to modal parameter estimates. Furthermore, it has been shown that FRF anti-resonances contain the same information as
mode shapes and natural frequencies together [9], yet are available by direct measurement.
Unfortunately for complex systems, FRF-based updating can involve large computational effort due to the use of full
system matrices. Moreover, FRF sensitivities are non-monotonic functions of the updating parameters, meaning that their
linearisation has limited validity. Other issues include the presence of noise, which can make convergence very slow and
often numerically unstable [5,6], and the selection of which frequency points to use when updating [8]. What’s more, in realworld structures it is often diﬃcult to measure acting forces directly, complicating the measurement of their FRF matrices.
This issue has led to an increased interest in output only methods for model updating.
In [10] Devriendt and Guillamue proposed an output only identiﬁcation of modal parameters based on transmissibility
measurements. In [11] Steenackers et al. proposed the use of transmissibility measurements to update FE models by identifying the natural frequencies of a constrained assembly. Meruane proposed an alternative approach where FRF anti-resonance
frequencies are identiﬁed from output only transmissibility measurements [12].
To successfully update a numerical model based on experimental measurements, the acquired data, whether modal, FRF
or transmissibility-based, should characterise the target sub-structure independently; they should be invariant sub-structural
properties.1 To ensure invariant sub-structure data is acquired, measurements must be performed with precisely known
boundary conditions. This is most often achieved with the sub-structure uncoupled and suspended freely. Alternatively,
a constrained interface boundary condition can be used, where the sub-structure’s interface is rigidly constrained. Unfortunately, the above are in conﬂict with the requirement that the sub-structure should also be measured whilst under a
representative mounting condition. Furthermore, achieving these idealised boundary conditions can often be challenging in
a practical scenario. The above issues can be avoided, in part, by considering the unknown boundary conditions explicitly
in the updating procedure; sub-structural properties are updated alongside the unknown boundary conditions. In this work
we will consider an alternative approach, based on in-situ experimental testing.
In recent years several works have been devoted to the in-situ characterisation of sub-structures, i.e. the extraction of
invariant sub-structural properties from measurements performed with the target sub-structure installed within an arbitrary
assembly [13–15].2 In the present paper we propose the application of in-situ experimental testing, and the extraction of
invariant sub-structural properties, to update numerical sub-structure models. The key advantage of the proposed method
is its potential to avoid the need to achieve an idealised boundary condition (i.e. free or constrained) when performing
experimental tests for model updating purposes.
The remainder of this paper will be structured as follows. Section 2 will begin by introducing the invariant substructure quantities that are available from in-situ experimental testing, considering single and dual interface sub-structures.
Section 3 will summarise the proposed in-situ updating strategy, and discuss the extension of previous works based on the
developments herein. The proposed method will be demonstrated ﬁrst by a numerical example in Section 4, and then by a
simple experimental application in Section 5. Finally, some concluding remarks are made in Section 6.
2. In-situ sub-structure invariants
In this section we will introduce and derive the invariant sub-structure quantities that are available from in-situ experimental testing. These invariants will form the basis of the in-situ sub-structure model updating strategy proposed in
Section 3.
We are interested in updating sub-structure models based on experimental data obtained from an assembly, i.e. with
the target sub-structure subject to an unknown/arbitrary boundary condition. To do so we must determine an appropriate
invariant sub-structure quantity from measurements available on the assembled structure. Depending on the nature of the
sub-structure, i.e. whether it is a single or dual interface type (see Fig. 1), two suitable quantities are available; the dynamic
stiffness [14,15] and the transmissibility [16]. The invariant nature of these quantities will be discussed in detail in this
section.
The dynamic stiffness Dij describes the relation between an applied displacement uj at the DoF j, and the resulting force
fi at the DoF i, whilst all DoFs k = j are subject to a rigid constraint,
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Note that for i = j the resultant force fi = f¯i is the blocking force necessary to constrain the DoF i such that ui = 0.
1
2

It should be noted that here we consider sub-structural invariance with respect to their connection to other sub-structures.
This ‘in-situ’ condition may equivalently be thought of as an unknown boundary condition on the target sub-structure.
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Fig. 1. Schematic representation of general single (a) and dual (b) interface assemblies.

Generally speaking, a transmissibility describes the relation between two like quantities. Common transmissibilities are
f
those of force and displacement. The force transmissibility Ti j is deﬁned here as the relation between an applied force fj at
the DoF j, and the blocking force − f¯i at the DoF i, whilst all other (excitation) DoFs are subject to a zero force constraint
f k= j = 0,
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Note that the excitation and blocking force DoFs belong to different sets (j ∈ M and i ∈ N), and that if several blocking DoFs
are considered, a constraint is applied to all, ui∈N = 0.
The displacement transmissibility Tidj describes the relation between the displacement uj at DoF j, and the displacement
ui at DoF i, due to the applied force fk , whilst all other DoFs (j ∈ N) are subject to a rigid constraint,
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Again, the two displacement DoFs belong to different sets (j ∈ N and i ∈ M).
Note that there is a symmetry between the force and displacement transmissibility. Deﬁned in terms of a blocking force,
implicit to the force transmissibility are a set of rigid constraints. Similarly, by deﬁnition the displacement transmissibility
requires the rigid constraint of all DoFs k = j. It has been shown that for multi-DoF structures the force and displacement
based transmissibility are related through simple matrix manipulations [17].
The invariant nature of the above quantities arises due to the blocking constraints present in their deﬁnitions. If the
blocking constraints are applied to the DoFs that separate the target sub-structure from the remainder of its assembly, the
dynamics of neighbouring sub-structures are unable to inﬂuence the above quantities, and so they become invariant substructural properties. For brevity, invariant sub-structural properties will be referred to as ‘invariants’ hereafter.
In what follows, the above invariants will be derived for multi-DoF structures, and their invariance shown explicitly.
2.1. Single interface sub-structures
Let us begin by considering the coupled AB assembly in Fig. 1a. Two sets of DoFs are considered; the remote set a,
located internal to sub-structure A, and the interface set c. The equations of motion that govern the coupled AB assembly
are then,

