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Abstract
In this paper, recent developments in quasi-3D aerodynamic methods are presented. At their
core, these methods are based on the Lifting-Line Theory and Vortex Lattice Method, but with
a relaxed set of hypotheses, while also considering the effect of viscosity (to a certain degree)
by introducing a strong non-linear coupling with two-dimensional viscous aerofoil
aerodynamics. These methods can provide more accurate results compared to their inviscid
classical counterparts and have an extended range of applicability with respect to the lifting
surface geometry. Verification results are presented for both steady-state and unsteady flows,
as well as case studies related to their integration into aerodynamic shape optimisation tools.
The good accuracy achieved for relatively low computational time requirement makes quasi3D methods a solid choice for conducting conceptual level design and optimisation of lifting
surfaces.
Keywords: quasi-3D aerodynamics; nonlinear lifting line method; nonlinear vortex lattice
method; methods for conceptual level wing design and optimisation
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1. Introduction
Aircraft design involves a highly complex, multidisciplinary approach. Throughout the design
process, not only the individual disciplines such as aerodynamics, structural mechanics,
system engineering, etc must be considered, but also the interactions between them. This
leads to very challenging, multi-physics and multidisciplinary problems.
Early in the design process, when the focus is on generating a fit-for-purpose concept but
without refining details, the amount of time spent on discipline-specific analysis must be kept
as low as possible. The design of commercial aircraft, whether piston-propeller, turboprop or
turbojet benefits from the existence of a wealth of experience, translated into efficient,
empirically refined analytical calculation methods. However, the designer of more
unconventional vehicles such as a novel box-wing two-seater aircraft or a flapping wing micro
aerial vehicle often has no alternative but to resort to discipline-specific methods and tools.
For determining the aerodynamic loads on lifting surfaces, high-fidelity Computational Fluid
Dynamics (CFD) can produce accurate results while maintaining the complexity inherent to
turbulent flow, but at a significant cost in both time and resources. At the other side of the
spectrum, inviscid classical methods such as the Lifting-Line Theory (LLT) or the Vortex
Lattice Method (VLM) can generate reasonable results within seconds but are very limited in
applicability due to the numerous underlying hypothesis.
In this paper, recent developments in quasi-3D aerodynamic methods are presented. At their
core, these methods are based on the LLT and VLM, but with a relaxed set of hypotheses,
while also considering the effect of viscosity (to a certain degree) by introducing a strong nonlinear coupling with two-dimensional viscous aerofoil aerodynamics. These methods can
provide more accurate results compared to their inviscid classical counterparts and have an
extended range of applicability with respect to the lifting surface geometry. As expected, the
necessary computational time is higher due to the relatively large non-linear systems of
equations requiring iterative solutions, but it is still at least one order of magnitude lower
2

compared to high-fidelity CFD. The good accuracy achieved for relatively low computational
time requirement makes quasi-3D methods a solid choice for conducting conceptual level
design and optimisation of lifting surfaces.

2. Non-Linear Lifting Line Method
The LLT has seen extensive usage in the analysis and design of straight lifting surfaces with
moderate to high aspect ratio, with application in analysis domains including low-speed aircraft
wings, boat sails, propellers, or wind turbine blades. Owing to its relatively good accuracy in
the range of linear aerodynamic behaviour and to its minimal computational costs, various
authors have developed alternative formulations to the classical LLT, thus increasing its range
of applicability and/or the accuracy of predicted results. All formulations, however, keep the
fundamental idea of a concentrated distribution of vorticity bound to the lifting surface quarterchord line. Applications of modified, steady state and unsteady LLT have included lifting
surfaces with arbitrary camber, sweep and dihedral angle [2], complex multi-element wings in
take-off and landing configurations [3], [4], the analysis of flapping bird wings in forward flight
[5] or the design and optimisation of wind turbine blades [6], [7], [8].
Various non-linear LLT models have been proposed in literature. In [44], a model has been
developed to design and analyse the performance of ship propellers. The helical wake created
by constant pitch propeller was modeled by splitting the typical horseshoe vortices into
segments whose position is updated as the wake evolves. The Pistolesi boundary condition
was enforced to guarantee flow tangency condition at a control point whose coordinates were
changed according to local sectional aerofoil data read from lookup tables. The model
developed in [3] used the effective angle of attack updated strategy of van Dam and a liftingline model based on the works of Weissinger, but the non-linear viscous correction was
linearized and embedded into a single coupled set of linear equations, thus solving
simultaneously for both circulation and the effective angle of attack correction. Results showed
3

good predictions for the stall and post-stall flow regime but were restricted to wings of elliptical
planform. A morphing wing design was introduced in [46] with the aim of increased stall
recovery, its performance being numerically predicted with a non-liner LLT model. It used twodimensional RANS results to predict the viscous aerodynamic characteristics of the aerofoil
sections and a linearization of Prandtl’s original integral-differential equation into which the
RANS result for the lift coefficient were directly introduced. The method used an artificial
viscosity approach to stabilise the iterative solution. Good agreement was obtained with lowspeed wind tunnel results, while the morphing technique proved effective up to maximum lift,
but not in the post-stall regime. Other non-linear lifting line models can be found in [52], [53],
[54]. These are based on modifying Weissinger’s original method by including viscous aerofoil
results [52], determining a circulation strength correction based on lookup tables of viscous
aerofoil results and iterating until the difference between inviscid and viscous circulation values
become negligible [53], or by updating the coordinates of the control point according to the
viscous lift curve slope followed by an application of a Pistolesi-type boundary condition to
build a linear system of equations for the circulation values [54].
A non-linear LLT model was developed and presented in [9], [10]. The model uses the fully
three-dimensional vortex lifting law, as was initially proposed in [1], but also reformulates the
equations to allow coupling with two-dimensional experimental aerofoil results provided via a
pre-built database file.
In this model, vorticity is distributed in a finite number 𝑁 of horseshoe vortices, each vortex
having its own strength 𝛤𝑖 . The three-dimensional vortex lifting law [11] is applied to express
the inviscid force 𝐝𝐅𝑖 acting on the bound segment 𝐝𝐥𝑖 of each horseshoe vortex:
𝑁

𝐝𝐅𝑖 = 𝜌𝛤𝑖 (𝐕∞ + ∑ 𝛤𝑗 𝐯𝑖𝑗 ) × 𝐝𝐥𝑖

(1)

𝑗=1

In Equation (1), 𝜌 is the fluid density, 𝐕∞ is the freestream velocity, and 𝐯𝑖𝑗 is the velocity
induced by horseshoe vortex 𝑗 at a suitably chosen control point associated with horseshoe
4

vortex 𝑖. Various control point locations can be considered, including on the bound vortex itself
or the three-quarter-chord point of the wing’s local chord.
The magnitude of the force acting on a wing strip of area 𝐴𝑖 and having a local airfoil lift
coefficient 𝐶𝑙𝑖 is given by:
1
‖𝐅𝑖 ‖ = 𝜌𝑉∞2 𝐴𝑖 𝐶𝑙𝑖
2

(2)

Pre-built databases of experimental aerofoil results (or, equivalently, numerical results
provided either by RANS-based CFD or panel-boundary layer codes such as XFOIL) are used
to provide the 𝐶𝑙𝑖 values. These are pre-calculated at a given number of flow conditions
(Reynolds number, angle of attack), while for any other flow condition not in the database, a
simple linear interpolation is used between the two closest data points available. If the wing
strips are taken such that each bound horseshoe vortex segment corresponds to one strip,
then the modulus of the force given by Equation (1) can be set equal to the one given by
Equation (2) and the following non-linear equation is obtained for each of the 𝑁 horseshoe
vortices:
𝑁

1
‖𝜌𝛤𝑖 (𝐕∞ + ∑ 𝛤𝑗 𝐯𝑖𝑗 ) × 𝐝𝐥𝑖 ‖ − 𝜌𝑉∞2 𝐴𝑖 𝐶𝑙𝑖 = 0, 𝑖 = 1,2, … , 𝑁
2

(3)

𝑗=1

The model can be solved for the strengths 𝛤𝑖 , after which the total aerodynamic force and
moment are determined:
𝑁

𝑁

𝐅 = 𝜌 ∑ [(𝐕∞ + ∑ 𝛤𝑗 𝐯𝑖𝑗 ) 𝛤𝑖 × 𝐝𝐥𝑖 ]
𝑖=1
𝑁

𝑗=1
𝑁

𝐌 = 𝜌 ∑ 𝐫𝑖 × [(𝐕∞ + ∑ 𝛤𝑗 𝐯𝑖𝑗 ) 𝛤𝑖 × 𝐝𝐥𝑖 ] + 𝐝𝐌𝑖
𝑖=1

(4)

𝑗=1

5

(5)

Where 𝐝𝐌𝑖 is the local, two-dimensional pitching moment of the aerofoil section (again
obtained from the pre-built database), and 𝐫𝑖 is a vector from the position of the chosen
moment reference point to the control point.
The non-linear system of equations (3) is solved using Newton’s method and requires no
under-relaxation to achieve convergence. Typical non-linear LLT models found in literature
(see for example [44], [46], [53]) require significant under-relaxation if the variable being
updated from iteration to iteration is the circulation or the local lift coefficient value. The much
better convergence properties of the current model are attributed to the strong coupling
between the circulation and the term representing the viscous correction. Other non-linear LLT
models first solve for linear circulation values, and then iterate through a non-linear correction
step, until a certain convergence criterion (typically linked to the effective angle of attack or
the difference between inviscid and viscous sectional lift coefficients) is satisfied. This type of
approach is considered to be loosely coupled, and significant under-relaxation is required to
guarantee convergence. The model proposed here integrates the viscous data into the nonlinear equations and solves directly for the corrected (final) circulation values. It has been
shown by other authors [3] that such a strong coupling resulted in an increased computation
effort per iteration but achieved significantly faster convergence with minimal under-relaxation
for a non-linear LLT utilising an effective angle of attack correction approach.
It must be noted that the method does not use Trefftz plane analysis for the induced drag but
calculates the overall aerodynamic force vector using on-body velocities only. The overall
accuracy in estimating induced drag with the near field approach remains good. The profile
drag can also be approximated by:
𝑏/2

𝐶𝐷0

𝑁

1
1
=
∫ 𝐶𝑑 (𝑦)𝑐(𝑦)𝑑𝑦 ≅ ∑ 𝐶𝑑𝑖 𝑐𝑖 ∆𝑦𝑖
𝑆
𝑆
𝑖=1

−𝑏/2
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(6)

Where 𝑆 is the wing area, 𝐶𝑑𝑖 is the two-dimensional aerofoil drag coefficient, 𝑐𝑖 is the local
chord and ∆𝑦𝑖 is the width of the wing strip (which coincides with the distance between the two
trailing segments of a horseshoe vortex).
A first verification and validation test is done using geometrical and experimental data from
the NACA 1270 Technical Note [12]. The wing is a straight wing having an aspect ratio of 12,
a taper ratio of 0.285 and a twist of 3°. The aerofoil section progressively changes from a
NACA 4422 at the root section to a NACA 4412 at the wing tip. The experimental results were
obtained for an airspeed of 65 m/s and a Reynolds number equal to 4 × 106 , as calculated
with the mean aerodynamic chord value. The numerical results are obtained with 35 strips per
semi-span, while the sectional aerofoil database is generated using the two-dimensional
XFOIL solver [13]. It is important to point out that while the strongly coupled integral boundary
layer method implemented in XFOIL allows for limited regions of flow separation, its
applicability to high 𝐶𝐿 conditions and the determination of 𝐶𝐿𝑚𝑎𝑥 is not always dependable,
leading to a loss of accuracy. However, for the current set of calculations, it was deemed
sufficient and chosen over RANS-based CFD calculations due to the considerable time
savings obtained while generating the database.
Figure 1 shows a comparison between numerical and experimental results in term of lift, drag
and pitching moment coefficients. The estimation of the lift coefficient for angles of attack up
to 12.5° is very accurate, as expected for a straight, high aspect ratio wing. The stalling angle
and 𝐶𝐿𝑚𝑎𝑥 are overestimated, however this is due, at least in part, to the overestimation of the
same parameters by XFOIL for the NACA 44-series aerofoils. The drag polar prediction is
overall good, with underestimations at both very low and very high 𝐶𝐿 values. Since no data is
provided in [12] on the turbulence intensity levels, the drag underestimation at low lift might
be due to an extended laminar boundary layer in the XFOIL analysis compared to the actual
wind tunnel conditions.