 
fa
fc



=

DAaa
DAca

DAac
DAcc + DBcc

 
ua
uc

(4)

where DNij is a sub-structure (dynamic) stiffness matrix; where capitalised subscripts denote the sub-structure to which the
sub-matrix belongs, and lowercase subscripts the DoFs between which it is deﬁned. Note that the interface stiffness matrix
is represented here by the summed interface stiffness matrices of sub-structures A and B, DABcc = DAcc + DBcc .
Please cite this article as: J.W.R. Meggitt and A.T. Moorhouse, Finite element model updating using in-situ experimental
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From Eq. (4) it is clear that the remaining point and transfer stiffness matrices, DAaa and DAac = DTAca , are invariant properties of sub-structure A. Their direct measurement is, however, not generally practicable due to the need to constrain all
DoFs bar the one under excitation (as per Eq. (1)). However, an alternative indirect approach is available. The coupled stiffness matrix DAB is related by matrix inversion to the coupled reacceptance matrix YAB ,





DAaa
DAca



DAac
YABaa
=
DAcc + DBcc
YABca

YABac
YABcc

−1

.

(5)

The receptance matrix of a structure is a readily measurable quantity.3 The sub-structure invariants DAaa and DAac = DTAca
are therefore available experimentally from measurements with sub-structure A coupled to an arbitrary sub-structure B.
Conceptually, the inversion of measured receptance matrix has the effect of rigidly constraining all DoFs bar the one
pertaining to the ‘applied excitation’, as per Eq. (1). Note that to successfully determine the invariants DAaa and DAac = DTAca
by matrix inversion it is essential that the description of interface c is suﬃciently complete [18]; all important DoFs must
be included in the measurement of YAB . If an incomplete interface description is used the separating interface c will not be
suﬃciently constrained when the inversion is performed, and the dynamics of sub-structure B will manifest as errors on
the acquired invariants. The appropriateness of an interface description can be assessed using the Interface Completeness
Criterion as described in [18,19].
Based on Eq. (4) it is possible to formulate a third invariant as follows. By applying an appropriate blocking force at the
interface c, we are able to enforce the constraint uc = 0 (and consequently ub = 0),



fa
−f̄Ac





=

DAaa
DAca

DAac
DAcc + DBcc

 

ua
.
0

(6)

Note that this blocking force effectively removes the inﬂuence of sub-structure B from any quantities derived henceforth.
From the top row of Eq. (6) we obtain,

ua = D−1
f
Aaa a

(7)

which upon substitution into the second row yields,

−f̄Ac = DAca D−1
f .
Aaa a

(8)

The matrix product in Eq. (8) may be interpreted as a generalised blocked force transmissibility. It relates an applied force
fa at the internal DoFs a, to the blocked force necessary to constrain the interface DoFs c. Let us deﬁne the blocked force
transmissibility as,
f
TAca
= DAca D−1
Aaa

(9)

such that,
f
−f̄Ac = TAca
fa .

(10)

Noting that the transmissibility is deﬁned as the product of two invariants, it is clearly also an invariant sub-structure
property, thus we give it the capitalised sub-script A.
As discussed above, stiffness matrices are not directly available by measurement. It is therefore convenient to derive the
blocked force transmissibility in terms of coupled receptances instead. According to the equivalent ﬁeld theorem [13,20], a
displacement ﬁeld along the interface c, generated by an external force fa , can be reproduced identically by applying the
(negative) blocking force −f̄Ac in place of the original excitation. We thus have the following equality,

uc = YCca fa = −YCcc f̄Ac

(11)

where YCca is the transfer repectance matrix of the coupled assembly from the internal DoFs a to the coupling interface c,
and YCcc is the point repectance matrix of the coupled assembly at the interface c.
−1
Pre-multiplying both sides of Eq. (11) by the inverse receptance matrix YCcc
then yields,
−1
−f̄Ac = YCcc
YCca fa .

(12)

Like Eq. (8), Eq. (12) relates the applied force fa to the blocking force −f̄Ac . We can then identify the blocked force transmissibility as,
f
−1
TAca
= YCcc
YCca = DAca D−1
.
Aaa

(13)

It is signiﬁcant that the above deﬁnition of force transmissibility is based entirely on coupled assembly receptances. The
f
force transmissibility TAca is therefore a sub-structure invariant available from in-situ experimental testing.
With reference to Eq. (6), the blocked force transmissibility considered above can be interpreted as the relation between
forces fa and −f̄Ac , due to the applied displacement ua . We can similarly consider a displacement transmissibility due to
3
In practice it is more convenient to measure accelerance matrices (acceleration over force) and determine the receptance by assuming linearity and
integrating twice with respect to time.
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an applied force. Consider the application of an external force at the interface c. The displacement response at the interface
and internal DoFs are given, respectively, by

uc = YCcc fc

(14)

ua = YCac fc .

(15)

and

Note that the displacements uc and ua are responses to the same excitation. Rearranging Eq. (15) to determine fc and
substituting this into Eq. (14) leads to the displacement transmissibility relation,
−1
uc = YCcc YCac
ua = TdAca ua

(16)

where,
−1
TdAca = YCcc YCac
.

(17)

At ﬁrst sight it is not obvious that the displacement transmissibility is also a sub-structure invariant. This is made clearer
by considering the nature of the external force fc . Note that the dynamic inﬂuence of sub-structure B onto A (i.e. due to
internal coupling forces) can be represented by an appropriate external force fc , and that no requirements were placed on
the nature of this external force in deriving Eq. (16). Hence, Eq. (16) is valid in the presence of an arbitrary forcing term,
and so the displacement transmissibility TdAca is an invariant sub-structural property.
From inspection of Eq. (13) and 17, it is clear that the force and displacement transmissibilities are related. Recalling
Eqs. (13) and (17),
f
−1
TAca
= YCcc
YCca

(18)

−1
TdAca = YCcc YCac
.