7

Figure 1. Comparison of lift, drag and pitching moment coefficient values obtained
with the non-linear LLT method with experimental data published for the NACA
TN1270 high aspect ratio straight wing geometry
8

Accurate prediction of pitching moment coefficient values is known to be generally very
difficult. The model captures the variation trend across the lift coefficient range, but the
prediction if offset by a relatively constant value.
A second verification and validation test is done using geometrical and experimental data from
the NACA L50F16 Research Memorandum [14]. The wing has a moderate sweep angle of
30°, an aspect ratio of 4 and a taper ratio of 0.6. The wing has a constant NACA 65A006
aerofoil section from root to tip. The experimental results were obtained for an airspeed of 80
m/s and a Reynolds number equal to 3 × 106 , as calculated with the mean aerodynamic chord
value. The numerical results are obtained with 50 strips per semi-span, while the sectional
aerofoil database is constructed using the experimental results provided in [15].
The comparison between numerical and experimental results in term of lift, drag and pitching
moment coefficients is presented in Figure 2. An excellent agreement exists for both lift and
drag coefficient results for the 𝐶𝐿 range below 0.60. This shows the non-linear LLT model can
be used for predicting the aerodynamic behaviour of moderately swept wings. Pitching
moment values are accurately predicted only for the low 𝐶𝐿 range. The lift coefficient plateau
occurring around 𝐶𝐿𝑚𝑎𝑥 and the high-lift pitching moment behaviour observed in the
experimental results could be given by boundary layer separation in the region close to the tip
of the swept wing, with possible formation of localised quasi-steady leading-edge vortices.
This would delay the local loss of lift, accompanied by a significant variation in drag and
pitching moment. This highly nonlinear phenomenon cannot be captured by potential flow
models such as the lifting line, but the prediction quality for low-to-moderate angle of attack
values is very good.
The lack of true 3D interactions is one of the main drawbacks of lifting-line methods. This can
become a major source of error, especially for wings having some degree of sweep while
close the maximum lift conditions (as observed in both Figures 1 and 2).

9

Figure 2. Comparison of lift, drag and pitching moment coefficient values obtained
with the non-linear LLT method with experimental data published for the NACA
L50F16 moderate aspect ratio moderate sweep wing geometry
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While it is difficult to address this drawback in the simple mathematical framework of the liftingline, a promising alternative has been recently proposed in [47] and [55]. In this so-called 2.5D
approach, the usual 2D viscous lift curves are corrected either by analytically applying sweep
theory to the results (as in [47]) or by utilizing 3D RANS results for a swept wing with infinite
span (as in [55]). While leaving the mathematics of the lifting-line model unchanged, the
approach has been reported to significantly improve the 3D prediction accuracy for high angles
of attack and for the wing tip region of swept wings.

3. Non-Linear Vortex Lattice Method
The VLM [16], [17] represents a powerful tool for preliminary wing design and optimization. It
has been used in a very wide range of applications, from multi-objective optimization studies
for existing commercial aircraft [19], the development of morphing wings [20], Unmanned
Aerial Vehicles (UAV) aerodynamic performance optimizations [21], for the design of nonconventional Blended Wing Body aircraft geometries [22], up to unsteady variants of the
method (UVLM) used to calculate aerodynamic loads for aeroelasticity and flight dynamics
simulations [18].
Non-linear extension to the VLM have been proposed in literature. It must be noted that the
focus of this paper (and thus of the papers reviewed here) is on a VLM model based on a nonlinear correction of the circulation so as to improve prediction accuracy, and not non-linearities
introduced due to wake relaxation models (such as in [50]). In [45], a model has been
developed to predict the stall and post-stall characteristics of aircraft wings. It used twodimensional RANS simulations to predict the boundary layer separation point, and the
Kirchhoff flow approach to model the non-linear lift variation of the RANS solution into the
VLM. The model obtained improved results compared to other approaches such as iterative
de-cambering. The stall behaviour of a horizontal tail was investigated in [47] with a non-linear
VLM. The approach used van Dam’s loosely coupled algorithm based on the effective angle
11

of attack correction but incorporated 2.5D aerofoil characteristics based on the XFOIL solver
and wing sweep theory.
Recently, it has been shown in [48] than nonlinear VLM results can be successfully used to
predict the base flow field with sufficient accuracy for aero-acoustic noise calculations for Micro
Air Vehicle rotors. The method used an iterative correction of the sectional circulation values
based on a lookup table of aerofoil viscous XFOIL or CFD results, the wake being modeled
as vortex particles rather than rings to reduce the computational effort. An unsteady non-linear
VLM has been developed and applied to the analysis of wind turbine rotors in [49]. At each
time step, the linear lift force values of each wing strip were first determined, and the
corrections to the circulation values were next obtained by solving the non-linear system of
equations resulting from the difference between the linear lift forces and the non-linear lift
forces extracted from lookup table results. The method can be considered as more coupled
compared to other approaches, as the viscous corrections are determined via solving an
implicit system of equations. Another recent model has been proposed in [51]. The model also
utilises a loosely coupled approach in which an initially determined set of linear circulation
values for the vortex rings is iteratively corrected based on lookup table lift coefficient values,
from which a lookup table circulation was determined and compared with the linear circulation
to determine the correction magnitude. The importance of carefully defining the control point
location is highlighted, and a method of updating the location is proposed based on a stripwise averaging of the circulation following by an enforcement of the flow tangency condition
in a manner similar to the classic thin-aerofoil theory. Results showed very good agreement
with experimental data for the MEXICO wind turbine.
Other non-linear VLM approaches have been developed in [55], [56] based on the effective
angle of attack updated strategy of van Dam and utilising 2.5D RANS sectional data in order
to increase accuracy for swept wings (as in [55]), or utilising an iterative de-cambering
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approach implemented in a non-linear Newton-Raphson iteration scheme so as to drive the
potential flow results towards viscous data saved in lookup tables [56].
In the classical VLM approach, the unknown intensities of all the vortex rings distributed over
the wing surface are determined by requiring that the flow tangency condition be satisfied for
all collocation points, leading to the following linear system of equations:
𝑁

∑ 𝒗𝑖𝑗 ∙ 𝒏𝑖 𝛤𝑗 = −𝑽∞ ∙ 𝒏𝑖

𝑖 = 1, 2, … , 𝑁

(7)

𝑗=1

In Equation (7), 𝐕∞ is the freestream velocity, 𝑁 is the total number of vortex rings over the
wing surface, 𝐯𝑖𝑗 is the velocity induced by the unit strength vortex ring 𝑗 at the 𝑖 𝑡ℎ panel
collocation point and 𝐧𝑖 is the surface normal vector calculated at the 𝑖 𝑡ℎ panel collocation
point.
Like the non-linear LLT method presented in the previous section, the predictive capabilities
of the VLM can be enhanced by introducing, to a limited extent, viscous effects [23], [24]. For
each vortex ring, a correction ∆𝛤 is defined, so that the final values of the vortex intensities
become:
𝛤𝑗 → 𝛤𝑗 + ∆𝛤𝑗

𝑗 = 1,2, … , 𝑁

(8)

The approach developed is conceptually similar to that presented in [49]. The corrections are
calculated by solving a non-linear system of equations constructed based on the available 2D
viscous results. Unlike the non-linear LLT, the inviscid-viscous coupling is more loose, but the
results showed good convergence without the need for significant under-relaxation. This is
attributed to the fact that the correction values are determined in a highly coupled approach,
the specific ∆𝛤𝑗 value for each ring being determined as a nonlinear function of all other
corrections, and of the 2D viscous results for all wing strip. This approach alleviates the need
for significant under-relaxation (such as in [47] or [51]), where the vortex strength corrections
are independently determined for each wing strip.
13

The flow tangency boundary condition of Equation (7) is modified through the introduction of
a surface transpiration velocity 𝐕𝑖𝑇 :
𝑁

(𝐕∞ + ∑(𝛤𝑗 + ∆𝛤𝑗 )𝐯𝑖𝑗 + 𝐕𝑖𝑇 ) ∙ 𝐧𝑖 = 0

(9)

𝑗=1

The effective angle of attack seen by each wing strip is determined as:

−1

𝛼𝑖 = tan

𝑇
(𝐕∞ + ∑𝑁
𝐕𝑖 ∙ 𝐧𝐬𝑖
𝑗=1(𝛤𝑗 + ∆𝛤𝑗 )𝐯𝑖𝑗 + 𝐕𝐒𝑖 ) ∙ 𝐧𝐬𝑖
−1
(
) = tan (
)
𝑇
𝐕𝑖 ∙ 𝐜𝐬𝑖
(𝐕∞ + ∑𝑁
𝑗=1(𝛤𝑗 + ∆𝛤𝑗 )𝐯𝑖𝑗 + 𝐕𝐒𝑖 ) ∙ 𝐜𝐬𝑖

(10)

Where 𝐧𝐬𝑖 and 𝐜𝐬𝑖 are the wing strip unit normal and unit chord vectors, 𝐯𝑖𝑗 is the velocity
induced by the unit strength vortex ring 𝑗 at the 𝑖 𝑡ℎ strip collocation point (located at the strip
three-quarter-chord) and 𝐕𝐒𝑖𝑇 is the average transpiration velocity for the strip, calculated as
a simple arithmetic average of the transpiration velocities of all panels of that strip, 𝐕𝐒𝑖𝑇 =
1
∑𝑁𝑥 𝐕 𝑇 .
𝑁𝑥 𝑗=1 𝑗

It is interesting to observe in (10) that the proposed approach amounts to two

corrections to the effective angle of attack, one due to the viscous circulation corrections and
the second due to the transpiration velocities which ensure that the flow tangency condition is
always enforced at the panel collocation points.
Pre-build databases of experimental or numerical aerofoil results are again used, but this time
containing pressure coefficient distributions for several Reynolds number values 𝑅𝑒𝑖 and
angles of attack 𝛼𝑖 :
𝐶𝑃𝑖𝑣𝑖𝑠𝑐 = 𝑓(𝑎𝑖𝑟𝑓𝑜𝑖𝑙𝑖 , 𝑅𝑒𝑖 , 𝛼𝑖 )

(11)

These pressure coefficient distributions are pre-calculated at a given number of flow
conditions, while for any other flow condition not in the database, a simple linear interpolation
is used between the two closest data points available.
The equations needed to calculate the vortex rings’ intensity corrections are constructed from
the assumption that for all 𝑁 panels on the wing surface, the pressure coefficient variation
(∆𝐶𝑃 = 𝐶𝑃𝑢𝑝𝑝𝑒𝑟−𝑠𝑢𝑟𝑓𝑎𝑐𝑒 − 𝐶𝑃𝑙𝑜𝑤𝑒𝑟−𝑠𝑢𝑟𝑓𝑎𝑐𝑒 ) obtained from the vortex rings’ intensities is equal
14

to the nonlinear viscous pressure coefficient variation ∆𝐶𝑃𝑣𝑖𝑠𝑐 obtained from the database. For
all panels, the following equality is written:
−𝐅𝑖 ∙ 𝐧𝑖 + 𝐴𝑖 𝑄∞ ∆𝐶𝑃𝑖𝑣𝑖𝑠𝑐 = 0

𝑖 = 1,2, … , 𝑁

(12)

Where 𝐅𝑖 is the aerodynamic force generated by all the vortex lines placed on the panel, 𝐧𝑖 is
the surface normal vector calculated at the panel collocation point, 𝐴𝑖 is the panel area and
𝑄∞ is the freestream dynamic pressure.
Coupling Equations (9) and (12) leads to a nonlinear system of 2𝑁 equations for the vortex
strength corrections ∆𝛤𝑗 and the surface transpiration velocities 𝐕𝑖𝑇 , shown in Equation (13)
below, which can be solved using Newton’s method (since the Jacobian matrix can be
analytically determined without much difficulties):
⋮
−𝐅𝑖 ∙ 𝐧𝑖 + 𝐴𝑖 𝑄∞ ∆𝐶𝑃𝑖𝑣𝑖𝑠𝑐
⋮
−−−−−−−−−−
⋮
𝐑=

=𝟎

𝑁

(13)

∑ 𝐯𝑖𝑗 ∙ 𝐧𝑖 ∆𝛤𝑗 + 𝑉𝑖𝑇
{

𝑗=1

}

⋮

The expression of the normal projection of the aerodynamic force appearing in Equations (12)
and (13) is determined using the three-dimensional vortex lifting law [11] and follows the
notations introduced in Figure 3.
𝑁

𝐅𝑖 ∙ 𝐧𝑖 = 𝜌 [𝐧𝑖 × (𝐕∞ + ∑(𝛤𝑗 + ∆𝛤𝑗 )𝐯𝑖𝑗 )] ∙ [(𝛤𝑖 − 𝛤𝑈 )𝛄12 + (𝛤𝑖 − 𝛤𝑅 )𝛄23 + (𝛤𝑖 − 𝛤𝐿 )𝛄61
𝑗=1