(19)

we can see that,



f
TAca
= Y−1
Y = YCcc Y−1
Ccc Cca
Cac

−T



= TdAca

−T

.

(20)

The force transmissibility is equal to the inverse of the transposed displacement transmissibility [17], both of which are
invariant sub-structural properties. For a more detailed discussion regarding force and displacement-based transmissibilities
and their applications the reader is referred to the following works [10,16,17,21,22].
In the above, both force and displacement transmissibilities were deﬁned in terms of coupled assembly receptances.
Whilst these receptances are readily measurable quantities, requiring a known input force and measured displacement response (or more practically, an acceleration response), it would not be unreasonable to expect scenarios where such measurements are impractical, for example if access to the target sub-structure is restricted so that the necessary excitations
cannot be applied. As an alternative to requiring receptance matrices, it is possible deﬁne the transmissibility in terms of
output only quantities.
Suppose sub-structure A is installed within an active assembly, i.e. an assembly containing one or more vibration generating mechanisms. In this case it is possible to determine the transmissibility based on measurements of the operational
displacement only. A key requirement of the above is that the vibration generating mechanisms do not reside within the
target sub-structure, as the excitation DoFs (taken here to be those of the interface c) must be known.
To extend the deﬁnition of transmissibility to output only quantities it is suﬃcient to consider N linearly independent
operational states of the assembly AB. From the perspective of sub-structure A, each operational state can be represented by
(i )
an external
 (1) force fc(N.) Arranging each external force vector as the columns of a matrix we arrive at the external force matrix
Fc = fc
· · · fc . Eqs. (14) and (15) can thus be rewritten as,

Uc = YCcc Fc

(21)

Ua = YCac Fc

(22)

and

and Eq. (16) as,
−1
Uc = YCcc YCac
Ua ,

(23)

where Uc and Ua represent operational displacement response matrices at, respectively, the interface and internal DoFs of
sub-structure A. From Eq. (23) it is straightforward to identify the displacement transmissibility matrix,
−1
TdAca = YCcc Y−1
Cac = Uc Ua .

(24)

Similarly, using Eq. (20) we can deﬁne the force transmissibility matrix as,



f
TAca
= Uc U−1
a

−T

T
= U−T
c Ua .

(25)
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Eqs. (24) and (25) provide output only deﬁnitions of the sub-structure invariants TdAca and TAca , respectively, requiring measurement of operational displacements only. Note however, that to determine the transmissibility by means of output only
measurements, as per Eqs. (24) and (25), the inverted displacement response matrix must be of full rank; each operational
state must produce a linearly independent displacement response. For more details on this application of Eq. (24) the reader
is referred to [16].
In summary of this section, we have shown that the dynamic stiffness elements, DAaa and DAac = DTAca , the force transf

missibility TAca , and the displacement transmissibility TdAca , are not only invariant sub-structural properties of A, but are all
available from measurements conducted in-situ, i.e. with an arbitrary boundary condition at c. Furthermore, the transmissibilities may in principle be obtained from output only measurements.
Note that an equivalent set of invariants can be deﬁned for sub-structure B by simply replacing all sub-script indices a
with b, and A with B. Similarly, by considering both sub-structures A and B simultaneously Eq. (5) can be extended as so,



DAaa
DAca
0

DAac
DAcc + DBcc
DBbc

0
DBcb
DBbb





YABaa
YABca
YABba

=

YABac
YABcc
YABbc

YABab
YABcb
YABbb

−1

.

(26)

If the DoFs a, b and c are all included in the measurement of YAB , the invariants of both sub-structure A and B are available.
The above arguments can clearly be extended to include additional sub-structures C, D, , etc.
2.2. Dual interface sub-structures (coupling elements)
In Section 2.1 we considered the invariants of single interface sub-structures, i.e. those where we are able to group all
interface DoFs into the single set c, whilst deﬁning a second set of internal DoFs a. Often when dealing with coupling
elements (see Fig. 1b), such as vibration isolators, it is not possible to deﬁne a (measurable) set of internal DoFs. This limits
the invariants available from in-situ testing.
With reference to Fig. 1b, if access to some set of internal DoFs on the coupling element is possible, it may be treated
as a single interface sub-strucutre by simply grouping together the interface DoFs c1 and c2 to form the DoF set c. We
then have access to both stiffness and transmissibility-based invariants, as per Section 2.1. If access is available only to the
interface DoFs c1 and c2 , the only available invariant is the transfer stiffness DIc1 c2 = DTIc c .
2 1
Like the AB assembly considered before, the stiffness matrix of the AIB assembly is available through the inversion of a
measured assembly receptance matrix,



DAc1 c1 + DIc1 c1
DIc2 c1

DIc1 c2
DIc2 c2 + DBc2 c2





=

YAIBc1 c1
YAIBc2 c1

YAIBc1 c2
YAIBc2 c2

−1

.