(14)
+(𝛤𝑈 − 𝛤𝑈𝑅 )𝛄34 + (𝛤𝑈 − 𝛤𝑈𝐿 )𝛄56 + (∆𝛤𝑖 − ∆𝛤𝑈 )𝛄12 + (∆𝛤𝑖 − ∆𝛤𝑅 )𝛄23 + (∆𝛤𝑖 − ∆𝛤𝐿 )𝛄61
+(∆𝛤𝑈 − ∆𝛤𝑈𝑅 )𝛄34 + (∆𝛤𝑈 − ∆𝛤𝑈𝐿 )𝛄56 ]

𝑖 = 1,2, … , 𝑁

Where 𝛤 is the strength of a vortex ring as obtained in an initial, purely inviscid solution from
solving equation (7) and 𝛄 is the supporting geometric segment of any given. vortex line.
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Figure 3. Illustration of the vortex segments on a typical panel
Once the nonlinear system (13) is solved and the corrected vortex ring strengths are
determined from (8), the aerodynamic force and moment acting on each vortex segment on
the wing can be determined using equations very similar to (4) and (5), and the profile drag
coefficient can be determined using Equation (6).
A verification and validation test is done using geometrical and experimental data from the
NACA Technical Note 1208 [26]. The wing has a sweep angle of 45°, an aspect ratio of 8 and
a taper ratio of 0.4. The experimental results were obtained for an airspeed of 65 m/s and a
Reynolds number equal to 4 × 106 , as calculated with the mean aerodynamic chord value.
The numerical results are obtained with a mesh of 18 chordwise panels and 35 spanwise
panels per wing semi-span, while the sectional aerofoil database is generated by XFOIL. For
reference purposes, linear VLM results obtained with the widely used XFLR5 code are also
included in the comparison.
In Figure 4, the results for the wing lift coefficient and quarter chord pitching moment coefficient
are compared with the experimental data. The nonlinear VLM predicts the lift curve
characteristics very well, with a slight overestimation in predicted 𝐶𝐿 values for angles of attack
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higher than 10°. A very good agreement exists for 𝐶𝐿𝑚𝑎𝑥 (1.01 for the experiment, versus 1.04
in the numerical results), but there is an underestimation of the stall angle by about 1.5°. The
linear variation of the pitching moment coefficient is very well captured, but there are some
differences for the nonlinear higher lift conditions, where the swept back wing experiences an
early tip stall phenomenon which is difficult to capture. Figure 5 shows a comparison of the
span-wise wing loading for an angle of attack of 4.7°, the agreement being good.

4. Case Study: Aerodynamic Shape Optimization of a Generic UAV Wing
The aerodynamic shape optimisation of a generic UAV is performed using the nonlinear VLM
as solver. The wing is chosen to be representative for a tactical UAV with an all-up mass under
20kg, having an aspect ratio of 8, a span of just over 4 m, a taper ratio of 0.5 and a NACA
2412 aerofoil section. The optimisation is done using the Artificial Bee Colony (ABC) algorithm,
as described in [27], with the objective of improving the wing lift-to-drag ratio 𝐿/𝐷 over a rage
of fixed angle of attack values, at an airspeed of 50 m/s and with a Reynolds number of
2.13 × 106 , as calculated with the mean aerodynamic chord of the original wing geometry. The
optimisation procedure is focused on aerodynamic performance, and so no structural or weight
aspects are considered.
Two optimisation cases are considered. The first case uses the wingspan, taper ratio, and
quarter-chord sweep angle as the optimisation variables. The wingspan is constrained
between 3.5m and 5m, the quarter-chord sweep angle between 0° and 30° and the taper ratio
between 0.3 and 1. The second case changes the aerofoil shape in addition to the wing
planform variables indicated for the first case. To achieve this, a Non-Uniform Rational BSplines (NURBS) [28] parameterisation of the NACA 2412 is introduced:
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Figure 4. Comparison of lift and pitching moment coefficient values obtained with the
non-linear VLM method and the XFLR5 VLM code with experimental data published
for the NACA TN1208 high aspect ratio high sweep wing geometry

Figure 5. Comparison of span-wise loading obtained with the non-linear VLM method
with experimental data published for the NACA TN1208 high aspect ratio high sweep
wing geometry
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𝑘

𝑁𝑖,𝑛 𝑤𝑖
𝐏
𝑘
∑𝑗=1 𝑁𝑗,𝑛 𝑤𝑗 𝑖
𝑖=1

𝐂(𝑢) = ∑
1,
𝑁𝑖,1 = {
0,
𝑁𝑖,𝑛 =

𝑖𝑓 𝑡𝑖 ≤ 𝑢 ≤ 𝑡𝑖+1
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(15)

𝑢 − 𝑡𝑖
𝑡𝑖+𝑛+1 − 𝑢
𝑁𝑖,𝑛−1 +
𝑁
𝑡𝑖+𝑛 − 𝑡𝑖
𝑡𝑖+𝑛+1 − 𝑡𝑖 𝑖+1,𝑛−1

In Equation (15), 𝐂(𝑢) is the parametrised form the aerofoil curve, 𝑢 is the curve parameter,
ranging from 0 (the start of the curve) to 1 (the end of the curve), 𝑘 is the number of control
points, 𝑛 is the order of the curve, 𝑤𝑖 are the weights associated with the control points, 𝑡𝑖 are
the knots, 𝑁𝑖,𝑛 are the basis functions and 𝐏𝑖 = [𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 ] are the control points.
The initial coordinates of the control points 𝐏𝑖 are determined through a non-linear regression
in which the NURBS aerofoil shape generated with Equation (14) is iteratively driven towards
the actual NACA 2412 aerofoil shape. In the numerical optimization, the change of the aerofoil
shape is achieved by changing the coordinates of the NURBS control points, which act as
optimisation variables. Only the upper surface of the aerofoil between the leading edge and
0.5𝑐 can change, and the control points are constrained to move only on the y-axis and by a
maximum of 0.05𝑐. To capture the effects of the aerofoil shape change on the wing
performance, pre-build databased on 2D results are not used in this scenario. Rather, the
XFOIL solver is called while the optimisation procedure runs during each iteration of the nonlinear VLM system solution and for each span-wise wing strip.
Figure 6 presents a comparison between the original and redesigned wing shapes, as well as
between the original and optimised (morphed) airfoil, while in Figure 7, a comparison is
presented between the lift curve and drag polar for the original wing, the planform-only
optimized wing and the planform and aerofoil optimised wing.
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Figure 6. Comparison between the original and the redesigned wing and airfoil shapes