(27)

From Eq. (27) it is clear that the dynamic transfer stiffness DIc1 c2 = DTIc c of the coupling element is available from in-situ
2 1
experimental testing.
Eq. (27) has found several applications in the literature, including the independent characterisation of vibration isolators
[15,23] and the in-situ decoupling of resiliently coupled sub-structures [24].
Like Eq. (5), successful implementation of Eq. (27) requires that all important interface DoFs are included in the measurement of YAIB .
3. In-situ sub-structure model updating
In conventional model updating, experimental testing is performed on the uncoupled target sub-structure (say A), and its
free interface receptance matrix YA is measured. The receptance YA is used either to update the numerical model directly, or
to estimate modal parameters (natural frequencies and mode shapes) which are themselves used to update the numerical
model. In this paper we propose an alternative approach, based on in-situ sub-structure invariants, thus avoiding the need
to achieve an idealised boundary condition on the target sub-structure.
The proposed in-situ model updating strategy is illustrated in Fig. 2. A numerical model (labelled FE) of the target substructure (say A or I) is built and its invariants computed. The physical target sub-structure (labelled exp) is installed in an
appropriate manner, measured, and its invariants computed. The numerical and experimental invariants are then used to
formulate an appropriate cost function,





f,F E
f,exp
E
E
JS (θ ) = JS TSca
(θ ), DFSca
(θ ), DFSaa
(θ ), TSca
, Dexp
, Dexp
,
Sca
Saa

(28)

or for a dual interface sub-structure,



JD (θ ) = JD DFIcE1 c2 (θ ), Dexp
I c1 c2



(29)

where θ is the vector of numerical parameters to be updated. This cost function is then minimised using an appropriate
optimisation algorithm.
It is noted that the primary aim of this paper is to propose and verify the application of in-situ experimental testing as
a means of updating numerical sub-structure models. Some simple examples are given in the numerical and experimental
Please cite this article as: J.W.R. Meggitt and A.T. Moorhouse, Finite element model updating using in-situ experimental
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Fig. 2. In-situ sub-structure model updating. (a) - single interface sub-structure. (b) - dual interface sub-structure.

studies presented in Sections 4 and 5. However, a detailed investigation into the choice of cost function and the preferred
optimisation algorithm is considered beyond the scope of this work, and the reader is referred to the many recognised
publications e.g. [1,2] for further details. Nevertheless, by recognising related works in the literature, in particular other
transmissibility-based approaches, alongside the notion of sub-structure invariants, ready to implement algorithms can be
formulated.
In [11] and [12] two transmissibility-based approaches are presented for updating numerical models. Neither however,
acknowledge the invariant nature of the transmissibility (when constraints are located at the interface) and therefore their
potential to update numerical models using in-situ experimental data. A novel contribution of this paper is therefore to
propose that, with simple modiﬁcations, these techniques can be applied more widely than originally envisaged, speciﬁcally
to the in-situ updating of sub-structures.
In [11] Steenackers et al. proposed an updating procedure based on the measurement of transmissibility, as opposed to
receptances or estimated modal parameters. Their key observation was that the peaks of a transmissibility curve correspond
to the natural frequencies of a structure when the excitation DoF is rigidly constrained. The procedure was to experimentally
determine the transmissibility between a series of internal DoFs on the target structure. In their example the target structure
was rigidly clamped to a foundation, thus enforcing a known boundary condition. The authors then proposed the updating
of a constrained FE model, based on the experimental transmissibility peaks. Once updated the model’s constraints are
removed and the procedure is complete. This transmissibility-based approach was posed as an output only solution to model
updating, as the transmissibility can be determined from operational responses alone (see Eq. (25)).
Based on the developments of Section 2, the updating procedure presented in [11] can be extended to update substructure models4 based on in-situ experimental measurements. All that is required is the relocation of the internal ‘excitation’ DoFs to the separating interface c. The peaks of the resulting transmissibility correspond to the natural frequencies
of the (constrained) target sub-structure alone, as the unknown interface boundary condition has been replaced by a rigid
constraint. The detailed procedure and cost function demonstrated in [11] can then be followed identically.
In [12] Meruane proposed an alternative transmissibility-based approach, instead using transmissibility measurements to
identify FRF anti-resonance frequencies for model updating purposes. In [9] it was shown that anti-resonance sensitivities
are a linear combination of eigenvalue and mode shape sensitivities, and so provide the same amount of information. Meruane proposed an algorithm capable of automatically identifying anti-resonance frequencies from measured transmissibility
functions. Paired with the optimisation algorithm presented in [25], Meruane presented an output only transmissibilitybased model updating procedure [12].
Like the constrained model optimisation proposed by Steenackers et al. [11], Meruane’s anti-resonance-based approach
can readily be extended to suit in-situ sub-structure model updating by again relocating the excitation DoFs to separating
interface c.
The above transmissibility-based updating procedures may be adapted straightforwardly to suit an in-situ model updating, thus avoiding the need to achieve an idealised boundary condition across the target sub-structure’s interface. Alternatively, more conventional FRF-based procedures can be adapted to suit the sub-structure invariants acquired (transmissibility
and dynamics stiffness).

4

Or whole structure models with unknown boundary conditions.
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Fig. 3. Numerical model of single interface sub-structure.

3.1. Summary of in-situ updating strategy
In summary, the proposed strategy for updating a (single interface) sub-structure model using in-situ experimental testing may be outlined as follows:
1) Instrument the target sub-structure whilst installed, ensuring that all interface DoFs c are accounted for. If the dynamic
transfer stiffness is also to be used the second set of internal DoFs a should also be instrumented.
2) Measure the coupled receptance matrices YABcc , YABac , YABca and YABaa .
3) Build a numerical model of the uncoupled target sub-structure and choose the parameters θ to be updated.
4) Calculate numerical and experimental sub-structure invariants.
5) Formulate an appropriate cost function J(θ ) and update the model parameters accordingly.
For a dual interface sub-structure the same steps are followed but the interface DoFs c1 and c2 are considered.
Mathematically, model updating is an under-determined problem. Its success relies on acquiring a suﬃcient quantity of
experimental data, from which the unknown model parameters can be determined. When considering a single interface substructure, the number of interface DoFs c is dictated by the structure. The number of remote DoFs a however, is arbitrary.
Hence, many remote DoFs can be chosen to yield a suﬃcient amount of (invariant) experimental data. From a practical point
of view, in the presence of a large number of remote DoFs the force transmissibility-based approach is likely more robust.
The matrix inversion in Eq. (13) considers only the set of interface DoFs. Additional remote a DoFs can be included without
worry of ill-conditioning the inversion. Furthermore, the transmissibility-based approach requires response measurements
only at the interface; additional transmissibilities can be determined with minimal experimental effort (additional force
excitations at a). In contrast, the stiffness-based method requires a response measurement at each a DoF considered (as
well as the interface DoFs c). Although more expensive practically, together the point and transfer stiffness provide a greater
amount of information than the transmissibility alone.
When considering a dual interface sub-structure, where the only invariant available is the transfer stiffness, the amount
of experimental data available is limited by the number of interface DoFs present. For a typical coupling element, such as
vibration isolator, the transfer stiffness alone may prove suﬃcient to update a model given the element’s simple dynamics.
In the following section the above procedure will be demonstrated using a simple numerical example consisting of coupled beam structures. Following this, in Section 5, an experimental example will be shown where a simpliﬁed FE model of
a vibration isolator is updated using in-situ experimental data.
4. Numerical example
In this section we will demonstrate the in-situ model updating procedure by means of two numerical examples. These
examples are based on FE beam models and consider both single and dual interface sub-structures.
4.1. Single interface
Shown in Fig. 3 is a schematic representation of the example considered here. Two FE beams (A and B, each composed
of 10 elements) are attached at their interface DoFs c = [c1 , c2 ] to form a coupled assembly. Material properties and substructure geometry are presented in Table 1.
This coupled assembly represents the ‘test structure’, on which (simulated) measurements are performed. Based on these
f
simulated measurements the invariants of sub-structure A are determined, including the transmissibility TAca , and the dynamic stiffness matrices DAca and DAaa , where a = [a1 , a2 ] represents the two left most DoFs on sub-structure A (chosen
arbitrarily). Note that each nodal point contains both translational (a1 , c1 ) and rotational (a2 , c2 ) DoFs. The invariants determined from the coupled assembly are then used to update the material properties of an FE model of sub-structure A alone
(i.e. sub-structure B is not included in the updated model).
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Table 1
Sub-structural properties of test structures in Fig. 3 and 8.
Sub-structure

L × W × H (m)

A (target, Section 4.1)
B
I (target, Section 4.2)

0.4 × 0.05 × 0.01
0.4 × 0.03 × 0.01
0.25 × 0.04 × 0.005

ρ (kg/m3 )

E (N/m2 )

η (-)

7000
7000
4000

2 × 10
2 × 109
2 × 107

0.05
0.05
0.05

9

Fig. 4. Point receptances obtained from the coupled YABa1 a1 and uncoupled YAa1 a1 source sub-structure. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 5. Transmissibilities TAcf 1 a1 (a) and TAcf 2 a1 (b) obtained from the coupled and uncoupled source sub-structure.

To determine the sub-structure invariants the following calculations are performed on the assembled structure, as per
Section 2. For the transmissibility,



TAcf 1 a1
TAcf 2 a1

TAcf 1 a2



TAcf 2 a2


=

YABc1 c1
YABc2 c1

YABc1 c2
YABc2 c2

−1 

YABc1 a1
YABc2 a1

YABc1 a2
YABc2 a2


(30)

and for the dynamic stiffness,

⎡

DAa1 a1
⎢DAa2 a1
⎣D
Ac1 a1
DAc2 a1

DAa1 a2
DAa2 a2
DAc1 a2
DAc2 a2

DAa1 c1
DAa2 c1
DAc1 c1 + DBc1 c1
DAc2 c1 + DBc2 c1

⎤

⎡

DAa1 c2
YABa1 a1
DAa2 c2
⎥ ⎢YABa2 a1
=
DAc1 c2 + DBc1 c2 ⎦ ⎣YABc1 a1
DAc2 c2 + DBc2 c2
YABc2 a1

YABa1 a2
YABa2 a2
YABc1 a2
YABc2 a2

YABa1 c1
YABa2 c1
YABc1 c1
YABc2 c1

⎤−1

YABa1 c2
YABa2 c2 ⎥
YABc1 c2 ⎦
YABc2 c2

(31)

where AB denotes a measurement made on the coupled assembly.
Shown in Fig. 4 are the point receptances of sub-structure A when coupled (YAB a a ) and uncoupled (YAaa ). Its clear from
Fig. 4 that the attachment of sub-structure B inﬂuences greatly the dynamics of sub-structure A. This inﬂuence can be considered as the effect of an unknown boundary condition at c. In a typical model updating procedure sub-structure B must
be removed to achieve an idealised (free) boundary condition at c. The in-situ model updating procedure avoids this, by
instead extracting invariant sub-structure properties from the coupled assembly. Shown in Fig. 5 are the force transmissif
f
bilities TAc a and TAc a of sub-structure A based the coupled and uncoupled simulations. As expected the two are in exact
1 1

2 1

agreement; this demonstrates the invariant nature of the force transmissibility when response DoFs are located at the sepPlease cite this article as: J.W.R. Meggitt and A.T. Moorhouse, Finite element model updating using in-situ experimental
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Fig. 6. Point and transfer dynamic stiffnesses DAa1 a1 (a) and DAa1 c1 (b) obtained from the coupled and uncoupled source sub-structure. Note that the coupled
and uncoupled transfer stiffness curves are indistinguishable.