Figure 7. Lift curve and drag polar for the original wing, the redesigned wing using
only wing planform parameters and the redesigned wing including aerofoil shape
optimisation
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It must be noted that the planform shape of the optimised wing in the two cases was
approximately the same regardless of whether the aerofoil optimisation variables were
included or not in the process. The results hold no surprises, as the case study is meant to be
more of a test for the sensitivity of the nonlinear VLM with respect to aerofoil shape changes
rather than a rigorous optimisation scenario. As expected, the optimal values of the planform
variables provide a higher aspect ratio, lower sweep, lower taper wing, which achieves a
higher 𝐿/𝐷 than the original design at any 𝐶𝐿 value. This result is visible on both the increased
lift curve slope and the reduced drag at any fixed lift coefficient value. The second optimisation
case, in which the parameterised aerofoil shape is added to the optimisation variables,
provides more significant results. As can be seen from Figure 7, the nonlinear VLM is sensitive
enough to capture the effects of small changes in the aerofoil thickness on the aerodynamic
performance of the wing. This represents a net advantage over the classic VLM, which
considers the wing a zero-thickness surface. The small decrease in aerofoil thickness between
the original and optimised (morphed) aerofoil shapes over 0.3𝑐 amounts to a further reduction
in drag over the entire range of angles of attack considered. This further reduction is only due
to changes in the wing profile drag, as the planform shape obtained is essentially unchanged
between the two optimisation cases.
The wing profile drag is calculated using equation (6), which means that drag coefficient
reductions could potentially be obtained only due to the local drag coefficient reductions for
the aerofoil sections, as calculated with the XFOIL solver. In order to show that the circulation
values calculated by the VLM are sensitive to the changes in the aerofoil shape, a plot of the
local lift coefficient along the wingspan at 𝛼 = 2° is depicted in Figure 8 for both the planformonly optimized wing and the planform and aerofoil optimised wing. The local lift is determined
for each spanwise wing strip by summing the contributions of all vortex rings distributed
chordwise along the strip. Differences can be observed in the calculated local lift coefficient,
indicating that the circulation strength of the vortex rings does change in response to aerofoil
shape changes.
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Figure 8. Local lift coefficient calculated using the corrected vortex ring strengths for
an angle of attack of 𝟐°.

5. Case Study: Integration in a Simultaneous Analysis and Design Methodology
Using global optimisation procedures such as the ABC algorithm or a Genetic Algorithm (GA)
can provide the global optimum point in the design space, however doing so requires a very
high number of objective function evaluations, and thus runs of the aerodynamic solver.
Additionally, any increase in the number of design variables leads to further, significant
increases in the number of evaluations, to a point where even using relatively simple methods
such as the nonlinear LLT or VLM becomes much too time consuming for conceptual design
purposes.
Gradient-based optimisation algorithms can arrive at the global optimum point in a
deterministic way and with a much smaller number of evaluations, provided the objective
function is differentiable and a suitable method for evaluating the gradient is found. The adjoint
equation approach has become particularly popular in the field of aerodynamic shape
optimisation because it allows the evaluation of the objective function gradient with a
computational cost roughly equal to one additional aerodynamic solver run, regardless of the
dimension of the design space. This approach has been extensively used over the last years,
for a wide variety of problems across various industries. These include helicopter rotors [29],
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automobiles [30], wide-body transport aircraft [31] supersonic aircraft configurations [32], tidal
turbines [33] and ship hulls [34].
The nonlinear LLT and VLM methods presented earlier are particularly suited for a gradientbased adjoint equation implementation, since all required matrices can be analytically
calculated and efficiently implemented. Details of a methodology for further reducing the
computational cost of a discrete adjoint method, with the construction of an adjoint-based
simultaneous analysis and design (SAND) technique are presented in detail in [35].
To minimize the objective functional 𝐽(𝒘, 𝜶), 𝐽: ℝ𝑁 × ℝ𝐷 → ℝ, subject to the equality and
inequality constraints given by 𝑮(𝒘, 𝜶) ≤ 𝟎, 𝑮: ℝ𝑁 × ℝ𝐷 → ℝ𝐾 and to satisfy the system of
equations 𝑹(𝒘, 𝜶) = 𝟎, 𝑹: ℝ𝑁 × ℝ𝐷 → ℝ𝑁 that models the aerodynamic problem, a Lagrange
functional can be defined [36]:
𝐿(𝒘, 𝝍𝟏 , 𝜶, 𝝍𝟐 ) = 𝐽(𝒘, 𝜶) + (𝝍𝟏 , 𝑹(𝒘, 𝜶))𝑁 + (𝝍𝟐 , 𝑮(𝒘, 𝜶))𝐾

(16)

Where 𝒘 ∈ ℝ𝑁 are the system dependent variables and 𝜶 ∈ ℝ𝐷 are the system design
parameters, whose values must be given in order to determine a solution for the system of
equations, while 𝝍𝟏 ∈ ℝ𝑁 and 𝝍𝟐 ∈ ℝ𝐾 are two sets of Lagrange multipliers which will also
play the role of the adjoint variables and (°, °)𝑁 signifies an appropriately defined inner product
in the ℝ𝑁 space.
As was shown in [35], introducing the adjoint 𝑹+ for the model equations and 𝑮+ for the set of
equality and inequality constraints leads to the following set of SAND equations:
𝜕𝐽 𝜕𝑹 +
𝜕𝑮 +
+
𝝍𝟏 +
𝝍𝟐 = 𝟎
𝜕𝒘 𝜕𝒘
𝜕𝒘

(17)

𝑹=𝟎

(18)

𝜕𝐽 𝜕𝑹+
𝜕𝑮+
+
𝝍𝟏 +
𝝍𝟐 = 𝟎
𝜕𝜶 𝜕𝜶
𝜕𝜶

(19)