arating interface.5 6 Note that, as per [11], the transmissibility peaks correspond to the natural frequencies of sub-structure
A when its interface DoFs c (both translational and rotational) are constrained, i.e. with a clamped boundary condition. By
f
calculating the transmissibility matrix TAca with all interface DoFs c present we enforce this idealised boundary condition
mathematically, thus removing the unknown boundary condition representing the dynamics of sub-structure B.
Shown in Fig. 6 are the dynamic point and transfer stiffnesses DAa1 a1 and DAa1 c1 of sub-structure A based on the coupled
and uncoupled simulations. As expected the two are in exact agreement; this demonstrates the invariant nature of the
dynamic stiffness when all interface DoFs are included in the matrix inversion. As per the deﬁnition of dynamic stiffness, all
DoFs, bar that of the excitation, are constrained. By including the interface DoFs c in the coupled receptance measurements,
its inversion mathematically enforces a constrained interface boundary condition, thus removing the unknown boundary
condition representing the dynamics of sub-structure B.
f
Figs. 5 and 6 demonstrate the invariance of the sub-structural properties TAca , DA a c and DAaa . To update a numerical
model of sub-structure A we formulate a cost function, using these invariants, which must be minimised with respect to
the updating parameters θ .
The cost function chosen (out of many possible options) is,

J (θ ) =

n 
ω 
a 
 


ω (T,F E ) − ω (T,exp) 2 +
D(F E ) (ω ) − D(exp) (ω )2
n

n

Aaa

Aaa

(32)

(T,exp)

where; ωn(T,F E ) and ωn
represent the frequency of the nth transmissibility peak for the uncoupled (to be updated) and
(exp)
(F E )
coupled (test) models and, DAaa
(ω ) and DAaa
(ω ) are the point stiffness matrices for the uncoupled (to be updated) and
coupled (test) models. The updating parameters are chosen to be the global material properties: density ρ , Young’s modulus
E and loss factor η.
Eq. (32) is minimised using a gradient based optimisation (fmincon( ) in MATLAB). To avoid the issue of local minima, N
random initialisations are drawn and the best performing (yielding the minimum J(θ )) is chosen. To limit the search space,
the updating parameters are limited by the following bounds, 30 0 0 ≤ ρ ≤ 120 0 0, 104 ≤ E ≤ 1012 and 0.025 ≤ η ≤ 0.1. It
should be noted that a more robust cost function and optimisation algorithm may be necessary in a more practical scenario.
The above example was chosen simply to verify the use of in-situ experimental testing for model updating.
Shown in Fig. 7 are the point receptences YAa1 a1 of the target and updated sub-structure model. Also shown is an example of an initial point receptance from which the updating procedure began. As expected given the numerical nature
of this example, the updated sub-structure model is in agreement with the target sub-structure. Importantly, this updating
procedure was based entirely on coupled assembly simulations, yet it was able to reﬁne a model of sub-structure A alone.
4.2. Dual interface
In this section we will brieﬂy consider the updating of a dual interface sub-structure. Dual interface sub-structures are
commonplace in engineering structures, a typical example being vibration isolators, or other resilient couplings. Shown in
Fig. 8 is a schematic representation of the example considered here. Three FE beams (A, I and B, each composed of 10
elements) are attached at their interface DoFs c1 = [c11 , c12 ] and c2 = [c21 , c22 ] to form a coupled assembly C = AIB. Material
properties and sub-structure geometry are presented in Table 1. This coupled assembly represents the ‘test structure’, on
5

Had the responses been located at some internal DoFs on A, the obtained transmissibility would not be invariant.
Note that if the displacement transmissibility were considered, the excitation DoFs (as opposed to the response) would be located at the separating
interface.
6
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Fig. 7. Initial, updated and target point receptance YAa1 a1 . Note that the updated and target curves are near indistinguishable.

Fig. 8. Numerical model of dual interface sub-structure and coupled assembly.

Fig. 9. Transfer stiffness DIc11 c21 obtained from uncoupled and coupled sub-structure. Also shown in grey are the point stiffnesses DIc11 c11 and DAIc11 c11 .

which (simulated) measurements are performed. Based on these simulated measurements the invariants of sub-structure I
are determined. If the only accessible DoFs are those of the interface (c1 and c2 ) the only invariant available is the dynamic
transfer stiffness DIc1 c2 = DTIc c . If some set of internal DoFs a are also accessible, the interface DoFs can be grouped c =
2 1

f

[c1 , c2 ], the sub-structure treated as a single interface type, and the additional invariants TIca and DIaa determined.
To determine the sub-structure invariants DIc1 c2 = DTIc c the following calculations are performed on the assembled struc2 1
ture, as per Section 2,

⎡

DAc11 c11 + DIc11 c11
⎢DAc12 c11 + DIc12 c11
⎣
DIc21 c11
DIc22 c11

DAc11 c12 + DIc11 c12
DAc12 c12 + DIc12 c12
DIc21 c12
DIc22 c12

DIc11 c21
DIc12 c21
DIc21 c21 + DBc21 c21
DIc22 c21 + DBc22 c21

⎤

⎡

DIc11 c22
YCc11 c11
DIc12 c22
⎥ ⎢YCc12 c11
=
DIc21 c22 + DBc21 c22 ⎦ ⎣YCc21 c11
DIc22 c22 + DBc22 c22
YCc22 c11

YCc11 c12
YCc12 c12
YCc21 c12
YCc22 c12

YCc11 c21
YCc12 c21
YCc21 c21
YCc22 c21

⎤−1

YCc11 c22
YCc12 c22 ⎥
YCc21 c22 ⎦
YCc22 c22

(33)
where C denotes a measurement made on the coupled assembly. Shown in Fig. 9 are the point and transfer stiffnesses
obtained from the coupled (DAIc11 c11 , DIc11 c21 ) and uncoupled (DIc11 c11 , DIc11 c21 ) sub-structure I. It is clear from Fig. 9 that the
presence of sub-structures A and B have a considerable inﬂuence on the point stiffness of sub-structure I, whilst its transfer
stiffness is invariant.
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Fig. 10. Initial, updated and target transfer receptance YIc11 c21 . Note that the updated and target curves are near indistinguishable.

Fig. 11. Characterisation assembly AIB for the vibration isolator transfer stiffness.

To update the sub-structure I model the following cost function is deﬁned,

J (θ ) =

ω 
a 


D(F E ) (ω ) − D(exp) (ω )2
Ic1 c2
Ic1 c2
(exp)

(F E )
where DIc
and DIc
c
1 2

1 c2

(34)

are the transfer stiffness matrices from the uncoupled (to be updated) and coupled (test) sub-

structure models. Eq. (34) is then minimised using a gradient based optimisation with N random initialisations.
Shown in Fig. 10 are the target and updated transfer receptances YIc11 c21 . Also shown is an example of an initial transfer
receptance from which the updating procedure began. As expected given the numerical nature of this example, the updated
sub-structure model is in agreement with the target sub-structure. Importantly, this updating procedure was based entirely
on coupled assembly simulations, yet it was able to reﬁne a model of sub-structure I alone.
5. Experimental case study: Dynamic sub-structuring with in-situ updated FE isolator models
The experimental case study presented in this section demonstrates a practical application of in-situ model updating
using a relatively simple but realistic sub-structure. The sub-structure considered is a cylindrical rubber vibration isolator
(see Fig. 13).
Vibration isolators, among other resilient couplings, provide a notable application of the in-situ updating approach. Unlike
typical sub-structures, the characteristics of vibration isolators are sensitive to pre-load, among other installation conditions,
so can only be characterised whilst installed within an assembly (e.g. a test rig). A conventional model updating would
require either: a) the isolator to be physically constrained or b) the test rig to be included as part of the model to be
updated. The in-situ approach avoids this entirely, requiring only in-situ measurements and a model of the isolator.
The aim of this example is to update the numerical model of a vibration isolator, based on in-situ experimental data
and sub-structure invariants (dynamic transfer stiffness). The assembly used for model updating consists of a rigid mass
coupled either side of a single isolator, as shown in Fig. 11. To verify that the updated isolator model is representative of
the physical element, it is used to predict the response of a complex built-up structure. This form of validation is necessary
to avoid the unrepresentative boundary conditions obtained when the isolator is removed from its assembly, as required for
an independent validation.
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Fig. 12. In-situ model updating of a vibration isolator. (a) - experimental dynamic transfer stiffness of all four isolators considered. (b) - an example of the
in-situ updated FE point and transfer stiffness based on a single isolator, where: 11 is the point stiffness at interface c1 , 22 is the point stiffness at interface
c2 , and 12 is the transfer stiffness between interface c1 and c2 . (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to
the web version of this article.)

The validation assembly considered is shown in Fig. 13, and consists of a 4-footed motor (source, S) coupled to a large
aluminium plate (receiver, R) via 4 vibration isolators. Note that the proposed in-situ updating strategy is applied to each
isolator independently. The assembly’s receptance matrix is obtained using a primal dynamic sub-structuring (DS) prediction
consisting of: experimental source and receiver receptences, and an updated FE model of each vibration isolator. Results are
compared against receptances obtained directly from the coupled assembly.
In summary, the steps followed were:
1) Measure the interface receptance matrix YAIB of each vibration isolator whilst installed in a secondary assembly (see
Fig. 11), and extract their dynamic transfer stiffness (sub-structure invariant) by matrix inversion, as per Eq. (27).
2) Construct a simpliﬁed FE rod model for each vibration isolator and update to minimise a proposed cost function.
3) Use updated FE model to obtain isolator receptance matrix YFI E . Note that sub-structures A and B are not included in the
updated FE model; only the isolator sub-structure is modelled.
4) Characterise source and receiver sub-structures (see Fig. 13) experimentally by their free interface receptance matrices,
exp
exp
YS and YR .
exp

exp

hyb

5) Use DS to assemble YS , YFI E and YR , thus forming the coupled receptance YSIR (representing the validation assembly
in Fig. 13), where hyb is used to denote a ‘hybrid’ assembly prediction (hybrid indicates that it combines modelled isolator
properties with measured receptances of the other two sub-structures).
exp
hyb
6) Compare the hybrid receptance prediction YSIR against to those obtained directly from the coupled assembly YSIR .
5.1. Element characterisation
Each vibration isolator was characterised using the in-situ matrix inversion approach described in Section 2.2. Characterisation was performed using a mass-isolator-mass assembly, as shown diagrammatically in Fig. 11. Note that rigid masses
were used as connected sub-structures but the method is not restricted to such elements and can also be performed in the
presence of resonant connected sub-structures [14]. A pair of spaced accelerometers were adhered to the upper and lower
interface, c1 and c2 , and a force applied at each. Appropriate averaging yielded the interface receptance matrix YAIB , from
which the transfer stiffness was obtained by inversion, as per Eq. (27).
Shown in Fig. 12a are the transfer stiffnesses of each vibration isolator. These stiffness values are used to update an FE
model of each vibration isolator.
5.2. Finite element model
The vibration isolators used in this example were solid, cylindrical, rubber type elements and were modelled with a
simpliﬁed FE model using basic rod elements with viscous damping.
The isolator dynamic stiffness matrix is given by

D = K − ω2 M

(35)

where M and K are the assembled mass and stiffness matrices of the rod element, and ω is the evaluated frequency. Note
that the stiffness matrix D must be dynamically reduced to the interface DoFs c1 and c2 if it is to be evaluated against an
experimental transfer stiffness.
To simplify the updating procedure, only global element properties were set as updating parameters (i.e. it was assumed
that the element’s properties did not vary across its length). The length, cross sectional area, Young’s modulus, density and
Please cite this article as: J.W.R. Meggitt and A.T. Moorhouse, Finite element model updating using in-situ experimental
data, Journal of Sound and Vibration, https://doi.org/10.1016/j.jsv.2020.115675

ARTICLE IN PRESS

JID: YJSVI
14

[m3Gsc;September 17, 2020;16:1]