(𝑮, 𝜹𝝍𝟐 )𝐾 = 0

(20)
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The solution of the above system, (𝒘, 𝝍𝟏 , 𝜶, 𝝍𝟐 )𝑇 , includes the constrained optimal values of
the design parameters as required to minimise the objective functional 𝐽, the solution of the
system of equations 𝑹 modelling the aerodynamic problem as obtained with the optimal design
parameters, and the values for the two vectors of adjoint variables. The Jacobian matrix of the
system (17)-(20) can become ill-conditioned or singular at points, thus requiring a trust-region
method [37] for its solution.
The nonlinear LLT has been integrated in the SAND approach and applied to the problem of
optimising the geometry of a winglet fitted to a generic UAV wing geometry whose details are
presented in Table 1. Morphing wing tip devices [38]. [39] have attracted much research, as
being a promising solution that could efficiently increase a wing’s lift-to-drag ratio. The
optimisation variable is the winglet toe angle, and the objective function is improving the wing
lift-to-drag ratio 𝐶𝐿 /𝐶𝐷 for three angle of attack values, namely -3°, 0° and 3°, at an airspeed
of 10 m/s. The toe angle is constrained between a lower limit of 𝜏𝑚𝑖𝑛 = −10° and an upper
limit of 𝜏𝑚𝑎𝑥 = 10°. The wing is modelled using 60 horseshoe vortices, clustered towards the
wing tips, while 20 horseshoe vortices are used for each winglet, clustered towards both the
winglet tip and the junction with the wing tip. The variation of the two-dimensional lift coefficient
is limited to the linear region, with the lift curve slope and the zero-lift angle of attack for both
NACA 4412 and NACA 4409 aerofoils being estimated based experimental data. The drag
computations are limited to the induced drag component only, since 2D profile drag data is
not considered.
Table 2 presents a comparison between the lift-to-drag ratio for the original design and for the
optimised design, together with the toe angles values the morphing winglets take at each
different angle of attack to achieve the indicated performance increase. A successful increase
in 𝐶𝐿 /𝐶𝐷 has been achieved for all three angles of attack. The trust-region algorithm required
7, 12, and 10 iterations for achieving convergence in the three conditions considered. In terms
of computational effort, only a very small number of evaluations is required with the SAND
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approach, demonstrating the high efficiency sought in the conceptual design stages, where
hundreds of different configurations might be tested.

Table1. Wing and winglet geometry parameters
Parameter

Value

Wing Root Chord [m]

0.10

Wing Taper Ratio

0.70

Wingspan [m]

1

Wing Aspect Ratio

11.75

Wing Sweep [°]

0

Wing Aerofoil Section

NACA 4412

Winglet Root Chord [m]

0.07

Winglet Taper Ratio

0.70

Winglet Span [m]

0.10

Winglet Sweep [°]

0

Winglet Cant Angle [°]

0

Winglet Initial Toe Angle [°]

0

Winglet Aerofoil Section

NACA 4409

Table 2. Performance improvements obtained using morphing winglet
Parameter

Original

Angle of attack

𝑪𝑳
𝑪𝑫

Optimized

𝑪𝑳
𝑪𝑫

Winglet 1 Toe
[°]

Winglet 2 Toe
[°]

-3

19.07

21.10

-6.3208

6.3208

0

45.49

48.94

-5.9850

5.9850

3

42.31

44.55

-6.1178

6.1178
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6. Extensions to Unsteady Flows
The nonlinear lifting line model summarised earlier and presented in detail in [9] and [10] has
been extended to unsteady flows in [40]. In the context of unsteady flows, the continuous
distribution of bound vorticity over the lifting surface and of trailing vorticity in the wake are
approximated using a finite number of 𝑁 ring vortices bound to the geometry and at each time
step, a new row of 𝑁 vortex rings are shed into the wake, as illustrated in Figure 9.
To determine the force acting on a bound vortex segment, the following unsteady form of the
vector Kutta-Joukowski theorem is introduced (a full derivation can be found in [41]):

𝐝𝐅 = 𝜌𝛤(𝐕 × 𝐝𝐥) + 𝜌𝑐

𝜕𝛤
𝑑𝐧
𝐧 + 𝜌𝑐𝛤
𝜕𝑡
𝑑𝑡

(21)

Equation (21) is written for the quarter-chord vortex segment of all vortex rings placed over
the lifting surface. The magnitude of the aerodynamic force acting on a span-wise strip was
already presented in Equation (3). Following the same idea as for the steady-state case
(obtaining the 2D aerofoil aerodynamic characteristics using either experimental data or
numerical solvers), the modulus of the force in (21) can be set equal to the modulus of (2),
and after some algebraic manipulation, the following equation is obtained:

𝜌𝛤𝑖 √[(𝐕𝒊 × 𝐝𝐥𝒊 ) ∙ 𝐧𝑖 ]2 + [(𝐕𝒊 × 𝐝𝐥𝒊 ) ∙ 𝐜𝑖 ]2 + 𝜌𝑐𝑖 (

2
2
𝜕𝛤
𝑑𝐧𝑖
𝑑𝐧𝑖
) + 𝜌𝑐𝑖 𝛤𝑖 √[
∙ 𝐧𝑖 ] + [
∙ 𝐜𝑖 ] =
𝜕𝑡 𝑖
𝑑𝑡
𝑑𝑡

(22)
1
= 𝜌[(𝐕𝒊 ∙ 𝐧𝑖 )2 + (𝐕𝒊 ∙ 𝐜𝑖 )2 ]𝑑𝐴𝑖 𝐶𝑙 𝑖 𝑖 = 1, … , 𝑁
2
The local airspeed 𝐕𝒊 includes contributions from the local kinematic velocity, the velocities
induced by the vortex segments on the wing surface and by the vortex rings shed in the wake
and is given by:
𝑁

𝑀

𝑁

𝑛

𝐕𝑖 = −(𝐕∞ + 𝐯𝑟𝑒𝑙 𝑖 + 𝛀 × 𝐫𝒊 ) + ∑ 𝛤𝑗 𝐰𝑖𝑗 + ∑ ∑ 𝛤𝑗𝑛−𝑘+1 𝐰𝑖𝑘𝑗
𝑗=1
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𝑘=2 𝑗=1

(23)

Γ𝑖𝑛
Γ1𝑛

Γ𝑁𝑛
Γ𝑖𝑛−1

Γ1𝑛−1

Γ𝑖𝑛−2

Γ1𝑛−2

Γ𝑁𝑛−1

Γ𝑁𝑛−2

Figure 9. Sketch of the unsteady trailing vortex system
Where 𝐯𝑟𝑒𝑙 𝑖 is the local relative velocity of a point on the wing with respect to the wing-fixed
reference system (non-zero in the case of flapping wings, for example), 𝛀 is the angular
velocity of the wing-fixed reference system with respect to the ground-fixed reference system,
𝐫𝒊 is the position vector of a point on the wing and 𝑀 is the number of rows of vortex rings shed
in the wake.
By inserting equation (23) in (22) and estimating the time derivative using a second-order
backwards difference, the following time-dependent nonlinear system of equations is
determined:

𝑅𝒊 (Γ 𝒏 ) = (𝐸𝒊 (𝛤 𝒏 ) +

3𝐺𝒊 𝑛
4𝑐𝒊 𝑛−1
𝑐𝒊 𝑛−2
) 𝛤𝑖 − 𝐹𝒊 (𝛤 𝒏 ) −
𝛤𝑖
+
𝛤
= 0, 𝑖 = 1, … , 𝑁
2Δ𝑡
2Δ𝑡
2Δ𝑡 𝑖

(24)

The various terms appearing in the above equation are lengthy and will not be presented here
but can be found in full in [40].
The unsteady calculation procedure begins with updating the wing geometry at the new
timestep (if required, in the case of flapping wings, for example). Next, the nonlinear system
(24) is iteratively solved assuming the wake shape is frozen in time. Once the new vortex
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strength values Γ 𝑛 are converged to a desired precision, the last step requires the shape of
the wake to be updated accordingly. This requires an iterative relaxation of the wake surface
to ensure a physically-representative force-free wake surface, as the current position 𝐗 𝒏 of
each wake point depends on the current position of all other points via the wake induced
velocities 𝐖𝑘𝑗 . To handle the inherent non-linearity of the wake relaxation process, the
following scheme is proposed:
𝐗 𝒕 = 𝐗 𝒏−𝟏
𝑁

𝐗

𝒕+𝟏

𝑀

𝑁

𝐗 𝒕 − 𝐗 𝒏−𝟏
=𝐗 +[
− (∑ 𝛤𝑗𝑛 𝐖𝑗 (𝐗 𝒕 ) + ∑ ∑ 𝛤𝑗𝑛−𝑘+1 𝐖𝑘𝑗 (𝐗 𝒕 ))] Δτ
∆𝒕
𝒕

𝑗=1

(25)

𝑘=2 𝑗=1

𝑖𝑓 ‖𝐗 𝒕+𝟏 − 𝐗 𝒕 ‖ ≤ 𝜀, 𝐗 𝒏 = 𝐗 𝒕+𝟏
Here, Δτ represents a fictitious time step and 𝜀 is a desired convergence criterion. The scheme
in (25) is inspired by the dual time-stepping approach [57] used in many unsteady CFD
solvers. The explicit marching in the fictitious time is set up to guarantee an implicit non-linear
approximation at the current physical time. A small number of only three iterations in the
fictitious time were found to be sufficient to ensure reasonable convergence of the wake
relaxation process to 𝜀⁄𝑏 = 10−2, 𝑏 being the wingspan.
To test the capabilities of the method, a rectangular wing undergoing harmonic flapping is
analysed. A comparison is made with the Unsteady Vortex Lattice Method (UVLM), which has
been repeatedly proven to provide unsteady lift and thrust predictions with relatively high
accuracy and at low computational cost for flapping flight [43]. The geometry chosen has an
aspect ratio of 8 and is generated using a highly cambered aerofoil from the NACA 83-series
[43]. UVLM results are available for two reduced frequencies, 𝑘𝑤 = 0.08 and 𝑘𝑤 = 1, with 𝑘𝑤 =
(4𝑙𝛽0 𝑛)⁄𝑉∞ , 𝛽0 being the maximum amplitude of the flapping motion, 𝑙 is the wing half-span
and 𝑛 the flapping frequency. The lower frequency case is representative of a bird the size of
a pigeon, while the high frequency case is representative of insect flight. Research has shown
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that various flapping regimes each have their associated modelling challenges [42]. The
numerical simulation of insect flapping is particularly demanding, due to the very complex flow
behaviour and the development of highly-nonlinear lift and thrust generation mechanism such
as the clap and fling mechanism, rotational lift, wake capture (especially low advance ratio,
hovering flight), laminar boundary layer separation, unsteady leading edge vortex formation
and strong aeroelastic coupling.
It is thus very important to note that the focal point of the comparison is not to show accurate
physical modelling, but to demonstrate the ability of the unsteady lifting line model in predicting
the same aerodynamic behaviour as the vortex lattice in a field where it has been only very
rarely used. Figures 10 and 11 present the variation of the steady and unsteady lift
components during the flapping motion as calculated by the unsteady lifting line and by the
UVLM. The low frequency case is dominated by the steady 𝐶𝐿 component, while in the high
frequency case both components are significant, and out of phase. The results agree with the
observation that unsteady flapping effects contribute to lift generation only if 𝑘𝑤 ≥ 0.66 [42].
Figures 12 and 13 indicate how the wake development differs qualitatively between the two
cases.

7. Conclusions
This paper provides an overview of recent developments in quasi-3D aerodynamic models
aimed at providing accurate results for conceptual design studies where the usage of
discipline-specific tools and methods is a necessity. The nonlinear versions of the Lifting Line
Theory and Vortex Lattice Methods were mathematically derived by relaxing some of the
underlying hypothesis present in the original formulations and by introducing the effects of
viscosity through a non-linear coupling with two-dimensional aerofoil aerodynamics.
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Figure 10. Comparison of steady and unsteady lift contributions for the flapping wing
case having a reduced frequency of 0.08

Figure 11. Comparison of steady and unsteady lift contributions for the flapping wing
case having a reduced frequency of 1.00
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Figure 12. Wake development for the flapping wing case having a reduced frequency
of 0.08

Figure 13. Wake development for the flapping wing case having a reduced frequency
of 1.00
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While for the LLT this could be done relatively straightforwardly by means of the sectional lift
coefficient, extending the VLM required using the complete viscous pressure distribution for
each span-wise section. Comparisons done with experimental data for several different wing
geometries show very good results, the novel quasi-3D methods being able to predict
aerodynamic behaviour in the high-lift region and accurately predicting drag for the low-tomoderate lift conditions. Numerically, the models are implemented as nonlinear systems of
equations. As such, they are easy to work with and can easily be implemented within
optimisation frameworks. Results show the nonlinear VLM can capture the influence of
changing the aerofoil shape on the aerodynamic characteristics of a wing, where the original
VLM is insensitive to aerofoil geometry. The nonlinear LLT method has also been extended to
unsteady flows. Verification cases for high and low reduced frequency flapping wing problems
show an accuracy comparable to the widely used UVLM. The advantage of the proposed
method lover the UVLM rests in the sensitivity of the results to the wing’s aerofoil shape and
the ability to introduce the effects of viscous effect via the coupling with the database of 2D
aerofoil results.
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