J.W.R. Meggitt and A.T. Moorhouse / Journal of Sound and Vibration xxx (xxxx) xxx

Fig. 13. Photos of experimental the validation assembly. Left - coupled assembly. Right - source sub-structure.

damping coeﬃcient were set as updating parameters, θ = (l, S, E, ρ , η ), and used to minimise the cost function,

JD (θ ) =
exp
1 c2

where, DIc


ω

D˜ FIcE1 c2 (θ ) − Dexp
Ic1 c2

2

+



|ω|2n

(36)

n

is the dynamic transfer stiffness obtained from experiment (shown in Fig. 12a for the four isolators), D˜ FIcE c

1 2

is the reduced transfer stiffness obtained from the FE model, and |ω|n is the frequency difference between the nth FE
and experimental stiffness peak. A MATLAB implementation of the simplex search method [26] (fminsearch( )) was used to
minimise Eq. (36).
Shown in Fig. 12b are the updated FE stiffness values for a single isolator. In purple is the experimental transfer stiffness
used in the updating procedure, and in green is the updated transfer stiffness obtained from the FE model. Also shown
in blue and orange are the point stiffness values of the FE isolator model. Note that the point stiffness is not available by
matrix inversion; its characterisation requires a more complex sub-structure decoupling procedure [27]. The proposed insitu updating therefore has the potential to provide a convenient means of determining the point stiffness of a vibration
isolator from in-situ measurements alone. This is a noteworthy application of in-situ updating, as not being able to obtain
an isolator’s point stiffness can be a limiting factor in the prediction of high frequency vibration in assembled structures.
As expected given its simplicity, good agreement is obtained between the experimental and numerical transfer stiffness
across the frequency range considered, particularly in the vicinity of the internal mount resonance (1–3 kHz). Note that there
is some disagreement in the low-mid frequency trend ( ≈ 10 0-50 0 Hz) between the experimental and numerical transfer
stiffnesses. This is likely a result of some minor frequency dependence in the material properties of the element that is not
accounted for by the simpliﬁed FE model.
5.3. Sub-structuring results
Having obtained an updated FE model for each isolator we’re able to perform a DS prediction of the coupled assembly
(see Fig. 13) for the purpose of validating the numerical model. Using a primal DS formulation [28] the coupled assembly
receptance matrix YSIR ∈ C9×9 is given by,



YSIR = LT [D]L
where [D] ∈

C17×17

−1

(37)

is the block diagonal sub-structure stiffness matrix, given by,

⎡Yexp

⎢
⎢
⎢
[D ] = ⎢
⎢
⎣

S

⎤−1
YFE
I(1 )

YFE
I(2 )

YFE
I(3 )

YFE
I(4 )

⎥
⎥
⎥
⎥
⎥
⎦

(38)

Yexp
R

and L ∈ Z17×9 is a Boolean coupling matrix that enforces compatibility and equilibrium constraints between appropriate
exp
exp
interface DoFs. The free interface source and receiver receptance are given, respectively, by YS ∈ C4×4 and YR ∈ C5×5 , and
the ith isolator receptance matrix by YFI E ∈ C2×2 .
(i )

Shown in Fig. 14 are the directly measured (blue) and predicted (orange) transfer receptances between each foot of the
source and a remote receiver DoF in the coupled assembly. Good agreement is obtained in all cases, demonstrating that the
in-situ updated models correctly describe the dynamics of the vibration isolators.
It is worth noting that without the aid of the updated FE models the above prediction would be limited by the requirement that DIc1 c1 ≈ −DIc1 c2 , i.e. that the vibration isolators behave as ideal springs [29]. From Fig. 12b it is clear that this true
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Fig. 14. Transfer receptance between each source foot and remote receiver DoF for the directly measured assembly (in blue) and DS prediction using an
in-situ updated FE isolator model. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this
article.)

only in the low frequency range, below approx. 400 − 500 Hz. This application of in-situ model updating thus provides a
convenient means of a) characterising vibration isolators and b) extending the predictive range of high frequency vibration
in resiliently coupled structures.
6. Conclusions
The purpose of this paper has been to propose and verify the application of in-situ experimental testing as a means of
updating numerical sub-structure models. Conventional model updating requires the target sub-structure to be uncoupled
and freely suspended, thus enabling the direct measurement of its invariant properties, such as its free interface receptance.
Achieving this idealised boundary condition however, is often impractical. Furthermore, it is in conﬂict with the requirement
that the sub-structure should also be under a representative loading; this is particularly so when considering coupling
elements such as vibration isolators.
By exploiting recent advances regarding the in-situ characterisation of sub-structures, it has been shown that it is possible to extract invariant sub-structural properties from measurements performed on the assembly in which the target substructure is installed, thus avoiding the need for free suspension. The extraction of such invariant properties is made possible by the constraints present in their deﬁnitions. By placing these constraints at the sub-structure interface it is possible to
mathematically enforce a rigid constraint, thus removing the effect of any unknown boundary conditions (i.e. the inﬂuence
of neighbouring sub-structures).
Sub-structural invariants include the force and displacement transmissibility and the dynamic transfer and point stiffness. Whilst a detailed investigation of various possible forms of optimisation procedure was not part of this study,
good results were obtained using established algorithms and simple cost functions. It was also discussed how established
transmissibility-based updating methods [11,12] can be applied with far greater ﬂexibility than originally envisaged, speciﬁcally to the problem of updating a sub-structure model whilst it is embedded within an assembly.
The proposed in-situ updating strategy was illustrated through a numerical example, considering FE beam structures.
A practical example was also shown in which an FE model of a vibration isolator was developed and updated against a
physical isolator without it being removed from an assembly. It was shown that by using the updated isolator model(s) a
DS prediction could be made for a resiliently coupled assembly over a wide frequency range; notably up to 3kHz.
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